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� Overview

Subject & goals

This thesis is a sequel of projects that I worked on during my PhD, aimed
to accelerate sample-based inference in high-dimensional and computationally
expensive scenarios. This is a recurrent framework in the field of Uncertainty
Quantification, where complex physical models define the relation between hidden
parameters and observable outputs. Sampling algorithms constitute a fundamen-
tal methodology to perform inference in very high-dimensional problems, as their
rate of convergence is, in many cases, dimension independent. Unfortunately,
such rate is also very slow: a huge amount of samples is often required to reduce
the variance to an acceptable level of accuracy. Because the models we consider
are typically computationally expensive to evaluate, the realization of each single
sample is itself expensive, making classic algorithms unfeasible in a reasonable
amount of time. A first question that this thesis attempts to address is how to
exploit model hierarchies in order to reduce the complexity per sample and, in
turn, the overall computational cost. Papers I and II strive in this direction.

Complexity per sample is not the only problem. Parameter space exploration
is in general one of the main challenges of high-dimensional inference. In fact,
it is computationally unfeasible to calculate many evaluations of the model at
random locations without any extra information, in particular when evaluations
are expensive. Algorithms need local, possibly global, geometric information
about the structure of the probability space in order to lead the exploration to
sensible locations. A second question that this thesis attempts to provide answers
to is how to incorporate geometric and low-rank information into algorithms
that can perform high-quality inference at scale. Papers II, III and IV carry out
research relevant to these issues.

A third goal of this thesis is to develop novel methodologies that can perform
inference faster than classic ones. Particularly, we focus on the field of transport
maps, where samples from an untreatable probability distribution are produced
as transportation of samples from a treatable one. The challenge is to define
transport maps that are easy to compute, feasible to optimize and whose per-
formance scales with the dimensionality of the problem. Papers III, IV and V
develop methodologies in such perspective.
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Structure of the thesis
� Introduction

The Introduction provides an overarching background to the main concepts and
methodologies that stand at the foundations of the following Papers. Section 1
introduces the reader to a qualitative understanding of the motivations behind
the needs for uncertainty. Sections 2 and 3 differentiate between forward and
backward Uncertainty Quantification. Thereby, we motivate the frameworks
in Section 2.1 and 3.1, we introduce the reader to a typical model problem
in Section 2.2, to the concept of random fields in Section 2.3 and to Bayesian
inverse problems in Section 3.2. From an algorithmic point of view, we treat
sampling-based methods such as Monte Carlo in Section 2.5, Multilevel Monte
Carlo in Section 2.6, Markov Chain Monte Carlo in Section 4.1, Variational
inference and transport maps in Section 4.2.

� Paper I

Continuous Level Monte Carlo and Sample-Adaptive Model
Hierarchies [40]
Authors: Gianluca Detommaso, Tim Dodwell, Rob Scheichl

Abstract. In this paper, we present a generalization of the multilevel Monte
Carlo (MLMC) method to a setting where the level parameter is a continuous
variable. This continuous level Monte Carlo (CLMC) estimator provides a
natural framework in PDE applications to adapt the model hierarchy to each
sample. In addition, it can be made unbiased with respect to the expected
value of the true quantity of interest provided the quantity of interest converges
sufficiently fast. The practical implementation of the CLMC estimator is based
on interpolating actual evaluations of the quantity of interest at a finite number of
resolutions. As our new level parameter, we use the logarithm of a goal-oriented
finite element error estimator for the accuracy of the quantity of interest. We
prove the unbiasedness, as well as a complexity theorem that shows the same
rate of complexity for CLMC as for MLMC. Finally, we provide some numerical
evidence to support our theoretical results, by successfully testing CLMC on
a standard PDE test problem. The numerical experiments demonstrate clear
gains for samplewise adaptive refinement strategies over uniform refinements.

Personal contribution. In this work, I originated the main ideas, I developed
the theoretical framework with related proofs, I implemented the Multilevel
and Continuous Level Monte Carlo algorithms and wrote most of the paper.
Description and numerical implementation of the PDE model and Finite Element
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Methods were taken care by Tim Dodwell. Each author contributed to final
revisions.

� Paper II

Multilevel dimension-independent likelihood-informedMCMC
for large-scale inverse problems [34]
Authors: Tiangang Cui, Gianluca Detommaso, Robert Scheichl

Abstract. We present a non-trivial integration of dimension-independent
likelihood-informed (DILI) MCMC [35] and the multilevel MCMC [44] to explore
the hierarchy of posterior distributions. This integration offers several advan-
tages: First, DILI-MCMC employs an intrinsic likelihood-informed subspace
(LIS) [36] – which involves a number of forward and adjoint model simulations –
to design accelerated operator-weighted proposals. By exploiting the multilevel
structure of the discretised parameters and discretised forward models, we design
a Rayleigh-Ritz procedure to significantly reduce the computational effort in
building the LIS and operating with DILI proposals. Second, the resulting
DILI-MCMC can drastically improve the sampling efficiency of MCMC at each
level, and hence reduce the integration error of the multilevel algorithm in [36]
for fixed CPU time. To be able to fully exploit the power of multilevel MCMC
and to reduce the dependencies of samples on different levels for a parallel imple-
mentation, we also suggest a new pooling strategy for allocating computational
resources across different levels and constructing Markov chains at higher levels
conditioned on those simulated on lower levels. Numerical results confirm the
improved computational efficiency of the multilevel DILI approach.

Personal contribution. In this work, I contributed to the theoretical part
of the paper, I implemented Multilevel MCMC and merged it with Tiangang
Cui’s toolbox for inference in Bayesian inverse problems, and I wrote part of the
paper. Each author contributed to final revisions.

� Paper III

A Stein variational Newton method [41]
Authors: Gianluca Detommaso, Tiangang Cui, Alessio Spantini, Youssef Marzouk,
Robert Scheichl

Abstract. Stein variational gradient descent (SVGD) was recently proposed
as a general purpose nonparametric variational inference algorithm [91]: it
minimizes the Kullback-Leibler divergence between the target distribution and
its approximation by implementing a form of functional gradient descent on a
reproducing kernel Hilbert space. In this paper, we accelerate and generalize the
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SVGD algorithm by including second-order information, thereby approximating
a Newton-like iteration in function space. We also show how second-order
information can lead to more effective choices of kernel. We observe significant
computational gains over the original SVGD algorithm in multiple test cases.

Personal contribution. In this work, I originated the main ideas, I developed
the theoretical framework together with Alessio Spantini, I implemented all
numerical experiments and I wrote most of the paper. Each author contributed
to final revisions.

� Paper IV

Stein Variational Online Changepoint Detection with Ap-
plications to Hawkes Processes and Neural Networks

Authors: Gianluca Detommaso, Hanne Hoitzing, Tiangang Cui, Ardavan Alamir

Abstract. Bayesian online changepoint detection (BOCPD) [3] offers a rig-
orous and viable way to identify changepoints in complex systems. In this
work, we introduce a Stein variational online changepoint detection (SVOCD)
method to provide a computationally tractable generalization of BOCPD beyond
the exponential family of probability distributions. We integrate the recently
developed Stein variational Newton (SVN) method [41] and BOCPD to offer a
full online Bayesian treatment for a large number of situations with significant
importance in practice. We apply the resulting method to two challenging and
novel applications: Hawkes processes and long short-term memory (LSTM)
neural networks. In both cases, we successfully demonstrate the efficacy of our
method on real data.

Personal contribution. In this work, I originated the main ideas, I developed
the theoretical framework, I implemented all numerical experiments, except the
neural network architecture (which was written by Ardavan Alamir) and I wrote
most of the paper. Hanne Hoitzing contributed to the numerical experiments and
to refine the writing of the papers. Each author contributed to final revisions.

� Paper V

HINT: Hierarchical Invertible Neural Transport for Den-
sity Estimation and Bayesian Inference

Authors: Jakob Kruse, Gianluca Detommaso, Robert Scheichl, Ullrich Köthe
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Abstract. A large proportion of recent invertible neural architectures is based
on a coupling block design. It operates by dividing incoming variables into
two sub-spaces, one of which parameterizes an easily invertible (usually affine)
transformation that is applied to the other. While the Jacobian of such a trans-
formation is triangular, it is very sparse and thus may lack expressiveness. This
work presents a simple remedy by noting that (affine) coupling can be repeated
recursively within the resulting sub-spaces, leading to an efficiently invertible
block with dense triangular Jacobian. By formulating our recursive coupling
scheme via a hierarchical architecture, HINT allows sampling from a joint distri-
bution p(y, x) and the corresponding posterior p(x|y) using a single invertible
network. We demonstrate the power of our method for density estimation and
Bayesian inference on a novel data set of 2D shapes in Fourier parameterization,
which enables consistent visualization of samples for different dimensionalities.

Personal contribution. In this work, I originated the main ideas, I developed
the theoretical framework, I implemented the numerical experiments (except for
the Invertible Neural Network part, which was handled by Jakob Kruse) and
I wrote most of the paper. Jakob Kruse produced most of the figures. Each
author contributed to final revisions.
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� Introduction

1 A qualitative introduction to uncertainty
Wrong models.

“All models are wrong, but some are useful” - George Box.

During my PhD, I heard this sentence over and over, but I still find it very
insightful. A model is a rigorous mathematical description of potentially complex
phenomena. It typically attempts to explain the relation between inputs and
outputs, depending on a possibly infinite set of model parameters. A simple
example is the motion of a pendulum. Given an initial position, a second-order
ordinary differential equation (ODE) can model the position of the pendulum
after a fixed time with great accuracy. Although useful, at its simplest this
model is wrong. In fact, it does not take into account mechanical friction or air
resistance, which will inevitably create an error in the results. Another example
is Black-Scholes, a financial model mathematically describing the dynamics of
derivative investments via a partial differential equation (PDE). As the Black-
Scholes model is just a mathematical abstraction, it is fundamentally wrong;
however, it historically led to a revolution in option trading and it is still widely
used (with some modifications) by option marketers (one may argue that the
Black-Scholes model is still useful because it is still widely used).

Types of uncertainty. The discrepancy between models and reality leads to
a structural form of uncertainty, but this is far from being the only type. In fact,
uncertainty has many sources, like measurement errors, experimental variability,
numerical errors and approximations, imprecise model parameters and lack of
observations. In general, uncertainty is often classified into two major categories:
aleatoric (statistical) uncertainty, which is due to information that cannot be
sufficiently determined via current available measurement devices or is inherently
random; epistemic (systematic) uncertainty, which is due to information that
could be measured and to effects that could be modeled, but that are currently
not.

Although in most real applications it is impossible to eliminate aleatoric
uncertainty, an insightful quantification of epistemic uncertainty can help the

13
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scientist to refine its modelling assumption and experimental design, thereby
reducing it until a satisfactory level of accuracy is reached.

Uncertainty Quantification. Whenever a decision has to be made, it is
desirable to dispose of a risk measure that quantifies the credibility of our
assessments. In many applications, a single number outcome might have very
little meaning, as a small measurement or inference error could have led to a
completely different result. Uncertainty can obviate this problem by assuming
the role of risk measure, rigorously quantifying how much our decisions are
sensible to random elements in the system.

Similarly to the distinction between probability and statistics, the field of
Uncertainty Quantification (UQ) is usually divided into two categories: forward
and inverse. Forward UQ is the quantification of uncertainties that propagate
from the inputs of a model to its outputs. For example, consider a classic predator-
prey (Lotka-Volterra) model (see Section 2), which describes the demographic
interaction between two species. Fixing a random probability distribution for
the number of preys and predators today, one may be interested in studying
how the uncertainty propagates through the model and how the probability
distribution looks like tomorrow. On the other hand, inverse UQ starts from
actual observations and attempts to recover parameter values that may have
generated such data, or probability distribution of them. Coming back to our
example, given that we have observed the number of predators today - after all,
preys are difficult to observe because they stay hidden - we may want to infer
what was the number of predators and prey yesterday and thus make predictions
about the future.

The Bayesian approach. Reasonably, any decision process is necessarily
accompanied by an implicit or explicit assessment of the extent to which current
information should be trusted. Without any quantifiable level of credibility
attached to the available information, decision makers will have to compensate
with their own a priori belief (I would not necessarily invest all my money in
a single stock because data tells me to; would you?). On the other hand, as
credibility level increases, subjective belief should be progressively abandoned in
favor of scientific evidence.

Mathematically, it is both reasonable and desirable to include subjective belief
into quantification of uncertainty. This balance between a priori and observable
information is at the very heart of Bayesian statistics. The key point of the
Bayesian formulation is that each unknown quantity is modeled as a random
variable characterized by a probability distribution, which encodes our a priori
knowledge of the quantity, and its structural dependence on other variables.

“There’s no such thing as no information” - Colin Fox.

Although we might think that we know nothing about a certain quantity or
process, lack of information is, itself, information. Positivity and dimensionality
are examples of properties that we can use to construct an appropriate prior
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distribution, which could range from totally non-informative to very concentrated
around some value.

Given a prior distribution and a likelihood (i.e. probabilistic) model, Bayes’
theorem provides an easy and effective way to characterize (up to a normalization
constant) the posterior probability distribution of unknown quantities given the
observations (see Bayes’ Theorems 3 and 4). The posterior fully describes our
subjective uncertainty given our current state of information, it can be used to
produce valuable statistics, make decisions and formulate effective strategies.

Especially in applications where a large amount of data information is lost,
compressed or corrupted by noise, the Bayesian approach is particularly attrac-
tive. The introduction of a priori knowledge constitutes a principled way to
compensate, or more rigorously regularize, lack of information and noise. In fact,
there is a direct link between prior distribution and regularization terms in opti-
mization, where the latter are classically adopted to fight non-identifiability and
ill-posedness. The Bayesian interpretation provides a probabilistic justification
to regularization, and allows to recover the optimal solution as a mode of the
posterior distribution, together with its uncertainty.

2 Forward Uncertainty Quantification

2.1 Motivational example
Forward UQ studies how uncertainty propagates from inputs to outputs of a
given model. Uncertainty may reside in several sources: input coefficients, for
example, could be unknown [26, 96]; the model could be intrinsically random,
like in the case of stochastic differential equations [109]; the shape of a domain
[103] and its boundary conditions could again be unknown [24].

Let us look at an example. Consider a predator-prey (Lotka-Volterra) [92,
16] model, already mentioned in Section 1. A population of preys and predators,
that we respectively denote by x1 and x2, interacts in a biological system. The
interaction is captured by a couple of ordinary differential equations (ODEs)
[32], namely {

dx1
dt = αx1 − βx1x2 ,
dx2
dt = γx1x2 − δx2 ,

(1)

where α, β and γ, δ are rate parameters describing growth and death rates for
preys and predators, respectively. Logically, preys’ growth rate only depends
on the number of preys themselves, whereas their death rate also depends on
the number of predators. Vice versa for predators. There are multiple ways
of injecting uncertainty in system 1. For example, the initial conditions may
be unknown, or the rate parameters, or both. If we want to introduce model
misspecification, we could even add a random noise component to the dynamic
itself. To keep it simple, let us restrict the study to unknown initial conditions.
The essence of forward UQ is to assume a probability distribution over unknown
quantities and study how uncertainty propagates through the model. Let us
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take x1(0), x2(0) i.i.d∼ U [1, 2], where U [1, 2] denotes a uniform distribution with
support [1, 2], we set α = 2/3, β = 4/3, γ = δ = 1, and assume that we are
interested in x1(T ), x2(T ), for T = 10. Figure 1 displays N = 1000 simulated
dynamics, where the blue dots correspond to the random initial population
configurations, whereas the red dots are the final ones. It is instructive to notice
how the probability distribution of the population size at the final time is very
different from the simple uniform distribution that we imposed at the initial one.
In addition, although we may consider the mean of the uniform distribution as a
good candidate for the initial population sizes, the black trajectory in the figure
shows that its counterpart at the final time is not such anymore. This indicates
how non-linear interactions in the model can lead uncertainty to unexpected
propagation of uncertainty, and how small errors in the inputs can have a drastic
impact in the outputs. Proper uncertainty quantification should therefore be
conducted to provide not only estimators of the quantity that we are interested
in, but also a risk measure on the sensibility of our outputs to random effects in
the system.

Since the solution of the ODE system (1) has to be simulated numerically,
the resulting output distribution is generally biased. In order to reduce such
error, one should refine the discretization of the model up to a satisfactory
threshold. Better accuracy, however, is computationally expensive. If the
number of trajectory that has to be simulated is high, the overall inference
method may result very slow. Hence, it is important to develop methodologies
that can reduce the number of model evaluation while keeping a satisfactory
accuracy.

2.2 A common model problem.

The example in Section 2.1 is a simple, low-dimensional model that already
displays some of the main difficulties of forward UQ. In this Section, we will
mathematically generalize this framework to potentially inifinite-dimensional
computationally intensive model problems, and we will focus on a test case that
has been commonly used in the literature.

Consider a function F : X → S representing an input-to-output model, where
X is a space of model parameters and S is a space of possible model outcomes.
We will address F as the forward model. In general, the function F can be
any parametric relation between inputs and outputs. For sake of presentation,
we will focus on F being a particular example of a computationally expensive
model depending on an infinite-dimensional set of parameters. In fact, let F
denote the solution of an elliptic partial differential equation (PDE) with random
inhomogeneous coefficients [92, 96]. The goal is to study how the uncertainty
in the coefficients propagates to the model outputs, and eventually to some
quantity of interest. In this scenario, X is the space of functions z : D × Ω→ R
describing the coefficient values for every physical coordinate x ∈ D ⊂ R2 and
random realization ω ∈ Ω, where D and Ω respectively represent a bounded
physical domain and a sample space. On the other hand, S represents the space
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Figure 1: Predator-prey phase-space plot

of solutions u : D × Ω→ R characterized by

∇x ·
(
ez(x,ω)∇xu(x, ω)

)
= f(x), for (x, ω) ∈ D × Ω , (2)

where f : D → R is a source-term function, ∇x indicates the gradient operator
with respect to x and ∇x· the divergence operator. Under regularity conditions
over z, there exist a unique solution to (2) [96]. Thus, the forward operator
mapping F(z) = u is well-defined, where u ∈ S is a solution of equation (2)
given the random input z.

Equation (2) has been vastly studied in UQ to model steady state, single
phase, incompressible flow through porous media [126]. As in many application
the composition of the porous medium is mostly unknown or at least uncertain,
it is sensible to model the log-diffusion coefficients z(x, ω) as a random field [92,
122], that is a random function over the physical domain D. As a consequence,
the solution u(x, ω) depends in turn on the random realization ω ∈ Ω, and it is
inherently random.
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2.3 Random field characterization.
A random field can be seen as a stochastic process z : D × Ω → R, usually
defined such that z(x, ·) ∈ L2(Ω,P;R) for each x ∈ D, for some probability
measure P. Without loss of generality, let us consider a zero-mean random field,
i.e. EP[z(x, ·)] = 0 for each x ∈ D. Then, a covariance function Cz(x, z) =
EP[z(x, ·)z(z, ·)] is a well-defined continuous function of D ×D. The covariance
function is often modelled as correlation length: the larger its value, the more
similarly nearby points of D are expected to be, and vice versa. Given the
covariance function, one can define the covariance operator Cz : L2(D;R) →
L2(D;R) by

(Czf)(x) =
∫

Ω
Cz(x, z)f(z) dz . (3)

With the notation above, we can state the following Theorem.

Theorem 1 (Karhunen-Loève). Under the above assumptions on z, we have

z(x, ω) =
∑
n∈N

ξn(ω)ψn(x) , (4)

where {ψn}n∈N ⊆ L2(D;R) are orthonormal eigenfunctions of the covariance
operator Cz, the corresponding eigenvalues {λn}n∈N are non-negative and de-
creasingly ordered, the series z(x, ω) converges in L2(Ω,P;R) and uniformly in
D, with

ξn(ω) =
∫
D

z(x, ω)ψn(x) dx . (5)

Moreover, the random variables ξn are centered, uncorrelated and have variance
λn:

EP[ξn] = 0 and EP[ξnξm] = λnδnm for any n,m ∈ N .

A proof can be found in [120]. The Karhunen-Loève (KL) expansion in (4)
is optimal in the sense that the mean-square error of the truncation after any
finite amount of terms K is minimal and equal to the next eigenvalue λK+1 [79].
Note that there is an infinite number of random variables (5) in the series (4).
Hence, the KL expansion directly shows that making inference over a random
field can be though as an infinite dimensional inference task.

Given a covariance structure, the KL expansion is extremely useful to ap-
proximately sample from a Gaussian random field [2]. In fact, supposed that Cz
is a self-adjoint, positive-definite, nuclear operator on a Hilbert space H. Let
(λn, ψn)n∈N be an eigendecomposition of Cz ordered by decreasing eigenvalues
λn, and take i.i.d. ξn ∼ N (0, λn) for n ∈ N. Then,

z(x, ω) =
∞∑
n=1

ξnψn ∼ N (0, Cz) (6)

is a Gaussian random field. Because the eigenvalues λn are ordered in a decreasing
manner, the importance of the eigendirections ψn decreases as n increases.
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Hence, samples from a Gaussian random field can be approximately recovered
by truncating the expansion in (6) after K terms, for K large enough. A fast
eigenvalue decay will impose a low-rank structure in the probability space, hence
the problem will be intrinsically low-dimensional and K can be small. On the
other hand, a slow decay in the eigenvalues will necessitate a large truncation K
to avoid large errors [79].

2.4 Quantity of interest
The output of the model itself may not be our main interest. Most often, we
would like to calculate statistics of some quantity of interest which depends on
the output of the model. Given the forward model defined via (2), for example
we may want to consider Q : S → R to be the average pressure near some
physical coordinate xQ ∈ D defined by the linear functional

Q(u) = C

∫
D

exp(−‖x− xQ‖22/λQ)u(x, ω) dx , (7)

where C =
( ∫

D
exp(−‖x − xQ‖22/λQ) dx

)−1
is a normalizing constant and

λQ > 0 is a length scale. Then, we may want to estimate E[Q], where the
expectation is taken with respect to the probability measure imposed on the
random field z(x, ω).

2.5 Sample-based inference
We observe that, for a fixed a random realization ω ∈ Ω, equation (2) reduces to
a deterministic PDE that can be solved numerically via Finite Element Methods
(FEMs) [130], from which the quantity of interest can be in turn approximated.
For sake of notation, let us denote by the subscript L a parametrized level of
accuracy which takes into account of all the approximations involved. Thus, if
we assume z to be a Gaussian random field with given covariance operator Cz, a
possible way to approximate the expectation E[Q] consists in the following recipe:
1) produce i.i.d. approximate samples zL(x, ω(i)), for i = 1, . . . , N , via a suitable
truncation of (6); 2) given zL(x, ω(i)), calculate an approximate solution u(i)

L to
the elliptic PDE in (2) with a Finite Element Method; 3) given u(i)

L , calculate
an approximation Q(i)

L of the quantity of interest (7); 4) finally, form the Monte
Carlo (or sample average) estimator [95]

Q̂MC
L = 1

N

N∑
i=1

Q
(i)
L . (8)

Equation (8) is an unbiased estimator for E[QL]. Furthermore, by the strong law
of large numbers [49], Q̂MC

L → E[QL] a.s., i.e. the estimator is strongly consistent
[76]. In addition, since Var(Q̂MC

L ) = Var(QL)/N , we have that Q̂L → E[QL]
in distribution, with rate of convergence N−1/2 and constant exactly given by
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the standard deviation
√
Var(QL). It is important to observe that the rate of

convergence does not depend on the dimensionality of the problem, which makes
Monte Carlo a sensible inference methodology for infinite-dimensional problems,
like the case that we are considering.

One can write a bias-variance decomposition [54] for the mean squared error
of Q̂MC

L :

MSE(Q̂MC
L ) = E[(Q̂MC

L − E[Q])2] = (E[QL −Q])2 + Var(QL)/N . (9)

The first term on the right-hand-side of (9) is a squared-bias, which depends
on the truncation threshold of the KL expansion in (6) and on the numerical
approximations in (2) and (7). As the computation of each sample involves
the solution of the PDE (2) plus further calculations, there is a clear trade-off
between accuracy L and number of samples N to respectively reduce bias and
variance terms. This observations forms the basis for Multilevel Monte Carlo
(MLMC) [58], which we will introduce in Section 2.6 as a Monte Carlo method
that exploits variance reduction between a sequence of estimators computed at
different accuracies ` = 0, 1, . . . , L to drastically reduce the overall computational
cost.

Alongside with MLMC, Quasi-Monte Carlo (QMC) methods [101] constitute
an important contribution that, under certain regularity conditions, allow to
accelerate Monte Carlo from a rate of N−1/2 to N−1+δ, for δ > 0 arbitrarily
small. The main idea is to consider a set of samples that is not random like in
Monte Carlo, but that is deterministically constructed to reduce the quadrature
error. Such sets can be achieved via tensor-product grids, lattice rules, cubature
rules and digital nets. [61, 86] show how MLMC and QMC can be combined to
achieve even better performance.

Monte Carlo-type approaches are not the only possibility. Stochastic Galerkin
methods [55, 10], (generalized) polynomial chaos expansions [129] and stochastic
collocation [128, 9] are examples of inference methodologies that approximate
the solution of a random PDE as an expansion in two sets of basis functions, one
for the physical space via standard numerical methods (e.g. FEMs) and one for
the probability domain via polynomial approximations. The convergence rates
of these methods can result much faster then Monte Carlo methods for small
and medium size problems, as, unlike Monte Carlo, they can exploit smoothness
properties of the parameter space. However, their rate of convergence typically
deteriorates as the dimensionality of the problem increases. Thus, for very
high-dimensional problems, Monte Carlo methods are again the most common
choice.

2.6 Multilevel Monte Carlo
Multilevel Monte Carlo [58, 57] is a control variate technique [100] which exploits
model hierarchies to achieve variance reduction and reduce the overall computa-
tion cost of a Monte Carlo estimator. In our model problems (2), like in many
other cases, hierarchies can be exploited either in the numerical discretization of
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the PDE, in the truncation of the KL expansion of the random field, or in the
approximation of the quantity of interest. Whereas in Monte Carlo we denoted
by L a unique accuracy level capturing all of those approximations, MLMC
considers a sequence of levels ` = 0, . . . , L, from coarsest to finest.1 The main
idea here is that, as a coarser level is typically also cheaper, one can draw many
cheap coarse samples to achieve a small variance, then progressively refine the
estimator with less and less samples as the level increases. Theorem 2 shows how,
under some assumptions on the decay of bias and variance and on the growth of
cost over the levels, the multilevel procedure can reduce the computational cost
of a Monte Carlo estimator by orders of magnitude.

Theorem 2. Let ε < e−1. Denote by (Q`)L`=0 a sequence of approximations of
a quantity of interest Q for a correspondent set of level accuracies ` = 0, . . . , L,
such that Q` → Q for `→∞. Given a sequence of number of samples (N`)L`=0,
denote the estimators

Ŷ0 = 1
N0

N0∑
k=1

Q
(k)
0 and Ŷ` = 1

N`

N0∑
k=1

(
Q

(k)
` −Q

(k)
`−1

)
for ` = 1, . . . , L , (10)

where Q(k)
` and Q(k)

`−1 are positively correlated, whereas both Q(k)
0 and the differ-

ences Q(k)
` −Q

(k)
`−1 are i.i.d. Denote the MLMC estimator by

Q̂ML
L =

L∑
`=0

Ŷ` . (11)

Suppose there exist constants α, β, γ > 0, with α ≥ min(β, γ), that satisfy
assumptions

A1 |E[Q` −Q]| = O(2−α`) ,

A2 Var(Q`) = O(2−β`) ,

A3 Cost(Q`) = O(2γ`) .

Then, there exists L and (N`)L`=0 such that, denoting by MSE the mean squared
error, we have

MSE = E[(Q̂L
L − E[Q])2] < ε2 & Cost(Q̂ML

L ) = O
(
ε−2−max(0, γ−β

α )
)

(log ε)2δβγ

(12)
where δβγ denotes a Kronecker delta.

For a slightly more general version of Theorem 2, together with its proof,
see [121]. The complexity Theorem 2 shows that, under assumptions A1-3, the
computational cost of the multilevel estimator in (11) is given in (12). Note

1If we assign to each of the three ways to generate hierarchies a different accuracy level
parameter, i.e. `i = 0, . . . , Li, it is possible to achieve even better variance reduction in certain
situations. This is the main idea behind Multi-index Monte Carlo [69].
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that, for the same tolerance ε2 on the MSE, the cost of a simple Monte Carlo
estimator as in (8) is given by

Cost(Q̂MC
L ) = O

(
ε−2− γα

)
,

whence the MLMC estimator is asymptotically always better, for any configura-
tion of α, β and γ. Particularly in the case β > γ, that is when the variance decays
faster than the cost increases, we have the best scenario Cost(Q̂ML

L ) = O
(
ε−2).

For several practical cases where γ
α equals 1 or 2, this implies order of magnitude

gains in the computational cost.
Multilevel techniques have been generalized to a wide range of algorithms

and applications in forward Uncertainty Quantification [31, 13, 27, 1], Bayesian
inverse problems [97, 44, 45, 116], filtering [72, 18, 65], finance [59, 60], rare
event simulation [107, 105, 106], stochastic reaction networks [5, 6, 89] and many
others. We refer to [56] for an up-to-date review of Multilevel Monte Carlo
literature.

In Paper I (cf. [40]), we generalize MLMC to Continuous Level Monte
Carlo (CLMC), a framework where the level parameter is not necessarily fixed
to a discrete sequence, but it can range continuously from coarsest to finest.
Beside the theoretical interest in the method, CLMC is practically relevant
for adaptive FEM applications [11] where the adaptive scheme is taken to be
sample-dependent. Here, CLMC allows to flexibly pick the level parameter
according to the estimated adaptive error given by each realization of the model.
This is in contrast to more standard adaptive MLMC algorithms [84], where a
discrete sequence of levels has to be chosen a priori, which may incur in extra
inference errors. Another important contribution of the paper consists into
showing that the CLMC estimator can be made unbiased with respect to the
true quantity of interest, which directly extends the work in [112]. By taking
the finest level parameter L to be a random variable, we prove under which
conditions unbiasedness can be achieved within a finite computational cost.

In Paper II (cf. [34]), we further develop Multilevel MCMC [44, 45] by
combining it with DILI MCMC [35] and providing a hierarchical way to construct
a low-rank subspace. See Section 4.1 for details.

3 Inverse Uncertainty Quantification

3.1 Motivational example
Opposite to forward UQ described in Section 2, inverse UQ attempts to recover
information about inputs of a model given actual observations [19]. Again, let
us formulate a toy example to motivate the problem. Borrowing notation from
Section 2.1, we introduce a non-linear forward model F : R2 → R defined by
F(θ) = θ3

1 + θ2, for each θ = [θ1, θ2] ∈ R2. We assume there exists an unknown
true parameter θtrue that, as an input of the forward model, produces a noisy
observation y = F(θtrue) + σyξ, where ξ ∼ N (0, 1) can be interpreted as an
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additive measurement error, with a standard deviation σy > 0. It is immediate to
see that y|θtrue ∼ L(·|θtrue) = N (F(θtrue), σ2

y), where L is a likelihood function
describing the probability of the observations given a parameter value. In this
numerical example, we sample θtrue ∼ N (0, I) and take σy = 0.1.

From a classic frequentist statistics perspective, one would like to recover the
value of θtrue generating the observation y by maximizing the likelihood function
L(y|θ) with respect to θ. The corresponding estimator θ̂ = argmaxθ L(y|θ) is
called maximum likelihood estimator (MLE) [81]. Unfortunately, the solution
to this problem is not unique: for any value y, there is an infinite amount of
solutions, arbitrarily far in Euclidean distance, equally minimizing L(y|θ). This
issue is known as non-identifiability, which, together with sensitivity of the MLE
solution to the measurement error, characterizes ill-posedness of inverse problems
[50]. A classic way to remedy this problem is to introduce a regularization term
[50], that is a penalization term in the objective function that encourages, more or
less strongly according to a parameter λ > 0, the optimization towards particular
values of the parameter space. A popular example is a Tikhonov regularization
[102], a quadratic term added to the negative log-likelihood to form the objective
function

argmin
θ

(
− logL(y|θ) + λ‖θ‖22

)
. (13)

The regularized problem in (13) is well-posed, more stable and still easy to
optimize, as the introduced regularization is quadratic. The value of the solutions,
however, is shifted towards an arbitrary value, in this case the null vector 0.

Interestingly, the Bayesian formulation provides a principled justification,
as well as a probabilistic interpretation, to the introduction of a regularization
term. In fact, as we will see in Section 3.2, the regularization corresponds to the
log-prior density, describing our a priori knowledge of the parameter values. In
the common case (13), the regularization term exactly corresponds to a negative
log-Gaussian prior of the form N(0, 2

λI), and the overall objective function can
be seen as the negative log-posterior density.

This probabilistic interpretation allows to overcome the ill-posedness [118]. By
introducing a joint probabilistic model over parameters and data, we can specify
a solution for every possible noise realization, and attach to it a probability
simultaneously taking into account the model and our belief. If two solutions
are possible for a specific realization of the noise, there will not be a right and
wrong one; they will simply be assigned the same probability.

Figure 2 displays contours of the resulting posterior density for λ = 8 (more
details will be given in Section 3.2) and samples from it generated via a Markov
Chain Monte Carlo (MCMC) algorithm (see Section 4.1 for details). We can
see how the posterior uncertainty shape substantially differs from a Gaussian
(ellipsoidal) shape, which is our prior. In many computationally intensive
scenario, it is common to attempt to approximate the posterior distribution via
a Gaussian, for example via Variational Inference [21] or Laplace approximation
[117]. However, it this case this would either neglect the tails of the distribution,
or assign large probability to unlikely regions of the parameters space, which
may bias consequential decisions.
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Figure 2: Contours and samples from the posterior density

3.2 Bayesian inverse problems

Inverse problems arise in natural sciences to study causal effect of observed
phenomena. Mathematical models are usually complex and inspired from physics
or engineering. In this Section, we will introduce a Bayesian formulation of
inverse problems in infinite dimensions. We will take the elliptic PDE framework
presented in Section 2.2 as a modelling example, but we will operate in a
fundamentally different direction: whereas Section 2 was about fixing a random
distribution for the covariance structure of the random field and analyze statistics
of the quantity of interest under a pre-determined probability, here we will observe
noisy local instances of the model solution and study statistics of the quantity
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of interest under the resulting posterior probability distribution.

Bayes’ theorem. Let (Θ,A) and (Y,B) denote two measurable spaces and
let νpost and ν0 be probability measures on the joint space Θ× Y. We assume
ν � ν0, i.e. the measure ν is absolutely continuous [49] with respect to ν0. Then,
there exists a ν0-measurable function φ : Θ× Y → R such that

dν

dν0
(θ, y) = φ(θ, y) , for each (θ, y) ∈ (Θ,Y) . (14)

In other words, φ is the Radon-Nikodym derivative of the measure ν with respect
to the measure ν0. Note that equation (14) is equivalent to

Eν [f(θ, y)] = Eν0 [φ(θ, y)f(θ, y)] ,

for any function f : Θ× Y → R such that the expectations above are defined.
The following Theorem provides existence of a conditional probability measure
on Θ and an expression for its Radon-Nikodym derivative.
Theorem 3 (cf. [37]). Let y ∈ Y be fixed and assume the conditional random
variable θ|y exists under ν0 with probability distribution denoted by νy0 (dθ). Then
the conditional random variable θ|y under ν exists, with probability distribution
denoted by νy(dθ). Furthermore, νy � νy0 and if C(y) =

∫
Θ φ(θ, y) dνy(θ) then

dνy

dνy0
(θ) = 1

C(y)φ(θ, y) , for each θ ∈ Θ . (15)

We refer to Theorem 3 as Bayes’ theorem. The probability measure νy0
plays the role of prior distribution, whereas νy corresponds to the posterior
distribution. The function φ(θ, y) corresponds to the likelihood function L(y|θ)
that we heuristically introduced in Section 3.1.

We observe that Theorem 3 is both valid in a finite and an infinite dimensional
framework. For such reason, it adds an important contribution to the literature,
since it ensures that as the dimensionality of the problem grows to infinity,
the prior and posterior probability measures are still well-posed. Theorem 4
provides a more classical version valid exclusively in finite dimensions, where
the probability measures are expressed via their Radon-Nikodym derivative with
respect to a Lebesgue measure. [73]
Theorem 4. Let us assume that the probability measures νy and νy0 admit
probability densities π and π0, respectively. Then, equation (15) in Bayes’
theorem reduces to

π(θ) = L(y|θ)π0(θ)
C(y) , (16)

where C(y) =
∫

Θ L(y|θ)π0(θ) dθ.
Unfortunately, in infinite dimensional Banach spaces it is not possible to

formulate an analogue of Lebesgue measure [80], hence Theorem 4 does not
hold in this framework. Yet, Theorem 4 is practically useful, because, computa-
tionally, infinite dimensional objects always have to be approximated into finite
dimensional ones.
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A classic example of Bayesian inverse problem. Consider F : X → Y to
be the forward model defined by (2) in Section 2. Let us assume the coefficient
k is modeled via a random field characterized via the KL expansion (4). Let us
denote by θ = (ξn)n≥1 the series of random parameters associated with such
expansion.

As a possible application to the forward model F , consider an incompressible
subsurface flow, where k(x, ω) and u(x, ω) respectively denote the local perme-
ability coefficient and the pressure at the physical coordinate x ∈ D for the
random sample ω ∈ Ω. As we would like to make inference on the probability
distribution of the coefficients θ characterizing the random field, we can drill
into the ground and measure the pressure u(xi, ω) of the subsurface at a set of
local coordinates xi ∈ D, for i = 1, . . . ,m. We can mathematically describe the
set of measurements y ∈ Rm via an observation operator O : Θ → Rm, such
that2 Oi(θ) = F(k)(xi) and

y = O(θ) + σyξ, (17)

where ξ ∼ N (0, Im) and σy > 0. The additive Gaussian noise ξ can be interpreted
both as an unbiased measurement error, i.e. human or machine error committed
during the observation process, as well as structural uncertainty, which embodies
a lack of representation power of the model to describe the data [37]. It is
immediate to check that, given the structure in (17), the likelihood has the form
L(·|θ) = N (O(θ), σ2

yIm).
Let us assume a priori a Gaussian random field over k, i.e. the prior prob-

ability measure νy0 (dθ) is an independent standard Gaussian distribution in
each dimension. Then, given a prior measure and a likelihood model as in (17),
equation (15) in Bayes’ theorem 3 provides a rigorous way to integrate a quantity
of interest Q with respect to the posterior measure νy, that is Eνy [Q]. In other
words, we can provide statistics of the quantity of interest with respect to a
probability distribution that takes into account both our subjective believe and
data information.

We observe that, although Eνy [Q] is theoretically well-defined for any appro-
priate quantity of interest Q, its calculation can be very challenging. In Section
4 describe some of the main computational issues and provides an overview of
techniques that aim to surmount those problems.

4 A computational perspective
Although the Bayesian approach provides rich information about our estimates,
it comes at a cost. Unlike in more classical frequentist statistics, where the
task is usually to recover a point estimator that best represents the data - we
have mentioned in Section 3.1 how this can be directly linked to recovering

2Please note that such definition of O(θ) is well-posed only if point-evaluations of the
solutions are defined in the Sobolev space H1

0 (D). If they are not, we can observe the average
pressure in a small ball around xi and approximate the local measurement as the radius goes
to zero [114].
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the global maximum of the posterior distribution, also known as Maximum-a-
Posteriori (MAP) [108] - in Bayesian statistics one would like to represents the
whole posterior distribution in order to estimate the expectation Eνy [Q] or other
statistical properties of Q.

One of the main challenges is represented by the normalization constant C(y).
In high dimensions, this is given as a high-dimensional integral of the likelihood
function under the prior probability measure. Since the rate of convergence of
standard quadrature methods degenerates as the dimensionality increases, in very
high dimensions the main available resource to estimate C(y) are Monte Carlo
methods, which, as we have seen in Section 2.5, have a dimension-independent
rate of convergence. However, because of the slow rate of convergence, one might
need a huge amount of samples to decrease the variance of the estimator to
an acceptable threshold. In a scenario where either the forward model or the
quantity of interest are very expensive to evaluate, like the case that we are
considering, drawing many samples becomes quickly unfeasible. As shown in
[116], when clear hierarchical structure is available, one way to alleviate this
problematic is to combine MLMC with a self-normalized importance sampling
produce [70], which allows to estimate Eνy [Q], together with the normalization
constant C(y), with drastically reduced computational cost. However, if the
normalization constant is very small, this method will still be hopeless. In
general, it is a common choice to look for methodologies that allow to estimate
Eνy [Q] without estimating C(y). In the following, we will give an overview of
the most prominent methodologies, that will also be the main object of study in
my Papers.

4.1 Markov Chain Monte Carlo
Markov chain Monte Carlo (MCMC) is probably the most popular family
of algorithms to produce samples in a Bayesian framework [62]. The idea
is that, although we are not able to generate independent samples directly
from the posterior distribution, we might be able to recover correlated samples
asymptotically as states of an ergodic Markov Chain [62]. This way, one can
estimate

Eθ∼νy [Q(θ)] ≈ 1
N

∑
i=1

Q(θ(i)) ,

where {θ(i)}Ni=1 are N samples from a Markov chain in the stationary regime,
whose stationary distribution is the posterior νy. Because samples from a Markov
chain are generally correlated, the amount of information added by each sample
is lower than in standard Monte Carlo, and a higher number of samples is
required to reduce the variance of the estimator to the same amount. To be more
precise, the Central Limit Theorem under weak dependence [23] states that the
variance reduction factor that we lose via correlated samples is the integrated
autocorrelation time (IACT) [62]

τ = 1 + 2
∞∑
k=1

ρ(k + 1) , (18)



28 CONTENTS

where ρ(·) denotes the autocorrelation function of the Markov chain {θ(i)}i≥1.
Note that τ ≥ 1, where the equality holds if and only if the samples are
uncorrelated. Then, we define the effective sample size (ESS) as Neff = N/τ .

The Metropolis-Hastings algorithm. The question remains how to pro-
duce a Markov chain {θ(i)}i=≥1 that asymptotically converges in to νy in a
distributional sense. Many different methods have been proposed in the lit-
erature over decades [64], but the most popular one is, without doubt, the
Metropolis-Hastings algorithm [29]. In order to present it, we will assume that
we are working in finite (but possibly very high) dimensions and that prior and
posterior probability densities π0 and π exist, respectively.

Algorithm 1 describes a generic step of the Metropolis-Hastings algorithm.
Given the current state of the Markov chain θk, k ∈ N, together with a conditional
proposal probability density q(·|·), a new sample θ′ ∼ q(·|θk) is proposed as
a candidate for the next state θk+1 and then accepted with some probability
α(θ′|θk) or, otherwise, rejected. It can be shown [62] that the resulting Markov
chain {θk}k≥1 converges in distribution to π.
Algorithm 1: k-th iteration of Metropolis-Hastings algorithm
Input :Current state θk; proposal density q(·|·)
Output : θk+1
1: Sample θ′ ∼ q(·|θk)

2: Calculate acceptance probability α(θ′|θk) = min
(

1, π(θ′)q(θk|θ′)
π(θk)q(θ′|θk)

)
3: Set θk+1 = θ′ with probability α(θ′|θk), otherwise set θk+1 = θk

It is important to notice that, in a Bayesian framework, the acceptance
probability in Algorithm 1 can be rewritten via Bayes’ theorem as

α(θ′|θk) = min
(

1, L(y|θ′)π0(θ′)q(θk|θ′)
L(y|θk)π0(θk)q(θ′|θk)

)
.

Note that, because the normalizing constant is elided in the ratio, it never has
to be estimated, which constitutes one of the main advantages of this algorithm.

The proposal density q(·|·) can be any probability density with support
containing the parameter space Θ. The proposal is largely responsible for the
mixing time, i.e. convergence speed, of the Markov chain. A good proposal
density will try to meet the following criteria. First, it wants to propose samples
that are as uncorrelated as possible to the current state, in order to achieve low
IACT and, consequently, high ESS. Second, it should propose samples that are
likely to be accepted, since every rejection duplicates the current states therefore
increasing the correlation within the chain. These two aspects often constitute a
trade-off that a good proposal should balance between. For example, suppose
that we propose θ′ = θk + εξ, where ε > 0 is a stepsize and ξ ∼ N (0, I) is a
random perturbation. Equivalently, we have q(θ′|θk) = N (θk, ε2I), which is a
classic random walk proposal density [62]. A small stepsize ε will propose samples
θ′ that are very close to θk, therefore the acceptance probability α(θ′|θk) will be
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almost one; in other words, Algorithm 1 will accept almost always. However, the
states will also be extremely correlated and the Markov chain will take a very
high amount of time to explore the parameter space and reach its convergence
regime. On the other hand, if ε is large, θ′ will be not very correlated to θk, but
the rate of rejection will be much higher. One should tune the stepsize between
these two regimes to achieve best performance. In [113], the authors show that
the best stepsize for random walk proposal is around ε = 0.23, but this does not
hold for other proposals.

Ideally, one would like to independently propose directly from π. In this
case both the acceptance probability α and the IACT τ would equal one. Of
course this is not possible, but it provides intuition that a good proposal density
should mimic the target density in order to keep high acceptance probability
and ESS. This is the purpose of Langevin-type proposal densities, where a
proposal density is constructed as an approximation of a Langevin stochastic
differential equation (SDE), with π as stationary distribution [119]. Examples of
Langevin-type proposals are MALA MCMC [127] and pCN MCMC [33], where
the latter does not use gradient information but targets the prior density rather
than the posterior. An important feature of pCN MCMC is that it is dimension-
independent, i.e. its acceptance rate does not depend on the dimensionality of
the problem [33]. This is in contrast to the behaviour of more standard proposals
like random walk, whose acceptance rate converges to zero as the dimensionality
increases. Yet, in high-dimensional pCN can practically be very inefficient.
In order to overcome this problem, one can look for data-informed low-rank
structures that allows to appropriately rescale the proposal density differently
along different dimensions. This is the purpose of DILI MCMC [35], where a
Likelihood-Informed Subspace (LIS) [36] is employed together with a pCN (or
MALA) procedure to obtain a proposal that is both dimension-independent and
rescaled via data information.

Among other remarkable contributions to the literature of MCMC algorithms,
we recall: Hamiltonian Monte Carlo (HMC) [99], where the parameter space
is lifted via a momentum random variable, and the proposal combines random
shifts of the momemtum together with the simulation of Hamitonian dynamics
[88]; NUTS [74], which adaptively sets path lengths for HMC proposals; adaptive
MCMC [67], where the proposal density is adaptively adjusted at an asymp-
totically vanishing rate; delayed-acceptance MCMC [30], where a preliminary
acceptance step promotes or rejects proposed samples according to a cheap proxy
of the likelihood; DRAM [68], which combines adaptive and delayed-acceptance
MCMC. Among more recent promising approaches to formulate effective propos-
als, we refer to Randomize-Then-Optimize (RTO) [12, 125] and Tensor-Train
approximations [47].

All the above-mentioned works aim to construct a proposal distribution that
leads the MCMC algorithm to converge as quickly as possible. However, if the
evaluation of the model at each step is very expensive, the algorithm will still
be very slow. In [44, 45] (see also [71] for a different but related method), the
authors integrate MCMC with multilevel methods to surmount this issue. The
Multilevel MCMC (MLMCMC) algorithm take advantage of a telescoping sum
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like in standard MLMC, however every expectation here is estimated via an
MCMC algorithm. Crucially, as in MLMC the samples in the differences must be
positively correlated to achieve variance reduction, here the Markov chains in the
differences are also constructed to be positively correlated. A similar complexity
theorem to the one for MLMC is derived, achieving a drastic reduction in the
overall computation cost. In Paper II (cf. [34]), we derive a coupling proposal
mechanism to integrate MLMCMC [44, 45] with DILI MCMC in a non-trivial
way, substantially speeding up the convergence of the Markov chain at each level.
Furthermore, since the construction of the LIS can be very expensive at fine
resolutions, we derive a hierarchical construction of the LIS to drastically reduce
both offline and online computational costs of the method.

Other Monte Carlo algorithms & filtering applications. MCMC, and
in particular the Metropolis-Hastings algorithms, are not the only possible Monte
Carlo methods for sampling in a Bayesian framework. Sequential Monte Carlo
is another popular choice [48], which is a population-based method based on
importance sampling (IS) [98], where a set of particles is sequentially (i) updated
according to some proposal probability density and (ii) reweighted according
to the ratio of the proposal density and the (unnormalized) posterior. The
reweighting procedure is important to reduce the variance of the quantity of
interest estimator, however it can induce a degeneracy of particles when the
importance density does not well match the posterior, which is particularly
cumbersome in high-dimensions [38]. In [17], the authors show how this can
be avoided by introducing an artificial sequence of target densities. Again, if
hierarchical structures are available, this could be done via multilevel methods
[18]. In [7], the authors show that another way to improve on this issue is by
using SMC to propose efficient high-dimensional distributions for MCMC.

SMC has been particularly useful in sequential Bayesian inference [115] (also
known as filtering), that is a temporal hidden Markov model (HMM) framework
[22] where we would like to make inference whenever a new data point is observed.
In this setting, examples of alternative methods to SMC are Ensemble Kalman
Filter (EnKF) [52], Ensemble Transform Particle Filter (ETPF) [110] and their
respective multilevel versions [72] and [65], both popular in data assimilation
applications [51, 77]; Thompson sampling [25], widely used in bandit problems
[8, 4]. In Paper IV (cf. [42]), we apply Stein variational Newton to changepoint
detection [3], which can again be considered as a form of sequential Bayesian
inference, although the problem is not necessarily a HMM. In Paper V (cf. [85])
we develop a Hierarchical Invertible Neural Transport (HINT) algorithm that
we believe to be particularly suitable for sequential Bayesian inverse, since the
method never requires to evaluate the prior analytically. See Section 4.2 for a
discussion of Papers IV and V, relating them to the existing literature.

4.2 Variational inference and transport maps
“In theory, there is no difference between theory and practice. In practice, there

is.”
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- Attributed to multiple people -

Although in theory MCMC is asymptotically guaranteed to weakly converge
to the correct target distribution, in practice this might never happen in a
reasonable amount of time. In particular either in high-dimensions, where the
parameter space exploration is particularly challenging, or when the likelihood
is computationally expensive to evaluate (because the forward model is itself
expensive, or because of a huge amount of data), in practical applications the
correctness of MCMC is set aside in favour of approximate but faster and more
scalable methods. In the following, we will give an overview of optimization-based
methods for sampling, such as Variational Inference and, more broadly, transport
maps.

Suppose that, in a finite dimensional setting, we want to sample from a target
probability density π, e.g. the posterior. Given a treatable reference density p,
one might seek an invertible transformation T : Θ→ Θ such that, if θ ∼ p, then
T (θ) ∼ π. In other words, π = T#p, where T# denotes the pushforward map
via T and is defined by

T#p(θ) = p(T−1(θ))|det∇T−1(θ)| . (19)

We address diffeomorphic transformations T that map from a space to itself as
transport maps. As a didactic example, consider the case where both p and π
are Gaussian densities, namely p = N (µp, Cp) and π = N (µπ, Cπ). Then, we
can exactly push forward p to π via the linear transport map

T (θ) = µπ + C1/2
π C−1/2

p (θ − µp) .

In general, however, there is an infinite number of maps T that can do the job,
possibly highly non-linear and complex. Hence, one would like to define a class
of transport maps that is rich enough to contain, or to approximate, an exact
pushforward operator and, at the same time, easy to define and optimize.

In order to assess how much reference and target density diverge from each
other, it is common practical choice in variational inference to introduce a
Kullback-Leibler (KL) divergence DKL(· ‖ ·) between the pushforward map T#p
and the target π, that is

DKL(T#p ‖π) = Eθ∼T#p[logT#p(θ)− log π(θ)] . (20)

Variational inference. Rather than constructing an explicit transport map T ,
it is clear from (20) that one could directly parametrize the pushforward density
T#p as a treatable variational density pφ, and optimize over its parameters φ [20,
21]. In a Bayesian framework, Bayes’ theorem 4 shows that the normalization
constant C(y), also called evidence, appears in (20) as an additive term, since
the posterior π comes into play only in logarithmic form. In other words, rather
than minimizing (20), one can equivalently maximize the Evidence Lower BOund
(ELBO) [21]

argmax
φ

ELBO = argmax
φ

−Eθ∼pφ [log pφ(θ)− log π0(θ)− logL(y|θ)] , (21)
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which owes its name to the fact that

logC(y) = ELBO−DKL(pφ ‖π) ≤ ELBO ,

since DKL(pφ ‖π) ≥ 0 by Jensen inequality (with equality if and only if pφ = π).
A typical choice for pφ is to take a Gaussian density [123], or a mixure of

Gaussian densities [75], with learnable mean and diagonal covariance matrix.
In the Gaussian density case, this would correspond to pφ = N (µ(φ), D(φ)),
with diagonal D. The mean and covariance functions µ(φ) and D(φ) can be
any differentiable functions of the parameter φ, which include the simplest
case of an identity function as well as complex neural network [87, 63]. The
restriction to diagonal matrices is often called mean-field approximation [21]
and it corresponds to the often unrealistic assumption that the parameters are
uncorrelated. Although this might lead to bad quantifications of the uncertainty
of the posterior distribution, it also makes the optimization much easier and
faster, which in many practical situations is considered as an acceptable trade-off.

It is worth to observe that, if several posterior densities have to be recovered
for different instances of the observation vector y (think, for example, about the
posterior probability of a disease for observations coming form different patiences),
one might want to “amortize” the cost of re-training for each different observation
by incorporating y as an input of the variational density pφ, e.g. pφ = N (m(φ,y),
D(φ,y)). By averaging over different instances of y, one can then optimize over
φ to get parameters that take into account all the different observations. Most
likely, the recovered variational density will be less precise in approximating the
posterior for each single observation y, but, if we accept the further layer of
approximation, it will not need retraining. This methodology is usually referred
to as amortized Variational Inference, and Variational Autoencoders (VAE) are
a representative example [46].

Stein variational inference. It is well-known that

DKL(T#p ‖π) = DKL(p ‖T#π) ,

where T# is called pull-back operator and is defined by T# = (T−1)#. In
words, given an invertible transformation T , in KL divergence it is equivalent to
push-forward the reference density towards the target or to pull-back the target
towards the reference. Then, we have

DKL(p ‖T#π) = Eθ∼p[log p(θ)− log π(T (θ))− log |det∇T (θ)|] . (22)

Rather than equation (20), we can use (22) as an objective function to construct
a map T that minimizes the divergence between p and T#π. Note that, while
in standard variational inference the representation power was restricted by
the flexibility of the parametrized density pθ, here the limitation is defined by
the class of transport maps. However, it is much easier to design a flexible
approximation function rather than a flexible (and treatable) variational density.
The main difficulty of the objective function in (22) is the evaluation of the
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log-determinant term of the Jacobian of T , which, for general transport maps,
has a cubic computational cost. Thus, the challenge is to come up with transport
maps T that are invertible and such that the functional gradient of (22) can be
calculated at low cost.

One possibility is to take the map T to be a composition of small perturbations
of the identity function, i.e. T = TL ◦ · · ·T 1 where L is a maximum number of
iterations and T `(θ) = θ + εQ`(θ), with ε > 0 and Q` : Θ→ Θ being another
transport map, for ` = 1, . . . , L. Note that if ε > 0 is small enough, T is invertible.
In Stein variational inference (SVI) [91], Q` belongs to a Reproducing Kernel
Hilbert Space (RKHS) [15] H, for some characterizing kernel k : H×H → [0, 1].
Stein variational gradient descent (SVGD) [91] takes the search direction Q` to
be the negative functional gradient direction, which can be explicitly recovered
as

Q`(θ) = Eφ∼p` [∇ log π(φ)k(φ,θ) +∇φk(φ,θ)] , (23)

where p` is the current reference density at iteration `. If we initially take the
reference density to be the empirical approximation for a given set of particles
of some treatable density (e.g. a Gaussian), we can sequentially transport these
particles via a functional gradient descent optimization [102]. In [93], the authors
show that the scaling limit solution of the SVGD dynamical system for the
number of particles going to infinity is a non-linear PDE, whose solution exists
and is unique. In [90], the authors show that if the initial empirical reference
measure converge to the theoretical one when the number of particles grows
to infinity, then at any step ` the empirical measure resulting from the SVGD
iteration also converges to the theoretical one. Under several assumptions,
they also show that the theoretical measure resulting from the SVGD iteration
converges to the true posterior.

In Paper III (cf. [41]), we introduce Stein Variational Newton (SVN), where
we derive second-order information that we use both to speed-up the optimization
via a Newton-like procedure, and to change the distance metric in the kernel in
order to improve particle spreading and scalability to higher dimensions. In Paper
IV (cf. [42]), we study the application of SVN to changepoint detection, that is
the detection of abrupt changes in the hidden model parameters underlying a
sequence of observations. Follow-up work of Paper III has also been conducted
by other research groups: in [28], the authors study the projection of SVN to
a likelihood-informed subspace (LIS) [36], which is important for really high
dimensions and uses similar techniques to the ones in Paper II (cf. [34]); in [124],
the authors propose a matrix-valued kernel Stein variational method, where they
theoretically and practically compare SVN to their algorithm.

Normalizing flow. While SVI is a non-parametric transport map approach,
its parametric counterpart is often called Normalizing Flow [111]. Here, T is
given some specific parametric structure to make the map invertible and the
determinant term easy to calculate. A common choice is to pick a Knothe-
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Rosenblatt rearrangement [94], that is

T (θ) =


T1(θ1)
T2(θ1, θ2)
...

Td(θ1, . . . , θd) ,

 (24)

such that dTj(θ1,...,θj)
dθj

6= 0. Then, T is invertible and its log-determinant is
simply given by the trace of its Jacobian. In [94], the components of the map
T are chosen to be parametric polynomials. Another possible choice is to take
regularized tensor-train approximations of the forward operator [47]. In (neural)
autoregressive flow [83], each component is a neural network. In [78], the authors
show that a specific type of neural autoregressive flows can be proven to be
universal probability density approximators up to a desired tolerance.

A vast literature has been produced in the last few years about different neural
network architectures that can increase the representation power of the transport
map. An example is bipartite flow [43, 104, 82], where the set of coordinates
is split into two blocks to build an autoregressive-type map whose inverse can
be recovered analytically. The algorithm alternates between a sequence of
orthogonal transformations (introduced in Sylvester Normalizing Flow [14]),
which have the important role of reshuffling the coordinates, and triangular
maps, whose goal is to capture complex non-linearities. However, in order to
make sure that the overall map is analytically invertible, each triangular map is
very sparse. Part of the goal of our Paper V (cf. [85]) is to explore a densification
of the bipartite architecture via a hierarchical procedure, which is able to increase
the representation power of each triangular map while maintaining analytical
invertibility. Another work that attempts to obtain a dense architecture is Block
Neural Autoregressive Flow (B-NAF) [39], but since the inverse map does not
have an explicit analytical expression, the method cannot be used for sampling
and is limited to density estimation.

5 Future directions

In this Section, we briefly describe some research directions that could be explored
in the future.

Paper I. One key assumption of the paper is that the finest level of accuracy,
which is randomly picked according to an exponential distribution, has to be
statistically independent from the model random realization. We acknowledge
and thank Dr. Tony Shardlow for pointing out that this assumption can be
relaxed by using the Optimal Stopping Theorem from the theory of Martingales
[66]. Further developments of the paper may study the application of continuous
level hierarchies in Multi-index Monte Carlo [69] and Multilevel MCMC [44, 45].



6. REFERENCES 35

Paper II. In this paper, we assume that the random field can be expressed via
a KL expansion, which in practice needs to be truncated after a finite number
of terms (see Section 2.3). In order to avoid this problematic, and in general
to consider scenarios in which the new parameters at the new level are not
statistically orthogonal to the previous ones under the prior measure, we would
like to develop a Multilevel DILI MCMC algorithm that can directly work over
the finite element mesh of the physical domain. Furthermore, we are interested
in the development of a Multi-index DILI MCMC algorithm.

Papers III and IV. The performance of the SVN algorithm depends on
the kernel in use. In particular, scalability can be problematic, because, in
high-dimensions, kernel-based methods are known to struggle to distinguish
between particle distances [53]. Thus, a possible future development of the
SVN algorithm is to study the application of non-stationary kernels, where the
distance can be locally rescaled according to the posterior geometry at the input
locations themselves.

Paper V. This work is currently under further development for final submission.
In particular, we are working on numerical results which study beneficial effects
versus costs of the proposed hierarchical structure, providing comparisons to
state-of-the-art Normalizing Flow algorithms.
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Abstract

In this paper, we present a generalisation of the Multilevel Monte Carlo (MLMC) method
to a setting where the level parameter is a continuous variable. This Continuous Level
Monte Carlo (CLMC) estimator provides a natural framework in PDE applications to adapt
the model hierarchy to each sample. In addition, it can be made unbiased with respect
to the expected value of the true quantity of interest provided the quantity of interest
converges sufficiently fast. The practical implementation of the CLMC estimator is based on
interpolating actual evaluations of the quantity of interest at a finite number of resolutions.
As our new level parameter, we use the logarithm of a goal-oriented finite element error
estimator for the accuracy of the quantity of interest. We prove the unbiasedness, as well as a
complexity theorem that shows the same rate of complexity for CLMC as for MLMC. Finally,
we provide some numerical evidence to support our theoretical results, by successfully testing
CLMC on a standard PDE test problem. The numerical experiments demonstrate clear gains
for sample-wise adaptive refinement strategies over uniform refinements.

1 Introduction

No matter whether epistemic or aleatoric, known unknown or unknown unknown, uncertainty
plays a fundamental role in any real life situation. Its quantification is becoming an object of
interest for ever more complex problems, where accurate solutions require huge computational
costs. A lot of methods have been proposed in the last decade that aim to reduce this cost with-
out affecting the accuracy. Among others, multilevel techniques conquered the scene arising in
a multitude of algorithms, all following the pioneering work on multilevel Monte Carlo (MLMC)
by Giles [10] and the earlier paper by Heinrich [14] (see also [9, 4] and references therein). In
general, multilevel techniques aim to accelerate inference by exploiting a hierarchy of models
with different levels of accuracy. By combining estimates from all the models in a telescoping
sum, the computational cost is shifted towards the bottom (cheap and inaccurate) end of the
hierarchy, while maintaining the accuracy of the top (expensive and high resolution) end.

Since the initial work on MLMC, several techniques have been employed to exploit model
structures even further with considerable savings in computational cost. An important step
forward was the introduction of adaptive multilevel Monte Carlo (AMLMC) [15], where error
estimates and adaptive refinement strategies are exploited to increase the accuracy only where
needed (see also [9, 8, 16] in the context of PDEs). In contrast to the majority of the literature
on MLMC, which is based on uniform refinements, AMLMC is able to deal with problems with
very localised sample-dependent noise or quantities of interest, avoiding excessive computational
cost by refining the models only where necessary and, in general, differently for each sample.

A second important step forward was the introduction of an MLMC estimator that is un-
biased with respect to the real quantity of interest [21] (see also [19, 24]). In most problems of
consideration, the quantity of interest is a functional of the solution of an inaccessible, infinite-
dimensional model. In such cases, standard MLMC is only able to provide an estimator that is
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unbiased with respect to an approximation of the real quantity of interest. Having an unbiased
estimator for the real quantity of interest is often of great practical interest, especially if the
estimator is used for further predictions. Furthermore, the bias error is typically harder to
estimate than the sampling error, making it easier to avoid unnecessary computational effort
with an unbiased estimator.

In this paper, we present a generalisation of MLMC to a continuous framework that we
denote continuous level Monte Carlo (CLMC), where the underlying hierarchical structure is
considered to be continuous rather than a finite sequence of discrete instances. The level pa-
rameter ` is assumed to be a real number rather than an integer, giving access to standard
tools from Calculus, such as the integral or the derivative with respect to the level. Although
this might sound just like a conceptual generalisation, we will interestingly see how the contin-
uous framework also allows deeper understanding and different perspectives. As a first fact, it
highlights a link with tools from probability theory, since the continuous sequence of approxi-
mations can now be interpreted as a continuous stochastic process over the level of resolution.
In this framework, the classic telescoping sum of MLMC straightforwardly becomes a simplified
version of Dynkin’s formula [20], or more simply the Fundamental Theorem of Calculus. As
allowed in Dynkin’s formula, the finest level L of resolution can be chosen as a stopping time
random variable, which stops the refining procedure differently for each sample according to
some probability distribution over L. We will see that there is a simple probability distribution
over L corresponding to the optimal decaying sequence of the number of samples in MLMC and
the choice of this distribution is not very sensitive to an accurate estimation of the convergence
rates and of the cost per sample.

The main result of the paper is a continuous version of the complexity theorem for MLMC.
This provides two main contributions:

• it introduces a CLMC estimator that, under standard assumptions, satisfies the same
computational cost rate as the one in MLMC;

• it proves that the CLMC estimator can potentially be unbiased, but the unbiased version
has finite computational cost exclusively when the variance decays faster than the cost
per sample grows.

Among potential applications, the continuous level framework finds his practical utility for
sample-dependent hierarchical refinements: when the refinement levels depend on samples in-
stead of being fixed, it is more natural to think of them in a continuous fashion, as the resolution
of a particular model can fall anywhere on the real line. This is a typical situation in AMLMC.
Indeed, the resolution level is usually interpreted as the logarithm of the error of the numerical
model, therefore intrinsically continuous. Moreover, the error is sample-dependent, hence each
sample will hit its own sequence of level refinements. As AMLMC involves taking sample aver-
ages of quantities of interests at some prescribed levels, approximations have to be made that
may lead to slight inefficiencies especially when the improvement in the approximation error in
each adaptation step varies strongly (see [16]).

Here, we develop practical CLMC algorithms that are easy to implement and do not require
any such approximation. As we can arbitrarily choose the nature of the quantity of interest
between the actual evaluations, to obtain a quantity of interest function that is continuous
over the levels we simply interpolate the calculated values, whence we can work out a practical
formula. Note that the practical formula can also be implemented for the unbiased version
of the CLMC estimator. Finally, we provide some numerical experiments showing the CLMC
algorithm in action for a standard two-dimensional model problem where the adaptivity and
the sample-dependent hierarchies are shown to leading to significant computational savings.

The structure of the paper is as follows. In Section 2, we give a short background of Monte
Carlo and MLMC; we present the main CLMC idea; we introduce the CLMC estimator and
show the unbiasedness property; we state the CLMC complexity theorem; we provide a corollary
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showing when the estimator that provides the optimal cost is unbiased with respect to the real
quantity of interest. In Section 3, we propose a practical CLMC algorithm for sample-based
adaptive hierarchical refinement; we discuss the special case of uniform refinement and the
similarities with MLMC and show the link between the distribution of the finest level and the
sequence of number of samples; we finish the section with some proposals for other possible
implementations and approaches. Finally, Section 4 introduces the PDE model problem and
the adaptive finite element hierarchy for them, as well as presenting and discussing the numerical
experiments. We finish the paper with some conclusions and ideas for future work in Section 5.
The detailed proof of the complexity theorem, as well as some details about the goal-oriented
error estimator are delegated to the appendices.

2 Continuous level Monte Carlo

2.1 Background: Monte Carlo and Multilevel Monte Carlo

Suppose one is interested in estimating the expected value E[Q] of some (inaccessible) quantity of
interestQ, for simplicity assumed to be scalar. In uncertainty quantification (UQ),Q is typically
a functional of the solution of some random partial differential equation (PDE), where the
randomness can lie anywhere, e.g. within the coefficients, the source, the boundary conditions
or the shape of the domain.

In general, the solution of a PDE can not be calculated exactly and it has to be approximated
numerically, up to some desirable resolution level L. Let us call QL such an approximation and
assume that QL → Q almost surely (a.s.) for L→ +∞. Then, for any desired tolerance ε > 0,
there exists a fine enough resolution L, such that |E[Q−QL]| ≤ ε, and we can focus on finding
good algorithms to estimate E[QL] to the same accuracy. There are two main issues here.

1. If the underlying probability distribution is continuous and high-dimensional, which is
common in UQ applications, it can be extremely expensive to approximate the expected
value with standard quadrature methods.

2. If the resolution L required to compute the PDE solution with sufficient accuracy is high,
then computing just one sample of QL will be expensive and the number of samples that
can be computed on level L in a reasonable time is limited.

A standard remedy for Issue 1 is the use of Monte Carlo (MC) methods [22]. Indeed, the rate
of converge of MC estimators is independent of the dimension of the integral and it is extremely

easy to implement: given N independent samples
(
Q

(k)
L

)N
k=1

of QL, distributed according to the
underlying probability distribution, the expected value can be estimated as

E[QL] ≈ 1

N

N∑

k=1

Q
(k)
L . (1)

Whilst the right-hand-side in (1) is an unbiased estimator of E[QL], unfortunately it con-
verges very slow, especially when L is large, since O(ε−2) samples are required to reduce the
sampling error to a given accuracy ε, i.e. |E[Q−QL]| ≤ ε. As every sample requires an expensive
PDE solve, the computational cost quickly becomes infeasible for small ε.

An acceleration technique suggested for (1) is the multilevel Monte Carlo (MLMC) method
[14, 10]. It exploits a hierarchy of approximations Q0, Q1, . . . , QL of Q at different resolutions,
starting with a coarse and cheap approximation Q0, and going up to the fine and expensive
approximation QL. In contrast to the standard MC estimator in (1), which directly estimates
E[QL] by sampling QL, MLMC combines samples from the sequence of approximations (Q`)

L
`=0
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to produce an overall cheaper estimator. To this purpose, the approximations are combined
into the telescoping sum

E[QL −Q0] =
L∑

`=1

E[Q` −Q`−1], (2)

and then each term in the sum on the right-hand-side is estimated with Monte Carlo:

E[Q` −Q`−1] ≈
1

N`

N∑̀

k=1

(
Q

(k)
` −Q

(k)
`−1

)
. (3)

To obtain an estimator for E[QL] it suffices to add a Monte Carlo estimator for E[Q0].

Crucially, the consecutive approximations Q
(k)
`−1 and Q

(k)
` in the difference Q

(k)
` −Q

(k)
`−1 come

from the same sample k. This means that they are strongly positively correlated, and the
variance of the difference is heavily reduced:

V[Q` −Q`−1] = V[Q`−1] + V[Q`]− 2Cov(Q`−1, Q`)� V[Q`−1] + V[Q`]. (4)

As Q` → Q a.s. for ` → +∞, we also have Q` − Q`−1 → 0, so that the covariance, and in
turn the variance reduction, increases as ` → +∞. As a consequence, the required number of
samples N` at level ` can be chosen to decrease monotonically with increasing `, so that only
very few expensive samples on level L are needed. The majority of samples and therefore the
computational cost will be shifted to the coarser levels.

This reduction in computational complexity can be quantified rigorously, at least asymp-
totically as the tolerance ε → 0. The complexity theorems in [10, 4] show that the overall
computational cost for the MLMC algorithm can be up to a factor O(ε2) smaller than the cost
of the MC estimator in (1). We will return to this and give more details in Section 2.4.

2.2 Continuous Level Monte Carlo: the main idea

In this section, we introduce the continuous level Monte Carlo (CLMC) idea. As we have seen
above, MLMC exploits a discrete sequence of approximations (Q`)

L
`=0 of Q. We now extend

this to a continuous family of approximations (Q(`))`≥0 of Q. In other words, (Q(`))`≥0 is a
stochastic process of approximations over the continuous level of resolution `.

Let L be assumed to be a random variable with finite expectation denoting the (random)
finest level of resolution, independent from the stochastic process (Q(`))`≥0. Also, let Lmax ∈
[0,∞] be a deterministic constant that we introduce for reasons that will become clearer later.
We can write down the following formula:

E[Q(L ∧ Lmax)−Q(0)] = E
[∫ L∧Lmax

0

dQ(`)

d`
d`

]
. (5)

For the formula in (5) to be well-posed, we need to assume that Q ∈W 1,1(0, Lmax) as a function
of `, where W 1,1(0, Lmax) is a Sobolev space containing functions over ` ∈ (0, Lmax) such that
the functions and their weak first derivatives have finite L1 norm. Note that for simplicity we
are choosing 0 as coarsest level, but this can of course be generalised.

If we assume L to be a deterministic variable, the expectation in (5) can be pulled inside
the integral and the derivative, so that equation (5) reduces to the Fundamental Theorem of
Calculus, which guarantees the identity. However, more generally, equation (5) can be recovered
as a particular case of Dynkin’s Formula [20], where L is interpreted as a finite stopping time.
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2.3 The CLMC estimator

Let us assume L to be a random variable independent of the whole stochastic process (Q(`))`≥0.
We can then define the continuous level Monte Carlo (CLMC) estimator

Q̂CLMC
Lmax

:=
1

N

N∑

k=1

∫ Lmax

0

1

P(L ≥ `)

(
dQ

d`

)(k)

(`)1[0,L(k)](`) d`, (6)

where the superscript (k) denotes the k-th realisation of the respective random variable and N
is the total number of samples. For simplicity of presentation, the estimator Q̂CLMC

Lmax
is defined

as an estimator for E[Q(Lmax)−Q(0)], as we see in Proposition 2.1. As in standard MLMC, it
suffices to add an unbiased estimator for E[Q(0)] to obtain an estimator for E[Q(Lmax)].

A reader familiar with the MLMC literature might be puzzled by the estimator in (6), where
we use the same number of samples N for each level `. However, note that, for each sample k,
the integrand in (6) will only be non-zero up to the random realisation L(k) of L, and therefore
in practice we do not need to evaluate Q(`) beyond level L(k).

We are now ready to show that the CLMC estimator is unbiased.

Proposition 2.1. The CLMC estimator (6) is an unbiased estimator for E[Q(Lmax)−Q(0)],
i.e.

E[Q̂CLMC
Lmax

] = E[Q(Lmax)−Q(0)] .

Proof. By exploiting the independence of L from (Q(`))`≥0, we have

E
[
Q̂CLMC
Lmax

]
= E

[
1

N

N∑

k=1

∫ Lmax

0

1

P(L ≥ `)

(
dQ(`)

d`

)(k)

1[0,L(k)](`) d`

]

=

∫ Lmax

0

1

P(L ≥ `)E
[

dQ(`)

d`

]
E
[
1[0,L](`)

]
d`

=

∫ Lmax

0

1

P(L ≥ `)E
[

dQ

d`
(`)

]
P(L ≥ `) d`

=

∫ Lmax

0
E
[

dQ(`)

d`

]
d`

= E[Q(Lmax)−Q(0)].

In particular, this implies the following important corollary.

Corollary 2.2. If Lmax = +∞, then

E[Q̂CLMC
∞ ] = E[Q−Q(0)].

Corollary 2.2 shows that there is a version of the estimator (6) that is unbiased with respect
to the expectation of the difference of the real quantity of interest Q and Q(0), and one can see
the connection with the unbiased MLMC estimator introduced in [21].

In the next subsection, we will prove a complexity theorem for the CLMC estimator (6). We
will pick L to be distributed as an exponential random variable to facilitate calculations and
mimic the exponential decay in the assumptions on the convergence of the quantity of interest.
Also, we will provide sufficient and necessary conditions for the Theorem to hold in the case
Lmax = +∞, i.e. when the CLMC estimator is unbiased with respect to Q−Q(0). A practical
algorithm will then be described in Section 3.
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2.4 Complexity theorem

The fundamental theoretical result about the MLMC method is the complexity theorem, firstly
proved in [10] and generalised in [4]. In this section, we state an analogous complexity theorem
for the CLMC estimator (6). A full proof is given in Appendix A.

First, let us define the mean-squared-error (MSE) of the CLMC estimator Q̂CLMC
Lmax

in (6) by

MSE := E
[(
Q̂CLMC
Lmax

− E[Q−Q(0)]
)2]

(7)

and denote by CCLMC
Lmax

its expected computational cost. Then, we have the following result.

Theorem 2.3 (Complexity Theorem). Suppose Q is a quantity of interest and Q ∈ W 1,1(0,
∞) is a corresponding family of numerical approximations. Furthermore, suppose that there are
positive constants α, β ≤ 2α, γ, c1, c2, c3 such that, for any ` > 0, we have:

(i)
∣∣∣E
[
dQ(`)
d`

]∣∣∣ ≤ c1e−α` , (ii) V
[
dQ(`)
d`

]
≤ c2e−β` ,

(iii) C(`) ≤ c3eγ` , where C(`) is the cost to compute one sample of Q(`).

Furthermore, suppose that L ∼ Exponential(r) with

r ∈ [min(β, γ), max(β, γ)].

Then, for any ε ∈ (0, e−1), there exist Lmax ∈ [0,+∞), N ∈ N and C > 0 such that

MSE ≤ ε2 and CCLMC
Lmax

≤ C ε−2−max(0, γ−β
α

)(log ε)δr,β+δr,γ (8)

with δ denoting the Kronecker delta.

Note that the predicted computational cost in Theorem 2.3 is the same as in MLMC (asymp-
totically).

Corollary 2.4. Suppose that the assumptions of Theorem 2.3 hold and that Lmax = +∞, i.e.
let us consider the unbiased CLMC estimator Q̂CLMC

∞ .

(a) If β > γ, then for any ε ∈ (0, e−1) and for any r ∈ (γ, β), there exists an N ∈ N and
C > 0 such that

MSE ≤ ε2 and CCLMC
∞ ≤ Cε−2 .

(b) If β ≤ γ and, in addition, there exist positive constants η ∈ [β, γ], c′2 and c′3 such that

c′2e
−η` ≤ V

[
dQ(`)

d`

]
and c′3e

η` ≤ C(`) ,

then MSE × CCLMC
∞ = +∞, for all r > 0 and N ∈ N, i.e. the unbiased estimator has

infinite MSE or infinite cost.

Corollary 2.4 provides sufficient and necessary conditions for the CLMC estimator with
Lmax = +∞ (which is unbiased with respect to Q−Q(0)) to have a finite expected complexity
cost. Intuitively, since Lmax = +∞, the finest level at which computations are needed is
maxNk=1 L

(k), which tends to infinity as N grows. Therefore, the estimator (6) will have finite
expected cost only if the actual variance reduction rate is bigger than the actual cost growth
rate. The rates β and γ in Theorem 2.3 are only upper bounds. By analogy, we believe this
constraint also applies to the unbiased estimator introduced by Rhee & Glynn [21]. However,
the paper [21] is mainly concerned with timestepping methods for SDEs, where the condition
γ < β is usually satisfied.
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Note that, if Lmax = +∞, even in the case β > γ, there is a non-zero probability that the
finest level L(k) for some sample (k) is drawn larger than the maximal refinement achievable
on the particular machine that is used, but we can exactly quantify the probability for this to
happen. Indeed, if L̄ is the maximum refinement level achievable by the machine, the probability
that at least one sample is greater or equal than L̄ is given by

NP(L ≥ L̄) = N exp(−rL̄).

We will see that for problems of interests this probability is very small. In the rare event that
L(k) > L̄ for some sample k, one could simply approximate Q(k)(`) = Q(k)(L̄) for ` ∈ [L̄, L(k)].
If L̄ is sufficiently large, this would introduce a negligible bias error to any practical values of ε.

3 Practical implementation

In the previous section, we have seen that it is possible to extend multilevel Monte Carlo to a
continuous framework, where the approximations of the quantity of interest are functions over
a continuous family of resolutions. This point of view comes natural when the level parameter
is not associated with some fixed hierarchy of approximations, but with an adaptively chosen
hierarchy for each sample, e.g. in the context of adaptive finite element approximations of a
PDE with random coefficients where the level parameter ` is related to the accuracy of the
approximation (see Section 4).

However, it still remains to show how this can be implemented in practice and how the
practical implementation differs from MLMC. There are many possible ways to implement the
estimator in (6). Let us first focus in some sense on the simplest one. We will comment on
other approaches at the end of this section.

3.1 Sample-dependent level hierarchies and piecewise linear interpolation

Let us assume that we have estimates of the parameters α, β, γ in Theorem 2.3. In practice,
these can be obtained (on the fly) from sample averages and sample variances of Q(`) and
dQ(`)/d`, as in standard MLMC. Then, given a desired tolerance ε > 0, Theorem 2.3 provides
suitable choices for the number of samples N and for the rate r of the exponential distribution
of L to achieve the optimal complexity in (8).

For any sample k, suppose that (Q
(k)
j )j≥1 denotes a countable sequence of approximations

of Q(k) at levels (`
(k)
j )j≥1. Then, to define a continuous family Q(k)(`) of Q(k), we use linear

interpolation such that

(
dQ

d`

)(k)

(`) :=
Q

(k)
j −Q

(k)
j−1

`
(k)
j − `

(k)
j−1

for ` ∈ (`
(k)
j−1, `

(k)
j ) .

Also, for each sample k, let us define the index J (k) corresponding to the first value of `
(k)
j that

is bigger than L(k) ∧ Lmax, that is

J (k) := min{j ≥ 1 : `
(k)
j − (L(k) ∧ Lmax) ≥ 0}.

Hence, we can write down the CLMC estimator (6) as

Q̂CLMC
Lmax

=
1

N

N∑

k=1

∫ L(k)∧Lmax

0

1

P (L ≥ `)

(
dQ

d`

)(k)

(`) d`

=
1

N

N∑

k=1

J(k)∑

j=1

w
(k)
j

(
Q

(k)
j −Q

(k)
j−1
)
, (9)
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where we define
˜̀(k)
j := `

(k)
j ∧ (L(k) ∧ Lmax) , (10)

and the integrals in the weights w
(k)
j can be computed explicitly as

w
(k)
j :=

1

`
(k)
j − `

(k)
j−1

∫ ˜̀(k)
j

`
(k)
j−1

1

P (L ≥ `) d` =
exp

(
r ˜̀(k)
j

)
− exp

(
r`

(k)
j−1
)

r
(
`
(k)
j − `

(k)
j−1
) , (11)

for all j = 1, . . . , J (k) . Algorithm 1 provides the key instructions to implement the CLMC
estimator in (9).

Algorithm 1: CLMC algorithm – Key steps

Input : ε: tolerance;
r: exponential rate;
N : total number of samples;
Lmax: maximum reachable level - potentially infinite if γ < β.

Output: Q̂CLMC
Lmax

: CLMC estimator.

1: Initialise Q̂← 0;

2: for k = 1, 2, . . . , N do
3: Sample L(k) ∼ Exponential(r);

4: Evaluate and store quantity of interests Q← (Q
(k)
j )J

(k)

j=1 at levels `← (`
(k)
j )J

(k)

j=1 ;
5: Calculate array w of weights in (11);
6: Update Q̂CLMC

Lmax
← Q̂CLMC

Lmax
+ wT ∗ diff(Q), where diff(Q) is the array of the

differences between consecutive elements of Q;
7: end for

8: Set Q̂CLMC
Lmax

← Q̂CLMC
Lmax

/N .

Note that it is easy to work out an unbiased estimator for the variance of Q̂CLMC
Lmax

in (9),
which is needed to estimate the total number of samples N . Let us define

Y (k) :=

J(k)∑

j=1

w
(k)
j

(
Q

(k)
j −Q

(k)
j−1
)
.

Then (9) simply reduces to a standard Monte Carlo estimator with i.i.d. samples Y (k) and we
can estimate

V
[
Q̂CLMC
Lmax

]
≈ 1

N(N − 1)

N∑

k=1



(
Y (k)

)2
−
(

1

N

N∑

i=1

Y (i)

)2

 .

3.2 Uniform refinements as a special case

It is interesting to see what happens in the case of uniform refinements, where all samples Q(k),

for k = 1, . . . , N , are evaluated at the same deterministic points `
(k)
j = `j , for j ≥ 1, and then

interpolated. Without loss of generality, we assume that `j = j, as in standard MLMC.
In this case, the set of possible levels reduces to integers. Therefore, although a continuous

probability distribution for L is still a valid choice, it is more natural to pick a discrete distri-
bution over the levels, where P(L ≥ j) is constant over the interval (j − 1, j). In that case, the

8



practical CLMC estimator in (9) reduces to

Q̂CLMC
Lmax

=
1

N

N∑

k=1

J(k)∑

j=1

1

P(L ≥ j)
(
Q

(k)
j −Q

(k)
j−1
)
.

A natural choice would be a geometric distribution on L.
To see the relationship with the standard MLMC estimator more clearly, let us define

N(`) := NP(L ≥ `) .

Then, (N(`))`≥0 ⊂ [0,∞) corresponds to a continuous density of samples, analogous to the
sequence of sample sizes at discrete levels in MLMC. Moreover, the probability that L is at
least ` corresponds to the normalised density of samples that gets at least to level `. Therefore,
by plugging this relation in the equation above, we get

Q̂CLMC
Lmax

=
N∑

k=1

J(k)∑

j=1

1

N(`)

(
Q

(k)
j −Q

(k)
j−1
)
,

which exactly corresponds to the Rhee & Glynn estimator in [21].

3.3 Other Implementations

3.3.1 Polynomial regression

Although the practical implementation discussed in Subsection 3.1 is a natural, practical imple-
mentation of the CLMC estimator, it is not the only possibility. One could think of exploiting
the underlying continuous level structure in order to predict the global trend of the function
Q(`), thereby denoising the point-wise evaluations coming from the random samples. More

concretely, imagine that each sample k provides evaluations (Q
(k)
j )J

(k)

j=1 respectively at levels

(`
(k)
j )J

(k)

j=1 . Instead of defining the function Q(k)(`) as the linear interpolant between the given

points as in Subsection 3.1, one could define Q(k)(`) to be a particular polynomial interpolant or
regression function. The resulting continuous function may not exactly interpolate the points
but rather catch the global trend, avoiding to overfit sample-dependent noisy oscillations.

In general, for each sample k, define the polynomials

(
dQ

d`

)(k)

(`) :=

np−1∑

i=0

a
(k)
ij `

i for ` ∈ [`
(k)
j−1, `

(k)
j ) ,

where the coefficient (a
(k)
ij )

np−1
i=0 come from some np-order polynomial regression procedure, for

j = 1, . . . , J (k). As in standard MLMC, one needs to make sure that the consecutive increments
cancel properly; therefore, the fit procedure must be such that the polynomials Q(k)(`) coincide

at the interval extremes (`
(k)
j )J

(k)−1
j=2 , i.e. Q(k)(`) is a continuous function.

As in Subsection 3.1, it can be shown that the resulting CLMC estimator is given by

Q̂CLMC
Lmax

=
1

N

N∑

k=1

J(k)∑

j=1

np−1∑

i=0

a
(k)
ij

i∑

m=0

(−1)m
im

rm+1

((
˜̀(k)
j

)i−m
er

˜̀(k)
j −

(
`
(k)
j−1
)i−m

er`
(k)
j−1

)
, (12)

where ˜̀(k)
j is defined as in (10). Note that, when the the regression polynomial is a simple

piecewise linear interpolation polynomial, the CLMC estimator (12) reduces to (9).
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3.3.2 Quadrature and higher-order differences

It is also possible to derive alternative practical methods from the fundamental CLMC equation
in (5), by using alternative approximations of the integral and the derivative. In order to simplify
the presentation, let us assume L to be constant.

Standard MLMC can be interpreted as an estimator for the right hand side of (5) that uses a
backward rectangular quadrature rule on a uniform mesh1 with the derivative approximated by
a backward finite difference. This choice of quadrature rule and finite difference approximation
is special, because it is in fact exact for this simple case. However, in general one could also pick
other schemes, perhaps exploiting more points and therefore catching more global information,
at the price of introducing a correction term for both of the extremes of the interval [0, L] that
will also need to be estimated (this will be made clearer in the example below). In particular,
it is possible to come up with finite difference schemes which provide better variance reduction
than the standard differences in MLMC.

Here, we just give a single example to make the basic idea clearer. For sake of notation, we
will denote the approximation terms with the level as subscript rather than as argument.

MLMC exploits the following approximation of the derivative:

dQ(`)

d`
≈ Q` −Q`−h

h
, (13)

for some h > 0. Another possible derivative approximation scheme is given by the five-point
stencil formula:

dQ(`)

d`
≈ Q`−2h − 8Q`−h + 8Q`+h −Q`+2h

12h
. (14)

Let us call
v := lim

`→∞
V[Q`] , c := lim

`→∞
Cov

(
Q`, Q`+h

)
.

Then, in the limit `→∞, with the derivative approximation in (13) we have

V
[

dQ(`)

d`

]
≈ V

[
Q` −Q`−h

h

]
→ 2

h2
(v − c) ,

whereas with the derivative approximation in (14) we have

V
[

dQ(`)

d`

]
≈ V

[
Q`−2h − 8Q`−h + 8Q`+h −Q`+2h

12h

]
→ 130

144h2
(v − c) .

This shows that, for ` big enough, the five-point stencil formula provides more than double the
variance reduction with respect to the scheme used by MLMC.

In general, it can be shown that since the coefficients of any finite difference derivative ap-
proximation have to sum up to 0, the variance of the related estimator can always be asymptoti-
cally written as some constant times v−c. This guarantees that, for any of these approximation
schemes, the variance decreases to 0 as the covariance increases.

A practical formula for the five-point stencil CLMC method can be written as

E[Q(L)] = E[Q2h] +
1

12

M−1∑

i=2

E[Q(i−2)h − 8Q(i−1)h + 8Q(i+1)h −Q(i+2)h] + E[∆0] + E[∆L] ,

where h = L/M , for some M ∈ N, and ∆0 and ∆L are the correction terms at Level 0 and L,
respectively. They can be written as

∆0 =
1

12
(−Q0 + 7Qh − 5Q2h −Q3h) ,

∆L =
1

12
(Q(M−2)h − 7Q(M−1)h + 5QMh +Q(M+1)h) .

1For any integrable function on (0, L), this is defined as
∫ L
0
f(`) d` ≈ h

M−1∑
i=0

f(ih), where h = L/M and M ∈ N.

10



Note that, by using again the asymptotic argument given before, we have V[∆L]→ 76
144(v−c) for

L → ∞, which guarantees variance reduction also for the correction term ∆L. The correction
term ∆0 consists only of coarse approximations and is therefore cheap to compute even if many
samples are needed. Note, however, that it corresponds to a finite difference approximation of
a derivative at ` = 0 and thus its variance is typically significantly smaller than V[Q0].

4 Application to Adaptive Multilevel Monte Carlo

The development of the continuous level framework was motivated by the challenge of integrat-
ing sample-wise adaptive finite element solutions within a hierarchical framework. For a given
sample, there are significant computational gains to be realised by using goal-oriented (towards
the quantity of interest) schemes, particularly when the random field or quantity of interest
is localised. The exciting conceptual idea here is in contrast to other adaptive multilevel MC
methods [8, 16] we do not use the refinement steps or some pre-defined error tolerances as the
levels, but instead use a continuous measure of error in the quantity of interest as our level.
This naturally fits within our CLMC framework.

4.1 Subsurface Flow Problem & Constructing Pathwise Adaptive Solutions

We consider a toy-model describing steady state, single phase, incompressible flow in a perme-
able medium (e.g. rock), given by the linear, scalar elliptic partial differential equation

−∇ · k(x)∇u(x) = f(x) ∀x ∈ D ⊂ Rd, (15)

subject to suitable boundary conditions. Physically u(x) is the fluid pressure, f(x) the fluid
source term and k(x) the scalar permeability field. In practical applications (e.g. in oil reservoir
simulation), the permeability field k(x) or the source term f(x) are not known everywhere,
therefore a typical approach is to model each as a random field. Let the sample space be
denoted by Ω, then the random permeability and source field k(x, ω) and f(x, ω) belong to
D × Ω with a certain distribution (inferred from data). Therefore the solution to (15), the
unknown pressure field, is also a random field i.e. u(x, ω) ∈ D × Ω. For simplicity, we shall
restrict ourselves to homogeneous Dirichlet conditions u(ω, ·) ≡ 0 on the domain boundary ∂D.

For a fixed ω ∈ Ω we can recast (15) as a standard variational problem, i.e. find u(x, ω) ∈
V := H1

0 (D) = {v ∈ H1(D) : v = 0 on ∂D}, such that

∫

D
k(x, ω)∇u · ∇v dx

︸ ︷︷ ︸
=: a(ω;u,v)

=

∫

D
f(x, ω)v dx

︸ ︷︷ ︸
=:b(ω;v)

, ∀v ∈ V . (16)

Here, D is assumed to be a bounded Lipschitz domain and V = H1
0 (D) is the usual Sobolev

space of weakly differentiable functions on D. Then, a(ω; ·, ·) is a symmetric, bounded and
positive-definite bilinear form on V ×V , and as such defines an inner product and a norm on V ,
the so-called energy norm ‖u‖a :=

√
a(u, u). If f is sufficiently smooth, then the functional

b(ω; ·) is bounded on V .
To approximate the pressure solution u(x, ω), we construct a (sample-wise adapted) finite

element (FE) space Vh(ω) ⊂ V of piecewise linear Lagrange polynomials on a grid Th(ω) that
vanish on the boundary of D. The FE solution uh(x, ω) ∈ Vh(ω) satisfies

a(ω;uh, vh) = b(ω; vh) , ∀vh ∈ Vh(ω), (17)

resulting in a (large) linear system of equations of dimension Mh(ω) := dim(Vh(ω)). From
this, we are interested in approximating statistics (e.g. the expected value) of a quantity of
interest Q, defined to be (for simplicity) a linear functional of uh(x, ω).
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As motivated at the beginning of this section, we are going to build our approximate solu-
tions, sample-by-sample using adaptive finite element methods. But instead of using the number
of refinement steps as the level parameter and applying MLMC, we will use a sample-wise error
estimate as the level parameter and apply our new CLMC framework.

For any ω ∈ Ω, starting with an initial grid T (0)(ω), chosen to be the same for each sample,
we use an h-adaptive refinement strategy to construct a sequence of grids T (k)(ω) for k =
0, . . . ,K. In our case, the adaptive procedure is driven by a local, goal-orientated error indicator

e
(k)
τ (ω), for each τ ∈ T (k)(ω). This gives the relative contribution from each element to the error

in the quantity of interest Q(u(ω)), so that

|Q(u(ω))−Q(u(k)(ω))| ≤ e(k)(ω) =


 ∑

τ∈T (k)(ω)

e(k)τ (ω)




1/2

. (18)

In addition to solving (17) (the so-called primal problem), goal-oriented error estimators
typically also require an approximate FE solution wh(ω,x) of the dual problem

a(ω; vh, wh) = Q(vh) ∀vh ∈ Vh. (19)

There are many different choices of goal-oriented error estimators, see for example [12]. For

one particular choice, described in detail in [12], the error estimator e
(k)
τ (ω) in each element

τ ∈ T (k) is computed by bounding the product of the energy norms of the errors in the primal
and dual FE solutions uh(ω,x) and wh(ω,x) of (17) and (19), respectively. Up to a sample-
dependent constant, these bounds are simply the sum of the element residuals and of the
jumps/discontinuities in inter-element fluxes for each of the two problems. Full details can be
found in [12], but we will also provide some more details in Appendix B.

The FE grid T (k+1)(ω) is generated by refining the θ(k) percent of elements of T (k)(ω)
that contribute most to the error in Q as defined by (18). This is typically followed by some
additional refinements that ensure that the FE space V (k+1)(ω) is conforming, i.e. that there
are no hanging nodes in T (k+1)(ω). In our numerical experiments below, we increase θ(k) as k
increases and use a so-called red/green refinement strategy that ensures conformity.

Finally, we now define our sample-wise continuous level at refinement step k to be

`k(ω) = − log

(
e(k)(ω)

e(0)(ω)

)
(20)

The level gives a sample-wise measure of the error in Qk(ω), the quantity of interest computed on
T (k+1)(ω), relative to the error on the coarsest grid. We note that with this choice, computations
on T (0) are naturally providing values Q0(ω) at level `0(ω) = 0. However, the main reason for
defining the error in this way is due to the explicit error estimator that are being used being
only known up to an unknown constant (dependent on ω).

4.2 Numerical Experiments

All the numerical experiments are calculated using the high performance FE library DUNE [1]
and its discretisation module dune-pdelab. Simulations are carried out on a computer consist-
ing of four, 8-core Intel Xeon E5-4627v2 Ivybridge processors, each running at 1.2 GHz, giving
a total of 32 available cores. The solutions for each sample are computed on a single processor
and independent samples are equally distributed across all available cores. Individual solutions
of the forward and dual problems are obtained using the sparse direct solver UMFPACK [6]. Each
adaptive step uses the red/green refinement strategy, as implemented in dune-grid [2], refining
θ(k) percent of elements from T (k) to T (k+1).
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In our numerical test, we consider D := [0, 1]2. The coarse grid T (0) for all samples is
taken as a uniform 32 × 32 triangular mesh on D. In our test we consider (15) with random
permeability field k and random source term f . The permeability field k(x, ω) is characterised
by a log-normal random field, where log k(x, ω) has a mean of zero and a two-point exponential
covariance function

C(x,y) := exp (−3 ‖x− y‖1) x,y ∈ D, (21)

with ‖ ·‖p denoting the `p-norm in R2. The field is parameterised with a (truncated) Karhunen-
Loève (KL) expansion

k(x, ω) = exp

(
R∑

i=1

√
µiφi(x)ξi

)
. (22)

where {µi}i∈N are the eigenvalues, {φi(x)}i∈N the corresponding L2-normalised eigenfunctions
of the covariance operator with kernel function C(x,y) and ξi ∼ N (0, 1). For more details on
how this expansion is constructed see for example [4]. In the calculations which follow we take
R = 36. For the random source term, we take

f(x, ω) = 1000 a exp
(
−20‖x− yf‖22

)
(23)

where a and the components of yf are all sampled from U(0, 1).
As the quantity of interest, we consider the average pressure near yQ := [0.25, 0.25]T , defined

by the linear functional

Q(u) := C1

∫

D
exp

(
−‖x− yQ‖22

λQ

)
u(x, ω)dx, (24)

with λQ = 0.0005 and C1 =
(∫
D exp(−‖x− yQ‖22/λQ)dx

)−1 ≈ 0.00157.
We now test our CLMC algorithm (Algorithm 1) by comparing uniform refinements and

adaptive refinements with a variable θ(k) (percentage of elements refined per step). In particular,
we choose

θ(k) = min(100%, δkθ0) (25)

as the percentage of elements refined in T (k), with θ0 = 1% and δ = 3. We note that this choice
is heuristic, motivated by a series of test runs. For the problem at hand, the idea of starting
with small θ(0) and increasing the percentage with the number of adaptive steps makes sense.
Initially the error in Q is dominate by the fact that the grid is not well adapted to the particular
random sample ω ∈ Ω. This includes the random field, the location of the localised source and
the quantity of interest itself. Once the adaptive strategy has focused in on all those localised
regions, the error in Q is governed by the global lack of singularity in the coefficient [3, 23] and
thus distributed fairly uniformly across the whole domain. So from that point onwards, refining
all elements uniformly leads to the most effective error reduction.

Before running a complete simulation we first consider a single sample ω ∈ Ω. Figure 1 shows
the random permeability field k(x, ω), pressure solution uh(x, ω), and the influence function
wh(x, ω) (i.e. the solution of the dual problem (19)) for this sample after 6 adaptive steps.
Snapshots of the grids, built using the goal-oriented error estimator, are shown in Figure 2 at
steps 0, 2, 4 and 6. Visually, we see that the adaptive scheme is working correctly, refining near
yQ = [0.25, 0.25]T , the point around which the pressure is averaged in the functional Q in (24),
whilst also adapting around the localised source. At the latter levels the refinement also starts
to pick up local variations in the permeability field in regions that influence the pressure at the
point of interest.

For the uniform and adaptive strategy, we first run an initial batch of 6400 samples up to
Lmax = 5, in order to estimate the parameters β and γ. In a real simulation, it would not
be necessary to estimate these parameters accurately and so significantly fewer samples could
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Figure 1: Permeability field k, pressure solution uh and influence function wh on the finest
adaptive grid (k = 6) for a particular realisation ω ∈ Ω.

Figure 2: Sequence of adaptive grids built using goal-oriented error estimator for random ω ∈ Ω,
level is defined by `k given by (20).

be used. With uniform refinements, our estimates are βu = 2.28 and γu = 1.0, whereas for
adaptive refinements we get βa = 2.22 and γa = 0.78. Note that, in both cases, β > γ, therefore
by taking Lmax = +∞ in the CLMC setting we obtain unbiased estimators with respect to
E[Q − Q(0)]. In these initial runs we can already see the expected computational gains of
adaptive grid refinement. We note that the rates β for V[dQ/d`] are much the same in each
case, whilst γ, the rate of growth of the expected cost per sample, is clearly smaller for the
adaptive strategy. Figure 3 gives a plot of the continuous level `, representing the estimate of
the relative finite element error, against the natural log of the cost for all samples, which shows
the better rate for the adaptive scheme.

We then run the CLMC algorithm with a maximum of N = 106 samples for each case. The
exponential parameter rate r is taken to be the same for each case, so that any computational
gains can be attributed to the adaptive strategy, rather than a difference in r. The value is
chosen so that r = 1

2(ru + ra) = 1
4(βu + γu + βa + γa) = 1.57, and we consider the unbiased

estimator with Lmax = +∞.
The numerical results show that the CLMC algorithm is working as expected. In Figure 4

(left), we observe as expected that the natural logarithm of E[dQ/d`] decreases linearly with `,
i.e. α ≈ 1, in both the uniform and the adaptive case, since ` is defined as the natural logarithm
of an estimate of the relative bias error. Figure 4 (middle) shows the variance reduction for both
uniform and adaptive refinement strategies. Both decay very similarly across the levels with
rates of around β = 2. Finally, Figure 4 (right) shows the actual cost to compute the estimate
for different choices of N . The cost (in seconds) is plotted against the root mean square error,
which is equal to the sampling error, since the estimator is unbiased. As proved in Theorem 2.3,
since β > γ for both strategies, we observe parallel straight lines with rate of ≈ 2. Due to the
reduced computational cost on the finer levels, the adaptive strategy wins over the uniform one
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of E[dQ/d`] and V[dQ/d`] against ` respectively. Right: Total cost of uniform and adaptive
algorithm (in seconds) against estimated sampling error (= root mean square error due to
unbiasedness).

across a range of tolerances. Especially for coarser tolerances the gains are significant and the
sample-adaptive level hierarchy consistently reduces the cost by a factor of 4.

The actual gains that are possible with the new CLMC estimator and with sample-adaptive
level hierarchies are very problem dependent. They also depend strongly on the error estimator
and on the adaptive refinement strategy. The estimator and the strategy employed here are
by no means optimal. It is known that the employed error estimator is not necessarily very
effective in the context of strong coefficient variations. Finally, the gains also depend on the cost
of the linear solver. For a fair comparison, we used a sparse direct solver, which outperforms
iterative solvers for the problem sizes encountered in our 2D model problem. However, further
experiments in three space dimensions will require iterative solvers and robust preconditioners
that can cope both with the strong coefficient variations and with the locally refined finite
element meshes. The cost and the memory requirements of sparse direct solvers grow too
rapidly in 3D. Nevertheless, we expect the gains in 3D to be even more significant.

15



5 Conclusions & Further Work

In this paper, we introduce Continuous Level Monte Carlo (CLMC), a generalisation of MLMC
to a continuous framework where the level is a continuous variable rather than an integer. We
propose a practical estimator and prove a Complexity Theorem, showing the same order of
convergence as in MLMC. Furthermore, we provide a version of the estimator that is unbiased
with respect to the true quantity of interest and extend the Complexity Theorem to this case,
giving sufficient and necessary conditions for the unbiased estimator to have finite cost. We ap-
ply CLMC to adaptive refinement schemes, where the continuous framework is particularly well
suited in order to capture sample-based level hierarchies. We demonstrate clear computational
gains when adaptive refinement strategies are adopted rather than uniform ones.

The introduction of CLMC opens the door to several new research directions. We outline a
few ideas for further work:

Extension of Multi-Index Monte Carlo (MIMC) [13]. MIMC is an extension of MLMC to
multi-dimensional level parameters and higher-order differences. In the same way, as CLMC
generalises MLMC by replacing the sum with an integral and the difference with a derivative in
the case of a scalar level parameter, one could generalise MIMC by employing multi-dimensional
integrals of partial derivatives. Indeed, consider (Q(`))` to be a sequence of approximation
functions of Q, where ` = (`1, . . . `m) is a m-dimensional vector of non-negative levels. To
explain the idea, let us restrict our description to m = 2 and consider a 2-dimensional positive
random variable L = (L1, L2). Assuming sufficient regularity, we can write

E
[
Q(L)−Q(0)

]
= E

[∫ L1

0

∫ L2

0

∂2Q(`)

∂`1∂`2
d`

]
+

2∑

j=1

E
[∫ Lj

0

∂Q(`)

∂`j
d`j

]
. (26)

Note that (26) is a two-dimensional extension of the formula in (5). It is outside the scope of this
paper, but we argue that different choices for the probability distribution of the vector of finest
levels L (with potentially correlated components) correspond to different choices of the grid of
levels in MIMC. A natural choice would be again to pick independent Li ∼ Exponential(ri), for
i = 1, . . . ,m, with ri > 0. Classically, in MIMC, L is a fixed integer vector chosen to control the
bias error, while the optimal strategy for the choice of samples avoids computation of samples
for levels with `1/L1 + `2/L2 > 1. Here, the bias can again be completely eliminated (provided
the variance decays fast enough w.r.t. the growth in cost), and the optimal strategy is a direct
consequence of the choice of the exponential distributions for L1 and L2, making the probability
that both `1 and `2 are simultaneously large practically zero.

Extension of Multilevel Monte Carlo Markov Chain (MLMCMC) [7]. Multilevel techniques
have been successfully applied to sampling algorithms like MCMC, drastically reducing their
complexity cost. The extension of MLMCMC to Continuous Level MCMC is object of future
work, potentially leading to an estimator that is unbiased with respect to the real quantity of
interest, under the real target probability distribution. Such an unbiased estimator would be of
great interest: unlike forward problems, where the bias can arise only from the approximation
of the quantity of interest, inverse problems have the additional issue of an approximation of the
target probability distribution. Unbiasedness guarantees that the estimator is in fact estimating
the correct unknown, without expensive extra computational cost to estimate the bias error.
In addition, continuous level adaptive refinement strategies will significantly help to slim down
MCMC’s computational cost, allowing to solve even more complex problems.
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A Proof of the Complexity results

A.1 Proof of Theorem 2.3

Proof. First, we want to bound the MSE by ε2. By the bias-variance decomposition, this can
be achieved by bounding both the squared bias and variance by ε2/2.

By using assumption (i) and recalling that L ∼ Exponential(L), the bias term is bounded
by

∣∣∣∣∣E
[
Q̂CLMC
Lmax

− (Q−Q(0))
] ∣∣∣∣∣ =

∣∣∣∣∣E
[∫ L

L∧Lmax

1

P(L ≥ `)
dQ(`)

d`
d`

] ∣∣∣∣∣

≤ E

[∫ L

L∧Lmax

1

P(L ≥ `)

∣∣∣∣∣E
[

dQ(`)

d`

] ∣∣∣∣∣ d`
]

≤ c1E
[∫ L

L∧Lmax

1

P(L ≥ `)e
−α` d`

]

=

{
c1
r−αE

[
e(r−α)L − e(r−α)L∧Lmax

]
if r 6= α

c1E[L− L ∧ Lmax] if r = α
(27)

=
c1
α
e−αLmax , (28)

where we can explicitly compute the expected values in (27) using the distribution of L.
As we want to bound the squared bias by ε2/2, this is equivalent to bounding the bias by

ε/
√

2, which can be achieved by setting

Lmax ≥
⌈

1

α
log

√
2c1rε

−1

α

⌉
. (29)

Then, let us provide an upper bound for the variance of the CLMC estimator (6). By the
law of total variance, we have

V[Q̂CLMC
Lmax

] = E
[
V[Q̂CLMC

Lmax
|L]
]

+ V
[
E[Q̂CLMC

Lmax
|L]
]
. (30)

Let us start by bounding the first term on the right-hand-side of (30). We will use Cauchy-
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Schwarz inequality on the covariance, followed by assumption (ii). We have

E
[
V[Q̂CLMC

Lmax
|L]
]

= E
[
Cov

(
Q̂CLMC
Lmax

, Q̂CLMC
Lmax

∣∣L
)]

=
1

N
E

[∫

[0,L∧Lmax]2

1

P(L ≥ `)
1

P(L ≥ `′)Cov

(
dQ(`)

d`
,
dQ(`′)

d`′

)
d`d`′

]

=
1

N
E

[∫

[0,L∧Lmax]2

1

P(L ≥ `)
1

P(L ≥ `′)V
[

dQ(`)

d`

] 1
2

V
[

dQ(`′)
d`′

] 1
2

d`d`′
]

=
1

N
E



(∫ L∧Lmax

0

1

P(L ≥ `)V
[

dQ(`)

d`

] 1
2

d`

)2



≤ 1

N
c22E

[(∫ L∧Lmax

0

1

P(L ≥ `)e
−β

2
` d`

)2
]

=





1
N

4c22
(2r−β)2E

[(
e(r−

β
2
)L∧Lmax − 1

)2]
if r 6= β/2

1
N c

2
2E[(L ∧ Lmax)2] if r = β/2

≤





1
N

4c22
(r−β)(2r−β)2

(
(2r − β)e(r−β)Lmax − β

)
if r 6= β/2, β

1
N

4c22
β2 (βLmax + 1) if r = β

1
N

8c22
β2 if r = β/2 .

On the other hand, the second term on the right-hand-side of (30) can be bounded as

V
[
E[Q̂CLMC

Lmax
|L]
]

=
1

N
V
[∫ L∧Lmax

0

1

P(L ≥ `)E
[

dQ(`)

d`

]
d`

]

≤ 1

N
c21V

[∫ L∧Lmax

0

1

P(L ≥ `)e
−α` d`

]

=

{
1
N

c21
(r−α)2V

[
e(r−α)L∧Lmax − 1

]
if r 6= α

1
N c

2
1V [L ∧ Lmax] if r = α

≤
{

1
N

c21
(r−α)2E

[
e2(r−α)L∧Lmax

]
if r 6= α

1
N c

2
1V [L] if r = α

=





1
N

c21
(r−2α)(r−α)2

(
2(r − α)e(r−2α)Lmax − r

)
if r 6= α, 2α

1
N

2c21
α Lmax if r = 2α

1
N
c21
α2 if r = α .

In both cases in the last step, we have again used our knowledge of the distribution of L.
Note that asymptotically the bound for the first term on the right-hand-side of (30) always

dominates the bound of the second, since we have assumed that β ≤ 2α. Hence, adding together
the two bounds and using (29), as well as the fact that ε < e−1, we obtain the following
asymptotic bound on the total variance:

V[Q̂CLMC
Lmax

] ≤ C ′

N





ε
β−r
α if r > β

log ε if r = β

1 if r < β ,
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for some constant C ′ > 0 that is independent of N and ε. Thus, to guarantee V[Q̂CLMC
Lmax

] ≤ ε2/2
it suffices to choose

N ≥ 2C ′ε−2−max(0, r−β
α

)(log ε)δr,β , (31)

where δ denotes the Kronecker delta.
Finally, we can bound the expected overall cost:

CCLMC
Lmax

= NE
[∫ L∧Lmax

0
C(`) d`

]

= N

∫ Lmax

0
C(`)P(L ≥ `) d`

≤ Nc3
∫ Lmax

0
eγ` P(L ≥ `) d`

=

{
N c3

γ−r
(
e(γ−r)Lmax − 1

)
if r 6= γ

Nc3γLmax if r = γ .
(32)

Hence, using (31) the overall cost can be bounded as

CCLMC
Lmax

≤ C ε−2−max(0, r−β
α

)−max(0, γ−r
α

)(log ε)δr,β+δr,γ , (33)

for some constant C > 0, which is again independent of ε. This completes the proof since we
had assumed that r ∈ [min(β, γ),max(β, γ)] and so max(0, r−βα ) + max(0, γ−rα ) = max(0, γ−βα ).

A.2 Proof of Corollary 2.4

Proof. To prove (a), suppose Lmax = +∞. Then, the bias in (28) is zero due to Corollary 2.2,
so that the MSE is equivalent to the variance of the CLMC estimator. Since r < β it follows as
in the proof of Theorem 2.3 in Section A.1, that

V
[
Q̂CLMC
∞

]
≤ C ′

N
,

for some constant C ′ > 0. Analogously, since r > γ, the expected overall cost can be bounded
by

CCLMC
∞ ≤ C ′′N ,

for some constant C ′′ > 0. Therefore, we can bound the MSE with ε2 by taking N ≥ C ′ε−2

and the overall computational cost is CCLMC
∞ = O

(
ε−2
)
.

To prove (b), suppose that the additional assumptions in part (b) of Corollary 2.4 hold.
Then, by tracking back the steps in the proof of Theorem 2.3 in Section A.1, it can be seen
fairly easily that for β ≤ η ≤ γ we have

E
[
V[Q̂CLMC

∞ |L]
]
≥





1
N

4c′22
η(η−r) if r < η, r 6= η/2

1
N

8c′22
η2

if r = η/2

+∞ if r ≥ η ,
and CCLMC

∞ ≥
{
N

c′3
r−η if r > η

+∞ if r ≤ η .

We see that MSE× CCLMC
∞ = +∞ for all choices of r.
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B Goal-Oriented Error Estimators

We use a classical goal-oriented error estimator to drive the sample-wise adaptive scheme in
our numerical experiments. The following description is taken from [12]. Let ω ∈ Ω be fixed,
and recall that u ∈ V denotes the solution of (16) whilst uh ∈ Vh ⊂ V is its finite element
approximation on a grid Th. The error in a quantity of interest (defined by a linear functional2)
is given by

Q(εh) = Q(u− uh) = Q(u)−Q(uh). (34)

This functional can be interpreted as the ‘source’ of the finite element discretisation error in
the quantity of interest, and is a bounded linear functional on the dual space V ′. The key idea
of goal-oriented, a posteriori error estimators is to relate Q(εh) to the solution residual ruh, i.e
we seek a function w ∈ V ′′ such that Q(εh) = w(ruh). Since V is a reflexive Hilbert Space, there
exists a w ∈ V such that Q(εh) = ruh(w). The function w, termed the influence function, is the
solution of the dual problem

a(v, w) = Q(v) ∀v ∈ V. (35)

This dual solution can be approximate using the same finite element approximation as uh, i.e.
find wh ∈ Vh ⊂ V s.t

a(vh, wh) = Q(vh) ∀vh ∈ Vh .
Using the Galerkin orthogonality of u and uh, we can bound Q(εh) as follows:

|Q(εh)| = |Q(u− uh)| = |a(u− uh, w)| = |a(u− uh, w)|+ |a(u− uh, wh)|

= |a(u− uh, w − wh)| ≤
∑

τ∈Th
‖u− uh‖a,τ‖w − wh‖a,τ . (36)

In the last step, we have used the Cauchy-Schwarz inequality elementwise. Hence, the product
of energy norms ‖u− uh‖a,τ‖w−wh‖a,τ provides an estimate for the element-wise contribution
to the error in Q(uh). It is now used to define an appropriate adaptivity scheme.

To estimate the error of the solutions of the primal and dual problem in the energy norm on
each element τ , we use explicit error estimators. We only show the main ideas for estimating
‖u− uh‖a,τ using one of the most basic estimators. The bound for ‖w − wh‖a,τ can be derived
analogously. On each element τ , using integration by parts, the FE error can be represented as

a(εh, v)|τ =

∫

τ
fv dx−

∫

τ
∇uh · k(x)∇v dx

=

∫

τ
Ruv dx +

∫

∂τ
Juv ds ∀v ∈ V , (37)

where the residual error on the element is define by

Ru(x) = ∇ · k(x)∇uh(x) + f(x) ∀x ∈ τ, (38)

and where Ju defines, for all x ∈ ∂τ (except at the vertices), the jump of the flux in uh across
the element boundary by

Ju(x) =

{
k(x)

[
nτ (x) · ∇uh|τ + nτ ′(x)(x) · ∇uh|τ ′(x)

]
, ∀x 6∈ ∂D ,

nτ (x) · k(x)∇uh|τ , ∀x ∈ ∂D ,
(39)

where nτ is the outward unit normal to the element boundary ∂τ at x and τ ′(x) is the neighbour-
ing element of τ at x. For simplicity, we assume that the boundary conditions are homogeneous
Dirichlet conditions on all of ∂D.

2Similar error estimators can also be obtained for nonlinear functionals by first linearising about εh.
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Using again Galerkin orthogonality, we can introduce the global FE interpolant Ihv in (37),
and thus using classical interpolation theory find that

a(εh, v)|τ ≤ ‖Ru‖L2(τ)‖v − Ihv‖L2(τ) + ‖Ju‖L2(∂τ)‖v − Ihv‖L2(∂τ)

≤ c1
(
hτ‖Ru‖L2(τ) +

√
hτ‖Ju‖L2(∂τ)

)

︸ ︷︷ ︸
=: ητ (uh)

‖v‖a,ωτ ,

where ωτ denotes the subdomain of elements sharing a common edge with τ , and where c1 is
problem dependent constant independent of the mesh size hτ . Substituting v = εh and summing
over all elements, we can see that (up to a constant factor c2 depending on the geometry) this
leads to the explicit global energy error estimator

‖εh‖a ≤ c1c2
(∑

τ∈Th
η2τ (uh)

)1/2
(40)

for the primal solution on Th.
The local error contribution ητ (wh) to the dual solution wh on τ in the energy norm can

be estimated analogously, and it can be shown that together with (36) this leads to the goal-
oriented error estimator

|Q(εh)| ≤ c3
∑

τ∈T (k)
ητ (uh)ητ (wh) , (41)

which is again explicit up to the unknown constant c3. Although the exact constants in all the
described estimators are not known, the relative error with respect to a coarsest reference mesh
can still be used to drive a goal-oriented mesh adaptivity procedure, as described in Section 4.1.

More sophisticated error estimators exist, including estimators where the constants are
known or can be computed explicitly (see e.g. [12] for more details), but in our numerical
experiments we used the estimator described above.
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MULTILEVEL DIMENSION-INDEPENDENT LIKELIHOOD-INFORMED1

MCMC FOR LARGE-SCALE INVERSE PROBLEMS ∗2

TIANGANG CUI† , GIANLUCA DETOMMASO‡ , AND ROBERT SCHEICHL§3

Abstract. We present a non-trivial integration of dimension-independent likelihood-informed (DILI)4
MCMC (Cui, Law, Marzouk, 2016) and the multilevel MCMC (Dodwell et al., 2015) to explore the hierarchy5
of posterior distributions. This integration offers several advantages: First, DILI-MCMC employs an intrinsic6
likelihood-informed subspace (LIS) (Cui et al., 2014) – which involves a number of forward and adjoint model7
simulations – to design accelerated operator-weighted proposals. By exploiting the multilevel structure of the8
discretised parameters and discretised forward models, we design a Rayleigh-Ritz procedure to significantly9
reduce the computational effort in building the LIS and operating with DILI proposals. Second, the resulting10
DILI-MCMC can drastically improve the sampling efficiency of MCMC at each level, and hence reduce the inte-11
gration error of the multilevel algorithm for fixed CPU time. To be able to fully exploit the power of multilevel12
MCMC and to reduce the dependencies of samples on different levels for a parallel implementation, we also13
suggest a new pooling strategy for allocating computational resources across different levels and constructing14
Markov chains at higher levels conditioned on those simulated on lower levels. Numerical results confirm the15
improved computational efficiency of the multilevel DILI approach.16

Key words. multilevel Monte Carlo, likelihood-informed subspaces, dimension independent MCMC,17
inverse problems18

AMS subject classifications. 15A29, 65C05, 65C6019

1. Introduction. Inverse problems aim to estimate unknown parameters of mathemati-20

cal models from noisy and indirect observations. The unknown parameters, often represented21

as functions, are related to the observed data through a forward model, such as a differential22

equation, that maps realisations of parameters to observables. Due to smoothing properties of23

the forward model and incompleteness of data, such inverse problems are often ill-posed: there24

may exist many feasible realisations of parameters that are consistent with the observed data,25

and small perturbations in the data may lead to large perturbations in unregularised parame-26

ter estimates. The Bayesian approach [35, 24, 34] casts the solution of inverse problems as the27

posterior probability distribution of the model parameters conditioned on the data. This offers28

a natural way to integrate the forward model and the data together with prior knowledge and29

a stochastic description of measurement and/or model errors to remove the ill-posedness and30

to quantify uncertainties in parameters and parameter-dependent predictions. As a result,31

parameter estimations, model predictions, and associated uncertainty quantifications can be32

issued in the form of marginal distributions or expectations of some quantities of interest (QoI)33

over the posterior. Due to the typically high parameter dimensions and the high computational34

cost of the forward models, characterising the posterior and computing posterior expectations35

are in general computationally challenging tasks. Integrating multilevel Markov chain Monte36

Carlo (MCMC) [21, 13], likelihood-informed parameter reduction [11, 33, 39] and dimension-37

independent MCMC [4, 8, 10, 31], we present here an integrated framework to significantly38

accelerate the computation of posterior expectations for large-scale inverse problems.39

In inverse problems, unknown parameters are often cast as functions, and hence the40

Bayesian inference has to be carried out over typically high-dimensional discretisations of41

the parameters that resolve the spatial and/or temporal variability of the underlying problem42

sufficiently. Examples are the permeability field of a porous medium [20, 9, 22, 13] or Brown-43

ian forcing of a stochastic ordinary differential equation [3]. In those settings, efficient MCMC44
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2 T. CUI, G. DETOMMASO AND R. SCHEICHL

methods have been developed to sample the posterior and compute posterior expectations45

with convergence rates that are independent of the discretised parameter dimension: for ex-46

ample, (preconditioned) Crank-Nicolson (pCN) methods [4, 8, 18] that establish the foundation47

for designing and analysing MCMC algorithms in a function space setting, stochastic New-48

ton methods [27, 29] that utilise Hessian information to accelerate the convergence, as well49

as operator-weighted methods [25, 10, 31] that generalise PCN methods using (potentially50

location-dependent) operators to adapt to the geometry of the posterior.51

Discretisation also arises in the numerical simulation of the forward model, for instance,52

finite-element discretisations of PDEs. As many degrees of freedom are needed to accurately53

resolve the forward model, simulating the posterior density (which includes a forward model54

evaluation) can be computationally demanding. One natural way to reduce the computational55

cost is to utilise a hierarchy of forward models defined by a sequence of grid discretisations,56

ranging from computationally cheaper and less accurate coarse models to more costly but more57

accurate fine models. Corresponding to this hierarchy of models, the parameters can also be58

represented by a sequence of discretised functions with increasing dimensions. This yields a59

hierarchy of posterior distributions. By allocating different numbers of MCMC simulations60

to sample posteriors across different levels and by combining all those sample-based posterior61

estimations using a telescoping sum [14], the multilevel MCMC [21, 13] provides accelerated62

and unbiased estimates of posterior expectations.63

We present a non-trivial integration of the dimension-independent likelihood-informed64

(DILI) MCMC [10] and the multilevel MCMC in [13] to explore the hierarchy of posterior dis-65

tributions. This integration offers several advantages: First, DILI-MCMC employs an intrinsic66

likelihood-informed subspace (LIS) [11]—which involves a number of forward and adjoint model67

simulations—to design accelerated operator-weighted proposals. By exploiting the multilevel68

structure of the discretised parameters and discretised forward models, we design a Rayleigh-69

Ritz procedure to significantly reduce the computational effort in building a hierarchical LIS70

and operating with DILI proposals. Second, the resulting DILI-MCMC can drastically im-71

prove the sampling efficiency of MCMC at each level, and hence reduce the integration error72

of multilevel Monte Carlo for a fixed CPU time budget. To be able to fully exploit the power of73

multilevel MCMC and to reduce the dependencies of samples on different levels for a parallel74

implementation, we also suggest a new pooling strategy for allocating computational resources75

across different levels and constructing Markov chains at higher levels conditioned on those76

simulated on lower levels. Numerical results confirm the improved computational efficiency of77

the proposed multilevel DILI approach.78

We note that the DILI proposal has been used before in the multilevel sequential Monte79

Carlo (SMC) setting [2], but in a very different way. We use derivative information of the80

likelihood to recursively construct the LIS via matrix–free eigenvalue solves, whereas [2] uses81

multilevel SMC to estimate the full-rank empirical posterior covariance matrix and then builds82

the LIS from this posterior covariance matrix. Moreover, we construct DILI proposals by83

exploiting the structure of the hierarchical LIS to couple Markov chains across levels, whereas84

[2] employs the original DILI proposal in the mutation step of SMC to improve mixing.85

The paper is structured as follows. Section 2 introduces the framework of Bayesian inverse86

problems and MCMC sampling while section 3 discusses the general framework of multilevel87

MCMC. The Rayleigh-Ritz procedure for the recursive construction of the hierarchical LIS is88

presented in section 4 The new coupling strategy in the implementation of multilevel MCMC,89

as well as the coupled DILI proposals exploiting the hierarchical LIS are introduced in section 5.90

Section 6 provides numerical experiments to demonstrate the efficacy of the resulting MLDILI91

method, while finally, in section 7, we provide some concluding remarks.92

2. Background. In this section, we review the Bayesian formulation of inverse problems,93

the dimension-independent likelihood-informed MCMC approach, posterior discretisation, as94

well as the bias-variance decomposition for MCMC algorithms.95
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MULTILEVEL DILI FOR LARGE-SCALE INVERSE PROBLEMS 3

2.1. Bayesian inference framework. Suppose the parameter of interest is some func-96

tion u in a separable Hilbert space H(Ω) defined over a given bounded domain Ω ⊂ Rd. We97

introduce a prior probability measure µ0 satisfying µ0(H) = 1 to represent the a priori infor-98

mation about the function u. The inner product on H is denoted by 〈· , ·〉H, with associated99

norm denoted by ‖ · ‖H. For brevity, where misinterpretation is not possible, we will drop the100

subscript H. We assume that the prior measure is Gaussian with mean m0 ∈ H and a self-101

adjoint, positive definite covariance operator Γpr that is trace-class, so that the prior provides102

a full probability measure on H.103

Given observed data y ∈ Rd and the forward model F : H → Rd, we define the likelihood104

function L(y|u) of y given u. Denoting the posterior probability measure by µy, the posterior105

distribution on any infinitesimal volume du ∈ H is given by106

(2.1) µy(du) ∝ L(y|u)µ0(du) .107

Making the simplifying assumption that the observational noise is additive and Gaussian with108

zero mean and covariance matrix Γobs, the observation model has the form109

(2.2) y = F (u) + e, e ∼ N (0,Γobs) ,110

and it follows immediately that the likelihood function satisfies111

(2.3) L(y|u) ∝ exp(−η(u;y)) ,112

where η(y;u) is the data-misfit functional defined by113

(2.4) η(u;y) ≡ 1

2

(
y − F (u)

)>
Γ−1

obs

(
y − F (u)

)
.114

Assumption 2.1. We assume that the forward model F : H → Rd satisfies:115

1. For all ε > 0, there exists a constant K(ε) > 0 such that, for all u ∈ H,116

|F (u)| ≤ exp
(
K(ε) + ε‖u‖2H

)
.117

2. For any u ∈ H, there exists a bounded linear operator J(u) : H → Rd such that118

lim
δu→0

|F (u+ δu)− F (u)− J(u)δu|
‖δu‖H

= 0, ∀δu ∈ H.119

In particular, this also implies the Lipschitz continuity of F .120

Given observations y such that ‖y‖ <∞ and a forward model that satisfies Assumption 2.1,121

[34] shows that the resulting data-misfit function is sufficiently bounded and locally Lipschitz,122

and thus the posterior measure is dominated by the prior measure. The second condition123

states that the forward model is first-order Fréchet differentiable, and hence the Gauss-Newton124

approximation of the Hessian of the data-misfit functional is bounded.125

Suppose we have some quantity of interest (QoI) that is a functional of the parameter126

u denoted by Q : H → Rq, e.g., flow rate. Then, posterior-based model predictions can be127

formulated as expectations of that QoI over the posterior. We will denote them by128

Eµy

[
Q
]
≡ EU∼µy

[
Q(U)

]
.129

MCMC methods draw (correlated) MCMC samples U (1), . . . , U (N) from the posterior and then130

estimate expected QoI(s) using Monte Carlo integration:131

(2.5) Eµy

[
Q
]
≈ 1

N

∑N
i=1Q(U (i)).132

2.2. Dimension-independent likelihood-informed MCMC on function space.133

The Metropolis-Hastings (MH) algorithm [28, 19] provides a general framework to design134

transition kernels that have the posterior as their invariant distribution to generate a Markov135

chain of random variables that targets the posterior.136
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Definition 2.2 (Metropolis-Hastings Kernel). Given the current state U (k) = u∗, a can-137

didate state u′ is drawn from a proposal distribution q(u∗, ·). The transition probability from138

U (k) = u∗ to u′ and the reverse transition probability are defined by the pair of measures139

(2.6)
ν(du∗, du′) = q(u∗, du′)µy(du∗)

ν⊥(du∗, du′) = q(u′, du∗)µy(du′).
140

Then, the next state of the Markov chain is set to U (k+1) = u′ with probability141

(2.7) α(u∗, u′) = min
{

1,
dν⊥

dν
(u∗, u′)

}
,142

and to U (k+1) = u∗ otherwise.143

MH algorithms require the absolute continuity condition ν⊥ � ν to define a valid transi-144

tion kernel with non-zero acceptance probability as the dimension goes to infinity [38]. We will145

refer to a MH algorithm as well-defined (and dimension-independent) if this absolute continu-146

ity condition holds. For probability measures over function spaces in the setting considered147

here, the sequence of papers [4, 34, 18, 8, 17] provide a viable way to construct well-defined148

MH algorithms using a preconditioned Crank-Nicolson (pCN) discretisation of a particular149

Langevin SDE. The pCN proposal has the form150

(2.8) u′ = a(u∗ −m0) +m0 − γ(1− a)Γpr∇uη(u∗;y) +
√

1− a2Γ
1
2
prξ,151

where ξ ∼ N (0, I) and γ ∈ {0, 1} is a tuning parameter to switch between Langevin (γ = 1)152

and Ornstein-Uhlenbeck proposal (γ = 0). It is required that a ∈ (−1, 1). The pCN proposal153

(2.8) satisfies the desired absolute continuity condition and the acceptance probability does154

not go to zero as the discretisation of u is refined.155

The pCN proposal (2.8) scales uniformly in all directions with respect to the norm induced156

by the prior covariance. Since the posterior necessarily contracts the prior along parameter157

directions that are informed by the likelihood, the Markov chain produced by the standard158

pCN proposal decorrelates more quickly in the likelihood-informed parameter subspace than159

in the orthogonal complement, which is prior-dominated [25, 10]. Thus, proposed moves of160

pCN can be effectively too small in prior-dominated directions, resulting in poor mixing.161

The dimension-independent likelihood-informed (DILI) MCMC [10] provides a systematic162

way to design proposals that adapt to the anisotropic structure of the posterior while retaining163

dimension-independent performance. It considers operator-weighted proposals in the form of164

(2.9) u′ = Γ
1
2
prAΓ

− 1
2

pr (u∗ −m0) +m0 − Γ
1
2
prGΓ

1
2
pr∇uη(u∗;y) + Γ

1
2
prBξ,165

where A, B, and G are bounded, self-adjoint operators on Im(Γ
−1/2
pr ) that satisfy certain166

properties to be discussed below. In this paper, we set G to zero throughout and thus consider167

only non-Langevin type proposals. By applying a whitening transform168

(2.10) v = Γ
− 1

2
pr (u−m0)169

to the parameter u and by denoting (in a slight abuse of notation) the associated data-misfit170

functional again by η(v; y)← η(Γ
1/2
pr v +m0; y), the proposal (2.9) simplifies to171

(2.11) v′ = Av∗ + Bξ.172

The following theorem provides sufficient conditions for constructing the operators A and B173

such that the proposal (2.11) yields a well-defined MH algorithm, as well as a formula for the174

acceptance probability.175

Theorem 2.3. Suppose that the posterior measure µy is equivalent to the prior measure µ0176

and that the self-adjoint operators A and B commute, that is, they can be defined by a common177

set of eigenfunctions {ψi ∈ Im(Γ
−1/2
pr ) : i ∈ N} with corresponding eigenvalues {ai}∞i=1 and178
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{bi}∞i=1, respectively. Suppose further that179

{ai}∞i=1, {bi}∞i=1 ⊂ R\{0} and

∞∑

i=1

(
a2
i + b2i − 1

)2
<∞.180

Then, the proposal (2.11) delivers a well-defined MCMC algorithm and the acceptance proba-181

bility is given by182

α
(
v∗, v′

)
= min

{
1,

exp
(
−η(v′ ; y)− 1

2 〈v′ ,B−2(A2 + B2 − I)v′ 〉
)

exp
(
−η(v∗; y)− 1

2 〈v∗,B−2(A2 + B2 − I)v∗〉
)
}
.183

Proof. The above assumptions are simplified versions of those in Theorem 3.1 of [10]. The184

acceptance probability directly follows from Corollary 3.5 of [10].185

The DILI proposal (2.11) enables different scalings in the proposal moves along differ-186

ent parameter directions. By choosing appropriate eigenfunctions {ψi}∞i=1 and eigenvalues187

{ai, bi}∞i=1, it can capture the geometry of the posterior, and thus can potentially improve the188

mixing of the resulting Markov chain.189

The likelihood-informed subspace (LIS) [11, 12] provides a viable way to construct such190

operators A and B. It is spanned by the leading eigenfunctions of the eigenvalue problem191

(2.12) EV∼µ∗
[
H(V )

]
ψi = λiψi,192

where H(v) is some information metric of the likelihood function (with respect to the trans-193

formed parameter v), for example, the Hessian of the data-misfit functional or the Fisher194

information, and µ∗ is some reference measure, for example, the posterior or the Laplace195

approximation of the posterior. In the LIS, spanned by {ψ1, . . . , ψr}, the posterior may sig-196

nificantly differ from the prior. Thus, we prescribe inhomogeneous eigenvalues {ai}ri=1 and197

{bi}ri=1 to ensure that the proposal follows the possibly relatively tight geometry of the pos-198

terior. In the complement of the LIS, where the posterior does not differ significantly from199

the prior, we can use the original pCN proposal and set {ai}i>r and {bi}i>r to some constant200

values a⊥ and b⊥, respectively. Further details on the computation of the LIS basis and the201

choice of eigenvalues will be discussed in the multilevel context in later sections.202

2.3. Posterior discretisation and bias-variance decomposition. When the forward203

model involves a partial/ordinary differential equation and the parameter is defined as a spa-204

tial/temporal stochastic process, it is necessary in practice to discretise the parameter and the205

forward model using appropriate numerical methods.206

A common way to discretise the parameter is the Karhunen–Loéve expansion, which also207

serves the purpose of the whitening transform. Given the prior mean m0(x) and the prior208

covariance Γpr, we express the unknown parameter u as the linear combination of the first R209

eigenfunctions {φ1, . . . , φR} of the eigenvalue problem Γprφj = ωjφj , such that210

(2.13) uR(x) = m0(x) +
∑R
j=1

√
ωj φj(x) vj , x ∈ Ω.211

The discretised prior pR(v) associated with the random coefficients v = [v1, . . . , vR]> is Gaus-212

sian with zero mean and covariance equal to the R×R identity matrix IR.213

We discretise the forward model using a numerical method, such as finite elements or214

finite differences, with M degrees of freedom, which yields a discretised forward model FR,M215

mapping from the discretised coefficients v to the observables. In this way, the posterior216

measure (2.1) can be discretised, leading to the discrete density217

(2.14) πR,M (v|y) ∝ exp(−ηR,M (v;y)) pR(v),218

where219

ηR,M (v;y) =
1

2

(
y − FR,M (v)

)>
Γ−1

obs

(
y − FR,M (v)

)
220
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is the discretised data-misfit function. Correspondingly, we also define the discretised QoI221

QR,M (v), which maps the discretise coefficient vector v to the discretised QoI.222

The discretised parameters and forward models can be indexed by the discretisation level.
We consider a hierarchy of L+ 1 levels of discretised parameter spaces with dimensions R0≤
R1≤ . . .≤RL and a hierarchy of discretised forward models with M0≤M1≤ . . .≤ML degrees
of freedom. Discretised parameter, forward model and QoI on level ` are denoted by

v` = [v1, . . . , vR`
]>, F`(v`) ≡ FR`,M`

(v`) and Q`(v`) ≡ QR`,M`
(v`),

respectively. Thus, the discretised data-misfit function, prior and posterior on level ` are223

(2.15) η`(v`;y)≡ηR`,M`
(v`;y), p`(v`)≡pR`

(v`), and π`(v`|y)≡πR`,M`
(v`|y),224

respectively, with the associated posterior expectation Eπ`

[
Q`
]
≡ EV`∼π`

[
Q`(V`)

]
.225

Assumption 2.4. (i) The bias of the posterior expectation on level ` can be bounded226

in terms of the number of degrees of freedom of the forward model such that227

(2.16)
∣∣Eµy

[
Q
]
− Eπ`

[
Q`
]∣∣ = O(M−ϑb

` ),228

for some constant ϑb > 0. Implicitly, this assumes that R` is sufficiently large such that229

the bias due to parameter approximation is dominated by the error due to the forward230

model approximation on level `.231

(ii) For the computational cost of carrying out one step of MCMC (including a forward232

model simulation) it is assumed that there exists a constant ϑc > 0 such that233

(2.17) C` = O(Mϑc

` ).234

Consider discretisation level L and let {V (j)
L }NMC

j=1 be a Markov chain produced by a MCMC235

algorithm converging in distribution to πL. An estimate for the expectation EπL

[
QL
]

is236

(2.18) Y MC ≡ 1

NMC

∑NMC

j=1 QL(V
(j)
L ) ≈ EπL

[
QL
]
.237

The mean-squared-error (MSE) of the Monte Carlo estimator (2.18) allows a bias-variance238

decomposition of the form239

(2.19) MSE(Y MC) =
∣∣∣Eµy

[
Q
]
− EπL

[
QL
]∣∣∣

2

︸ ︷︷ ︸
Square of Bias

+ VarπL
(QL)

/
N eff

MC
︸ ︷︷ ︸

Var(YMC)

,240

where N eff
MC is the effective sample size of the Markov chain {V (j)

L }NMC
j=1 . This effective sample241

size is proportional to the total sample size, i.e., N eff
MC = NMC/τMC, where τMC ≥ 1 is the242

integrated autocorrelation time (IACT) of the Markov chain.243

Choosing NMC such that the two terms in (2.19) of the MCMC estimator are balanced244

and using Assumption 2.4, the total computational cost to achieve MSE(Y MC) < ε2 is245

(2.20) CMC = O(τMC ε
−2−ϑc/ϑb) .246

Thus, one of the key aims in accelerating MCMC sampling is to reduce the IACT. This will247

be achieved via the DILI MCMC proposal. However, the multilevel method will allow us to248

also improve on the asymptotic rate for the cost of the standard MCMC estimator in (2.20).249

250

3. Multilevel MCMC. By exploiting the hierarchy of posteriors, the rate of the com-251

putational cost in (2.20) can be reduced significantly using the multilevel idea in [13]. We252

expand the posterior expectation in the telescoping sum253

(3.1) EπL
[QL] = Eπ0 [Q0] +

∑L
`=1

(
Eπ`

[Q`]− Eπ` - 1
[Q` - 1]

)
.254
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For level zero, the sample set {V (0, j)
0 }N0

j=1 is assumed to be drawn via some MCMC method255

that converges to π0( · |y) and the first term in the telescoping sum (3.1) is estimated via256

Y0 ≡
1

N0

∑N0

j=1D
(j)
0 ≈ Eπ0

[Q0], where D
(j)
0 = Q0(V

(0, j)
0 ).257

258

Since the two expectations in the difference Eπ`
[Q`]−Eπ` - 1

[Q` - 1] are with respect to differ-259

ent discretisations of the posterior, special treatment is required for ` > 0. Let ∆`,` - 1(v`,v` - 1)260

be the joint density of v` and v` - 1 such that261

(3.2)

∫
∆`,` - 1(v`,v` - 1) dv` - 1 =π`(v`|y) and

∫
∆`,` - 1(v`,v` - 1) dv`=π` - 1(v` - 1|y),262

that is, the posteriors π`(v`|y) and π` - 1(v` - 1|y) are the two marginals. Then, the difference263

between expectations can be expressed as264

(3.3) Eπ`
[Q`]− Eπ` - 1

[Q` - 1] = E∆`,` - 1
[D`], where D` = Q`(V`)−Q` - 1(V` - 1)265

and (V`,V` - 1) ∼ ∆`,` - 1(·, ·). The construction of the joint density and the associated sampling266

procedure will be critical to reduce the computational complexity.267

Suppose the samples
{(
V

(`,j)
` ,V

(`,j)
` - 1

)}N`

j=1
form a Markov chain that converges in distri-268

bution to ∆`,` - 1(·, ·) and269

D
(j)
` = Q`

(
V

(`,j)
`

)
−Q` - 1

(
V

(`,j)
` - 1

)
.270

Then, the remaining terms in (3.1), for ` = 1, . . . , L, are estimated by271

Y` ≡
1

N`

∑N`

j=1D
(j)
` ≈ Eπ`

[Q`]− Eπ` - 1
[Q` - 1]272

273

and the multilevel MCMC estimator for EπL
[QL] is defined by274

EπL

[
QL
]
≈ Y ML ≡∑L

`=0Y` ,(3.4)275276

The mean square error of this estimator can again be decomposed as follows:277

MSE(Y ML) ≡
∣∣Eµy

[
Q
]
− EπL

[QL]
∣∣2

︸ ︷︷ ︸
Square of Bias

+
∑L
`=0

(
Var(Y`) +

∑L
k 6=` Cov(Y`, Yk)

)
︸ ︷︷ ︸

Var(YML)

.(3.5)278

279

3.1. Variance management. For optimal efficiency, we now choose the numbers of280

samples N`, ` = 0, . . . , N , such as to minimise Var(Y ML) for fixed computational effort. This281

includes the within-level variance Var(Y`) and the cross-level variance Cov(Y`, Yk) for k 6= `.282

We will provide justifications on managing these variances using the following assumptions.283

Assumption 3.1. The Markov chains on all levels are assumed to be ergodic. This implies284

that the effective sample sizes are proportional to the total sample sizes, i.e., N eff
` = N`

/
τ`, for285

all `, where τ` ≥ 1 is the IACT of the Markov chain D
(j)
` .286

Remark 3.2. The ergodicity in Assumption 3.1 can be satisfied by removing burn-in sam-287

ples using shorter MCMC simulations. The within-level variance has the form288

(3.6) Var(Y`) =
1

N eff
`

Var∆`,` - 1
(D`) =

τ`
N`

Var∆`,` - 1
(D`),289

where we set Var∆0,−1
(D0) = Varπ0

(Q0) and have290

Var∆`,` - 1
(D`) = Varπ`

(Q`) + Varπ` - 1
(Q` - 1)− 2Cov∆`,` - 1

(Q`, Q` - 1) ≥ 0, ∀` > 0,291292

by Cauchy–Schwarz inequality. Thus, to reduce Var(Y`), the joint density should be con-293

structed in such a way that Cov∆`,` - 1
(Q`, Q` - 1) is positive and (if possible) maximised. In294

addition, the MCMC simulation should be made statistically efficient in the sense that τ` is as295

close to one as possible.296
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Assumption 3.3. The variance Var∆`,` -1
(D`) converges to zero as M` →∞ and297

(3.7) Var∆`,` -1
(D`) = O(M−ϑv

` ) ,298

for some constant ϑv > 0.299

Proposition 3.4. Let us assume {Var(Y`)}L`=0 are ordered as Var(Y`) > Var(Yk) for ` <300

k. Suppose that there exists an r < 1 such that301

(3.8)
Cov(Y`, Yk)

Var(Y`)
< rk−l, for all ` < k,302

i.e., the cross-level covariance is insignificant compared to the within-level variance. Then303

(3.9) Var(Y ML) =
L∑

`=0

(
Var(Y`) +

L∑

k 6=`
Cov(Y`, Yk)

)
≤ 1 + r

1− r
L∑

`=0

Var(Y`) .304

Proof. We have the bound305

Var(Y ML) =

L∑

`=0

(
Var(Y`) + 2

L∑

k>`

Cov(Y`, Yk)
)

306

≤
L∑

`=0

Var(Y`)
(

1 + 2

∞∑

k>`

Cov(Y`, Yk)

Var(Y`)

)
307

≤
L∑

`=0

Var(Y`)
(

1 + 2

∞∑

k>`

r(k−`)
)

=
1 + r

1− r
L∑

`=0

Var(Y`).308

309

Using Proposition 3.4 and (3.6), the variance of the multilevel estimator satisfies310

Var(Y ML) = O
(∑L

`=0

τ`
N`

Var∆`,` - 1
(D`)

)
.311

The total computational cost is CML =
∑L
`=0N` C`. This way, for a fixed variance, the312

computational cost is minimised by choosing the sample size313

N` ∝
√
τ` Var∆`,` - 1

(D`)
/
C`,(3.10)314

315

which leads to a total computational cost that satisfies316

CML ∝
L∑

`=0

√
τ` C` Var∆`,` - 1

(D`).(3.11)317

318

Theorem 3.5. For the multilevel MCMC estimator to satisfy MSE(Y ML) < ε2, the mul-319

tilevel MCMC with N` chosen as in (3.10) requires an overall computational cost320

(3.12) CML =





O(ε−2) if ϑv > ϑc

O(ε−2| log ε|2) if ϑv = ϑc

O(ε−2−(ϑc−ϑv)/ϑb) if ϑv < ϑc

.321

Proof. Given Assumptions 2.4, 3.1, 3.3, and Proposition 3.4, this result directly follows322

from the complexity theorems for multilevel Monte Carlo in [14, 7].323

It is difficult to rigorously verify Assumption (3.8) in Proposition 3.4. However, it is often324

observed that the cross-level variance Cov(Y`, Yk) rapidly decays to zero in practice, as the325

Markov chains used for computing Y` and Yk with ` 6= k are statistically independent. For326

example, independent Markov chains are constructed in [23] and a subsampling strategy of327

coarse chains are employed in [13] to ensure independence. Under this assumption, we are able328
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to reduce the bound on the computational complexity of multilevel MCMC compared to that329

presented in [13], which has an extra | log ε| factor. For any positive values of ϑb, ϑv and ϑc,330

the multilevel MCMC approach asymptotically requires less computational effort than single-331

level MCMC. To choose optimal numbers of samples on the various levels, estimates of the332

IACTs τ`, of the variances Var∆`,` - 1
(D`), and of the computational costs C` are needed. Such333

quantities may not be known a priori, but they can all be obtained and adaptively improved334

(on the fly) as the simulation progresses.335

3.2. Notations. To map vectors and matrices across adjacent levels of discretisation we336

define the following notation. Given the canonical basis (ê1, ê2, . . . , êR`
) of the parameter337

space at level `, where êj ∈ RR` , we define the basis matrices Θ`,c ≡ (ê1, ê2, . . . , êR` - 1
) and338

Θ`,f ≡ (êR` - 1+1, . . . , êR`
), which correspond to the parameter coefficients ’active’ at level ` - 1339

and the additional coefficients. We can split the parameter v` into two components340

(3.13) v` =

[
v`,c
v`,f

]
, where v`,c = Θ>`,cv` and v`,f = Θ>`,fv`,341

which correspond to the coefficients on the previous level ` - 1 and the additional coefficients.342

Given a matrix A` ∈ RR`×R` , we partition the matrix as343

(3.14) A` =

[
A`,cc A`,cf

A`,fc A`,ff

]
,344

where A`,cc ≡ Θ>`,cA`Θ`,c and A`,ff , A`,fc and A`,cf are defined analogously. The matrices345

Θ`,c and Θ`,f are never constructed explicitly. Operations with those matrices only involve346

the selection of the corresponding rows or columns of the matrix or vector.347

4. Multilevel LIS. In this section, we develop a Rayleigh-Ritz procedure to recursively348

compute multilevel likelihood-informed subspaces. The resulting hierarchical LIS basis can be349

used to generalise DILI proposals to the multilevel setting and to improve the efficiency of350

multilevel MCMC sampling.351

For each level ` ∈ {0, 1, . . . , L}, we denote the linearisation of the forward model F` at a352

given parameter v` by353

J`(v`) = ∇v`
F`(v`).354

This yields the Gauss-Newton approximation of the Hessian of the data-misfit functional at355

v` (hereafter referred to as the GNH) in the form of356

(4.1) H`(v`) = J`(v`)
>Γ−1

obs J`(v`).357

Commonly used in optimisation and regression, the GNH measures local sensitivity of the358

parameter-to-likelihood map. The leading eigenvectors of H`(v`) (corresponding to the largest359

eigenvalues) indicate parameter directions along which the likelihood function varies rapidly.360

To measure the global sensitivity of the parameter-to-likelihood map, we compute the361

expectation of the local GNH matrix H`(v`) over some reference distribution p∗` (v`):362

(4.2) EV`∼p∗`
[
H`(V`)

]
.363

We approximate the above expectation using the sample average with K` random samples364

drawn from the reference distribution, which yields365

(4.3) EV`∼p∗`
[
H`(V`)

]
≈ Ĥ` ≡

1

K`

K∑̀

k=1

H`(v
(k)
` ), where v

(k)
` ∼ p∗` (·).366

Note that the matrix Ĥ` is symmetric and positive semidefinite. Different choices of the367

reference distribution, such as the prior or the posterior, lead to different ways to construct368

the LIS and different performance characteristics.369
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Remark 4.1. Following the discussion in [12, 39], using the posterior as the reference leads370

to sharp approximation properties [39] compared to other choices. However, the posterior371

exploration relies on MCMC sampling, and thus this choice requires adaptively estimating372

LIS during the MCMC sampling. The Laplace approximation to the posterior provides a373

reasonable alternative in a wide range of problems where the posterior is unimodal. We use374

the Laplace approximation as the reference distribution in this work.375

The choice of the reference distribution can have an impact on the quality of the LIS basis376

and on the IACT of the Markov chains produced by DILI MCMC, but it does not affect the377

convergence of MCMC, as DILI samples the full parameter space and only uses the LIS to378

reduce the IACT and thus to accelerate posterior sampling.379

It is often computationally infeasible to explicitly form the GNH matrix (4.1). However,380

all we need are matrix-vector-products (MVPs) with the GNH matrix. This requires only381

applications of the linearised forward model J`(v`) and its adjoint J`(v`)
>, which are well-382

established operations in the PDE-constraint optimisation literature. We refer the readers to383

recent applications in Bayesian inverse problems for further details, e.g., [5, 27, 29].384

4.1. Base level LIS. At the base level, we use the samples {v(k)
0 }K0

k=1 drawn from the385

reference p∗0(·) to construct the sample-averaged GNH, Ĥ0. Then, we use the Rayleigh quotient386

〈φ, Ĥ` φ〉 / 〈φ,φ〉 to measure the (quadratic) change in the parameter-to-likelihood map along387

a parameter direction φ. Hence, the LIS can be identified via a sequence of optimisation388

problems of the form389

(4.4) ψ0,k+1 = arg max
‖φ‖=1

〈φ, Ĥ0 φ〉, subject to 〈φ,ψ0,i〉 = 0, for i = 1, . . . , k,390

where ψ0,1 is the solution to the unconstrained optimisation problem. The sequence of opti-391

misation problems in (4.4) is equivalent to finding the leading eigenvectors of Ĥ0.392

Definition 4.2 (Base level LIS). Given the sample–averaged GNH Ĥ0 on level 0 and a393

threshold % > 0, we solve the eigenproblem394

(4.5) Ĥ0ψ0,i = λ0,iψ0,i,395

and then use the r0 leading eigenvectors with eigenvalues λ0,i > %, for i = 1, . . . , r0, to define396

the LIS basis Ψ0,r0 = [ψ0,1,ψ0,2 . . . ,ψ0,r0 ], which spans an r0-dimensional subspace in RR0 .397

The eigenvalues in (4.5) provide empirical sensitivity measures of the likelihood function398

relative to the prior (which here is i.i.d. Gaussian) along corresponding eigenvectors [11, 39].399

Eigenvectors corresponding to eigenvalues less than 1 can be interpreted as parameter direc-400

tions where the likelihood is dominated by the prior. Thus, we typically choose a value less401

than one for the truncation threshold, i.e., % < 1.402

4.2. LIS enrichment. Because the computational cost of a MVP with the GNH scales403

at least linearly with the degrees of freedom M` of the forward model on level `, constructing404

the LIS can be computationally costly. We present a new approach to accelerate the LIS405

construction by employing a recursive LIS enrichment using the hierarchy of forward models406

and parameter discretisations. The resulting hierarchy of LISs will be used to reduce the407

computational complexity of constructing and operating with the resulting DILI proposals.408

We reuse the LIS bases computed on the coarser levels by ’lifting’ them and then recursively409

enrich them at each new level using a Rayleigh-Ritz procedure, rather than recomputing the410

entire basis from scratch on each level. Ideally, the subspace added on each level will have411

decreasing dimension, as the model and parameter approximations were assumed to converge412

with `→∞ and thus no longer provide additional information for the parameter inference.413

Definition 4.3 (Lifted LIS basis). Suppose we have an orthogonal LIS basis Ψ` - 1,r ∈414

RR` -1×r` -1 on level ` - 1. We lift Ψ` - 1,r from the coarse parameter space RR` -1 to the fine415
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parameter space RR` using the basis matrix Θ`,c defined in Section 3.2. The lifted LIS basis416

vectors are collect in the matrix417

(4.6) Ψ`,c = Θ`,c Ψ` - 1,r.418

Proposition 4.4. The lifted LIS basis matrix Ψ`,c has orthonormal columns that span an419

r` - 1-dimensional subspace in RR` , i.e., Ψ>`,cΨ`,c = Ir` -1
.420

Proof. The proof directly follows as the matrix Θ`,c has orthonormal columns.421

Given K` samples {v(k)
` }K`

k=1 from the reference distribution p∗` (·), let Ĥ` be the resulting422

sample-averaged GNH. To enrich the lifted LIS basis Ψ`,c we now identify likelihood-sensitive423

parameter directions in the null space null(Ψ`,c) by recursively optimising the Rayleigh quotient424

in the orthogonal complement of range(Ψ`,c), i.e.,425

ψ`,k+1 = arg max
‖φ‖=1

〈φ, Ĥ` φ〉,(4.7)426

subject to Π`,cφ = 0 and 〈φ,ψ`,i〉 = 0, for i = 1, . . . , k,427428

where Π`,c = Ψ`,cΨ
>
`,c is an orthogonal projector. This optimisation problem can be solved as429

an eigenvalue problem using the Rayleigh-Ritz procedure [32].430

Theorem 4.5. The optimisation problem (4.7) is equivalent to finding the leading eigen-431

vectors of the projected eigenproblem432

(4.8)
(
IR`
−Π`,c

)
Ĥ`ψ`,i = γ`,iψ`,i, ‖ψ`,i‖ = 1.433

Proof. This result follows from the properties of orthogonal projectors and of the stationary434

points of the Rayleigh quotient. Here, we sketch the proof as follows. The constraint Π`,cφ = 0435

implies φ = (IR`
− Π`,c)φ, since (IR`

− Π`,c) is also an orthogonal projector. Hence, the436

optimisation problem becomes437

ψ`,k+1 = arg max
‖φ‖=1

〈φ, (IR`
−Π`,c)Ĥ`(IR`

−Π`,c)φ〉, subject to 〈φ,ψ`,i〉 = 0, i = 1, . . . , k.438

The solutions (for k = 1, 2, . . .) to these optimisation problems are given by the leading eigen-439

vectors of the eigenproblem440
(
IR`
−Π`,c

)
Ĥ`

(
IR`
−Π`,c

)
ψ`,i = γ`,iψ`,i.441

However, since ψ`,i ∈ range
(
IR`
−Π`,c

)
this is equivalent to442

(
IR`
−Π`,c

)
Ĥ`ψ`,i = γ`,iψ`,i.443

Definition 4.6 (LIS enrichment on level `). The leading s` (normalised) eigenvectors of444

the eigenproblem (4.8) with eigenvalues γ`,i > % are denoted by445

(4.9) Ψ`,f = [ψ`,1, . . . ,ψ`,s` ].446

They are added to the lifted LIS basis from level ` - 1 to form the enriched LIS basis447

(4.10) Ψ`,r = [Ψ`,c,Ψ`,f ]448

on level `, where the basis vectors in (4.9) denote the auxiliary “fine scale” directions added449

on level `. By construction, all the LIS basis vectors at level ` are mutually orthogonal. That450

is, Ψ>`,rΨ`,r = Ir` . We also have r` = r` - 1 + s`.451

4.3. Computational complexity. By construction, the LIS basis Ψ`,r is block upper452

triangular and can be recursively defined as453

(4.11) Ψ`,r = [Ψ`,c,Ψ`,f ] =

[
Ψ` - 1,r Z`,c

0 Z`,f

]
,454
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12 T. CUI, G. DETOMMASO AND R. SCHEICHL

where Z`,c = Θ>`,cΨ`,f ∈ RR` - 1×s` , Z`,f = Θ>`,fΨ`,f ∈ R(R`−R` - 1)×s` , and Ψ` - 1,r ∈ RR` - 1×r` - 1 .455

We have s` = r` − r` - 1 and define s0 = r0 for consistency. The hierarchical LIS reduces the456

computational cost of operating with the LIS basis and the associated storage cost. This is457

critical for building efficient multilevel DILI proposals that will be discussed later. In addition,458

the recursive LIS enrichment is computationally more efficient, since the amount of costly459

PDE solves on the finer levels will be significantly reduced. Here we analyse and compare the460

complexities of the construction of the hierarchical LIS and of the single-level LIS, constructed461

directly on level L.462

We analyse the construction of the hierarchical LIS under the following assumptions.463

Assumption 4.7. 1. The parameter dimensions satisfy R` = R0e
βp` for some βp > 0.464

2. The number of auxiliary LIS basis vectors satisfies s` ≤ s0 e
−βr` for some βs > 0.465

3. The degrees of freedom in the forward model satisfy M` = M0 e
βm` for some βm > 0.466

4. The computational cost of a MVP with one sample of the GNH H`(v
(k)
` ) is proportional467

to one evaluation of the forward model and thus O(Mϑc

` ) (cf. Assumption 2.4).468

5. The number of samples to compute the sample-averaged GNH is the same on all levels,469

i.e., K` = K independent of `.470

6. For the single-level LIS constructed on level L, we assume that the LIS dimension471

satisfies rsingle
L ≥ c r0 for some constant c > 0.472

The storage cost of the hierarchical LIS basis and the storage cost of the single-level LIS473

basis on level L are, respectively,474

ζmulti =
∑L
l=0R` s`, and ζsingle = RL r

single
L .475

The floating point operations for one MVP with the hierarchical LIS basis and with the single-476

level LIS basis are O
(
ζmulti

)
and O

(
ζsingle

)
, respectively, with the same hidden constant.477

Corollary 4.8. The reduction factor of storing and operating with the hierarchical LIS478

basis (as opposed to the standard single-level LIS on level L) satisfies the upper bound479

(4.12)
ζmulti

ζsingle
≤ 1

c
min

(
L+ 1,

1

1− e−|βp−βr|

)
e−min(βp,βr)L .480

Proof. See Appendix A.481

Using a similar derivation, we can also obtain the reduction factor for constructing the482

hierarchical LIS basis. The number of MVPs (with the sample-averaged GNH Ĥ0) in the483

construction of the base level LIS via the eigenproblems (4.5) is linear in the number of leading484

eigenvectors obtained, i.e., O(s0). The same holds for the number of MVPs with Ĥ` in the485

construction of the auxiliary LIS vectors in the recursive enrichment solving the eigenproblems486

in (4.8). Thus, the overall computational complexities for constructing the hierarchical LIS487

basis is488

χmulti = O
(
K
∑L
l=0 s`M

ϑc

`

)
.489

Similarly, the construction of the single level LIS on level L is490

χsingle = O
(
Krsingle

L Mϑc

L

)
,491

where the prefactors are the same. The following corollary can be proved in the same way as492

Corollary 4.8, since we have assumed that Mϑc

` = Mϑc
0 eβmϑc`.493

Corollary 4.9. The reduction factor of building the hierarchical LIS basis (as opposed494

to the standard single-level LIS basis on level L) satisfies the upper bound495

(4.13)
χmulti

χsingle
≤ 1

c
min

(
L+ 1,

1

1− e−|βmϑc−βr|

)
e−min(βmϑc , βr)L .496
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5. Multilevel DILI. In this section, we first present a coupling strategy to construct497

positively correlated Markov chains for adjacent levels for computing multilevel MCMC esti-498

mators. The coupling strategy introduced in the original MLMCMC [13] can be viewed as a499

special case of our new approach. Utilising this coupling framework, we design a computa-500

tionally efficient way to couple DILI proposals within MLMCMC by exploiting the structure501

of the hierarchical LIS.502

5.1. Coupling strategy. We want to construct positively correlated Markov chains503

{V (`,j)
` - 1 } and {V (`,j)

` } for adjacent levels ` - 1 and ` with the invariant densities π` - 1(v` - 1|y)504

and π`(v`|y), respectively. As described in Section 3, this can be seen as sampling from the505

joint density ∆`,` - 1(v`,v` - 1) such that condition (3.2) holds and such that the within-level506

variance Var∆`,` - 1
(D`) is reduced (cf. Remark 3.2).507

Suppose the j-th states of the Markov chains at levels ` - 1 and ` are V
(`,j)
` - 1 = v∗` - 1 and508

V
(`,j)
` = v∗` , respectively. The state at level ` has the form v∗` = (v∗`,c,v

∗
`,f ), corresponding to509

the coarse part of the parameters (shared with level ` - 1) and the refined part, respectively.510

We call the two Markov chains coupled at the j-th state if v∗`,c = v∗` - 1. Assuming the two511

chains to be coupled at the jth state, the next states are proposed as follows.512

Proposition 5.1. Given a set of posterior samples V` - 1 = {v(i)
` - 1}N` -1

i=1 drawn from level513

` - 1], we can define an empirical probability density in the form514

(5.1) π̃` - 1(v` - 1) = 1
N`−1

∑N` -1

i=1 δ
(
v` - 1 − v(i)

` - 1

)
.515

Drawing a sample v′` - 1 from the set V` - 1 according to a uniform discrete distribution, the516

sample v′` - 1 has the probability density517

π̃` - 1(v′` - 1) = π` - 1(v′` - 1|y).518

It can be used as the proposal density for the coarse components in MH to sample from the519

fine chain {V (`,j)
` }, thus, positively correlating the two Markov chains.520

The idea in Proposition 5.1 is discussed in [19, 37]. In the coupling strategy, we use521

the independent proposal defined by (5.1) to sample π` - 1(v` - 1|y). This way, the proposed522

candidate v′` - 1 ∼ π̃` - 1(·) is independent of the current state v∗` - 1. Given Proposition 5.1, the523

proposed state has acceptance probability one for sampling π` - 1(v` - 1|y). To sample π`(v`|y),524

we consider a factorised proposal in conditional form,525

q
(
v′`
∣∣v∗`
)

= q
(
v′`,c , v

′
`,f

∣∣v∗`
)

= π̃` - 1

(
v′`,c
)
q
(
v′`,f |v∗` ,v′`,c

)
,(5.2)526527

where the proposal candidate v′`,c is set to be identical to the candidate v′` - 1 from the previous528

level and where the proposal candidate v′` conditioned on v∗` can then be expressed as529

v′`,c = v′` - 1 (copy from level ` - 1 proposal),(5.3)530

v′`,f ∼ q
(
· |v∗` ,v′`,c

)
(conditional proposal).(5.4)531532

Corollary 5.2. Using the factorised proposal (5.2) to sample from the level-` posterior533

π`
(
v` |y

)
, the acceptance probability takes the form534

αML
` (v∗` ,v

′
`) = min

{
1,
π`
(
v′`|y

)
π` - 1

(
v∗` - 1|y

)

π`
(
v∗` |y

)
π` - 1

(
v′` - 1|y

) q
(
v∗`,f |v′`,v∗` - 1

)

q
(
v′`,f |v∗` ,v′` - 1

)
}
.(5.5)535

536

Proof. The result follows directly from Proposition 5.1.537

Figure 1 shows a schematic of the coupling strategy. The double dashed arrows represent538

the coupling of two MCMC states across the levels or the coupling of two proposal candidates539

across the levels. The dashed arrows represent the proposal and acceptance/rejection steps.540

The top half represents the Markov chain on level ` - 1, where all the proposed states are541
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V
(`,j)
` - 1 = v∗` - 1 V

(`,j+1)
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v′` - 1 v◦` - 1

(v′`,c,v
′
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◦
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Fig. 1. A Diagram showing the coupling strategy.

accepted. The bottom half represents the Markov chain on level `, where all the proposal542

candidates are coupled. All states on level ` that follow the acceptance of a proposal candidate543

are coupled with the corresponding states on level ` - 1.544

5.2. Coupled DILI proposal. The discretised DILI proposal (2.11) is545

(5.6) v′` = A`v
∗
` + B`ξ`, where ξ` ∼ N

(
0, IR`

)
,546

as it was introduced in [10]. Suppose we have a LIS basis Ψ`,r ∈ RR`×r` . By treating the547

likelihood-informed parameter directions and the prior-dominated directions separately, we548

can construct the matrices A` and B` as549

A` = Ψ`,r A`,r Ψ>`,r + a⊥(IR`
−Π`) ∈ RR`×R` ,(5.7)550

B2
` = Ψ`,r B2

`,r Ψ>`,r + b2⊥(IR`
−Π`) ∈ RR`×R` ,(5.8)551552

where A`,r, B`,r ∈ Rr`×r` , a⊥ and b⊥ ∈ R and Π` = Ψ`,rΨ
>
`,r are rank-r` orthogonal projectors.553

Corollary 5.3. In the proposal (5.6), suppose that A`,r,B`,r ∈ Rr`×r` are non-singular554

matrices satisfying A2
`,r +B2

`,r = I`,r, and a⊥ and b⊥ are scalars satisfying a2
⊥+ b2⊥ = 1. Then,555

the corresponding proposal distribution q(v′`|v∗` ) satisfies the conditions of Theorem 2.3 and556

has the prior as its invariant measure, i.e., this proposal has acceptance probability one if we557

use it to sample the prior. The acceptance probability as samples from π`
(
v`|y

)
is558

(5.9) α
(
v∗` ,v

′
`

)
= min

{
1, exp

[
η`
(
v∗` ;y

)
− η`

(
v′`;y

)]}
.559

Proof. Given A2
`,r+B2

`,r = I`,r, the symmetric matrices A`,r and B`,r can be simultaneously560

diagonalised under some orthogonal transformation. Thus, the operators A` and B` can be561

simultaneously diagonalised, where the eigenspectrum of A` consists of the eigenvalues of A`,r562

and a⊥, and the same applies to B`. This way, it is easy to check that the proposal distribution563

q(v′`|v∗` ) has the prior as invariant measure and that the conditions of Theorem 2.3 are satisfied.564

The form of the acceptance probability to sample from π`
(
v`|y

)
directly follows from the565

acceptance probability defined in Theorem 2.3.566

We use the empirical posterior covariance, commonly used in adaptive MCMC [30, 16, 15]567

to construct matrices A`,r and B`,r for our DILI proposal (5.6). On each level, the empirical568
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covariance matrix Σ`,r ∈ Rr`×r` is estimated from past posterior samples projected onto the569

LIS. Given a jump size ∆t, we can then define the matrices A`,r and B2
`,r by570

A`,r = (2Ir` +∆tΣ`,r)
−1(2Ir`−∆tΣ`,r) = Ir` − 2

(
Ir` + ∆t

2 Σ`,r
)−1(∆t

2 Σ`,r
)
,571

B2
`,r = Ir` −A2

`,r = 4
(
2 Ir` +

(
∆t
2 Σ`,r

)−1
+ ∆t

2 Σ`,r
)−1

,572
573

respectively. The operators A`,r and B`,r satisfy A2
`,r + B2

`,r = I`,r by construction.574

5.2.1. Conditional DILI proposal. On level 0, the vanilla DILI proposal (cf. [10])575

can be used to sample the Markov chain with invariant distribution π0(v0|y). On level `, to576

simulate coupled Markov chains, the independent proposal π̃` - 1(v` - 1), as defined in (5.1), is577

used to sample the posterior π` - 1(v` - 1|y), while the factorised proposal578

q
(
v′`
∣∣v∗`
)

= π̃` - 1

(
v′`,c
)
q
(
v′`,f |v∗` ,v′`,c

)
,579

is used to sample π`(v`|y). We now use DILI to generate the fine components v′`,f of the580

proposal candidate and thus to fix the conditional probability q(v′`,f |v∗` ,v′`,c). Defining the581

precision matrix582

(5.10) P` = B−2
` = Ψ`,r B−2

`,r Ψ>`,r + b−2
⊥ (IR`

−Π`),583

the DILI proposal (5.6) can be split as follows:584

(5.11)

[
v′`,c
v′`,f

]
= A`v

∗
` +

[
r`,c
r`,f

]
,

[
r`,c
r`,f

]
∼ N

(
0,

[
P`,cc P`,cf
P`,fc P`,ff

]−1 )
,585

where the partitions of the vectors and of the matrix P` correspond to the parameter coordi-586

nates shared with level ` - 1 and the refined parameter coordinates on level `.587

Definition 5.4. The following procedure is used to draw candidates from the factorised588

proposal distribution π̃` - 1(v′`,c) q(v
′
`,f |v∗` ,v′`,c) such that the DILI proposal in (5.11) is used as589

the conditional distribution q(v′`,f |v∗` ,v′`,c):590

1. The proposed candidate v′`,c is randomly selected from the sample set V` - 1, as defined591

in Proposition 5.1. Note that the sample v′`,c is identical to the proposal candidate v′` - 1592

used for sampling π` - 1(v` - 1|y), c.f. (5.3).593

2. Since v′`,c and v∗` are known, the variable r`,c can be determined from (5.11) as594

r`,c = v′`,c −Θ>`,c A` v
∗
` .595

3. Then, we can draw a random variable r`,f conditioned on r`,c such that the joint dis-596

tribution of (r`,c, r`,f ) follows the Gaussian N (0,P−1
` ). Due to (5.11), the refined part597

of the proposed candidate v′`,f satisfies598

(5.12) v′`,f = Θ>`,f A` v
∗
` + r`,f , r`,f ∼ N

(
−P−1

`,ffP`,fcr`,c,P
−1
`,ff

)
,599

where r`,f is a conditional Gaussian random vector.600

Corollary 5.5. Using the above procedure to draw candidates from the factorised pro-601

posal distribution π̃` - 1

(
v′`,c
)
q
(
v′`,f |v∗` ,v′`,c

)
, the acceptance probability to sample from the pos-602

terior distribution π`(v`|y) is603

αML
`

(
v∗` ,v

′
`

)
= min

{
1, exp

[(
η`
(
v∗` ;y

)
−η` - 1

(
v∗` - 1;y

))
−
(
η`
(
v′`;y

)
−η` - 1

(
v′` - 1;y

))]}
.604

Proof. See Appendix B.605

5.2.2. Generating conditional samples. The computational cost of the coupling pro-606

cedure is dictated by the multiplication with A` in Step 2 and the generation of conditional607

proposal samples in Step 3. The multiplication with A` has a computational complexity of608

O(
∑`
j=0Rjsj) using the low-rank representation (5.7) and the upper-triangular hierarchical609

This manuscript is for review purposes only.



16 T. CUI, G. DETOMMASO AND R. SCHEICHL

LIS basis in (4.11), which has the form610

Ψ`,r = [Ψ`,c,Ψ`,f ] =

[
Ψ` - 1,r Z`,c

0 Z`,f

]
.611

We can also exploit the hierarchical LIS to reduce the computational cost of generating612

conditional proposal samples. As shown in Equation (5.10), given the LIS basis Ψ`,r, the613

precision matrix P` is dictated by the matrix B−2
`,r , which has the block form614

(5.13) B−2
`,r =

[
Ξ`,cc Ξ`,cf
Ξ`,fc Ξ`,ff

]
,615

corresponding to the splitting of the enriched LIS basis into Ψ`,c and Ψ`,f . Generating condi-616

tional proposal samples only involves the blocks P`,ff and P`,fc in the matrix P`, i.e.,617

P`,ff = Z`,f
(
Ξ`,ff − b−2

⊥ I
)

Z>`,f + b−2
⊥ I`,f ,(5.14)618

P`,fc = Z`,fΞ`,fcΨ
>
` - 1,r + Z`,fΞ`,ffZ>`,c − b−2

⊥ Z`,fZ>`,c ,(5.15)619620

which in turn only require the blocks Ξ`,fc ∈ Rs`×r` - 1 and Ξ`,ff ∈ Rs`×s` in the matrix B−2
`,r .621

We derive low-rank operations to avoid the direct inversion or factorisation of the matrices622

P`,ff and P`,fc in the generation of conditional samples and to reduce the computational cost.623

Suppose the block Z`,f ∈ R(R`−R` - 1)×s` has the thin QR factorisation624

(5.16) Z`,f = U`T`,625

where U` has orthonormal columns and T` is upper triangular. Then the matrix P`,ff can be626

expressed as627

P`,ff = b−2
⊥

(
U`

(
T`(b

2
⊥ Ξ`,ff − I)T>`

)
U>` + I`,f

)
.628

Computing the s` × s` eigendecomposition629

(5.17) T`(b
2
⊥ Ξ`,ff − I)T>` = W`D`W

>
` ,630

where W` and D` are respectively orthogonal and diagonal matrices, we have631

P`,ff = b−2
⊥

(
Φ` D` Φ>` + I`,f

)
, with Φ` := U`W`.632

Note that Φ` ∈ R(R`−R` - 1)×s` has orthonormal columns, so that633

P−1
`,ffP`,fc = b2⊥Φ`

(
(D` + I)−1W>` T`

)
︸ ︷︷ ︸

s`×s`

(
Ξ`,fcΨ

>
` - 1,r + Ξ`,ffZ>`,c − b−2

⊥ Z>`,c
)

︸ ︷︷ ︸
s`×R` - 1

,(5.18)634

P
− 1

2

`,ff = b⊥
(

Φ`
(
(D` + I)−

1
2 − I

)
︸ ︷︷ ︸

s`×s`

Φ>` + I`,f

)
.(5.19)635

636

Using these representations of the matrices P−1
`,ffP`,fc and P

−1/2
`,ff , the conditional Gaussian in637

(5.12) can be simulated efficiently using638

(5.20) r`,f |r`,c = −P−1
`,ff P`,fc r`,c + P

− 1
2

`,ffξ, where ξ ∼ N
(
0, I(R`−R` - 1)

)
.639

The associated computational cost is O(R`s`).640

5.3. Final MLDILI algorithm. Here, we assemble all the elements of the multilevel641

DILI method defined in previous sections in algorithmic form. For the base level (` = 0 ),642

the LIS construction and the DILI–MCMC sampling are presented in Algorithm 5.1. The643

recursive LIS construction and the coupled DILI–MCMC are presented in Algorithm 5.2.644

In both algorithms, we need to use both the LIS basis Ψ`,r and an empirical covariance ma-645

trix Σ`,r projected onto the LIS to define operators A` and B` in the DILI proposal. Computing646

the LIS basis needs some reference distribution p∗` (·). We employ the Laplace approximation647
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Algorithm 5.1 Base level algorithm.

Input: A set of samplesW0 = {v(k)
0 }K0

k=1 drawn from the base level reference p∗0(·), the number

of MCMC iterations N0, and an initial MCMC state V
(0)
0 .

Output: A LIS basis Ψ0,r and a Markov chain of posterior samples V0 = {V (j)
0 }N0

j=1.

1: procedure Base level LIS and MCMC

2: Use W0 to solve the eigenproblem in (4.5) to obtain the base level LIS basis Ψ0,r.
3: Estimate the empirical covariance matrix Σ0,r from the samples in W0 and define the

operators A0 and B0 as in (5.7)–(5.8).

4: for j = 1, . . . , N0 do

5: Propose a candidate v′0 using the base level proposal in (5.6).

6: Compute the acceptance probability α(V
(j−1)
0 ,v′0) defined in (5.9).

7: With probability α(V
(j−1)
0 ,v′0), set V

(j)
0 = v′0, otherwise set V

(j)
0 = V

(j−1)
0 .

8: end for
9: end procedure

Note: Optionally, Σ0,r, A0 and B0 can be adaptively updated within the MCMC after a
pre-fixed number of iterations, cf. [1, 16].

Algorithm 5.2 Level–` algorithm.

Input: A set of samples W` = {v(k)
` }K`

k=1 from the level–` reference p∗` (·), the number of

MCMC iterations N`, a set of MCMC samples V` - 1 = {v(j)
` - 1}N` - 1

j=1 on level ` - 1 and an initial

MCMC state V
(0)
` .

Output: A LIS basis Ψ`,r and a Markov chain of posterior samples V` = {V (j)
` }N`

j=1.

1: procedure Level–` LIS and MCMC

2: Lift previous LIS basis, Ψ`,c = Θ`,c Ψ` - 1,r.
3: Use W` to solve the eigenproblem in (4.8) to obtain the auxiliary LIS vectors Ψ`,f .
4: Estimate the empirical covariance matrix Σ`,r from the samples in W` and define the

operators A` and B` as in (5.7)–(5.8).
5: Compute the matrices P−1

`,ff P`,fc and P
− 1

2

`,ff as in (5.18)-(5.19).

6: for j = 1, . . . , N` do

7: Propose a candidate v′` = (v′`,c,v
′
`,f ) using Definition 5.4, which needs V` - 1.

8: Compute the acceptance probability αML
` (V

(j−1)
` ,v′`) defined in Corollary 5.5.

9: With probability αML
` (V

(j−1)
` ,v′`), set V

(j)
` = v′`, otherwise set V

(j)
` = V

(j−1)
` .

10: end for
11: end procedure

Note: Optionally, Σ`,r, A`, B`, and the matrices P−1
`,ff P`,fc and P

− 1
2

`,ff can be adaptively
updated within MCMC after a pre-fixed number of iterations.

to the posterior (e.g., [27, 29]). This way, all the samples from p∗` (·) can be generated in648

parallel and prior to the DILI–MCMC simulation. The empirical covariance Σ`,r can be esti-649

mated using either samples drawn from the reference distribution (before the start of MCMC)650

or adaptively using posterior samples generated in MCMC. The latter option is the classical651

adaptive MCMC method [16]. The adaptation of Σ`,r is optional in Algorithms 5.1 and 5.2.652

Similar to the adaptation of the covariance, the LIS basis can also be adaptively updated using653

newly generated posterior samples during MCMC simulations. The implementation details for654

the adaptation of the LIS can be found in Algorithm 1 of [10].655
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Fig. 2. Setup of elliptic inverse problem. Left: “true” permeability field used for generating the synthetic
data set. Right: observation sensors (red dots) and pressure field corresponding to “true” permeability field.

6. Numerical experiments. In this section, we test our algorithms on test problem656

involving an elliptic PDE with random coefficients. The setup is described in section 6.1,657

while numerical comparisons are given in section 6.2.658

6.1. Setup. We consider an elliptic PDE in a domain Ω = [0, 1]2 with boundary ∂Ω,659

which models, e.g., the pressure distribution p(x) of a stationary fluid in a porous medium660

described by a spatially heterogeneous permeability field k(x). Here, x ∈ Ω denotes the spatial661

coordinate and n(x) denotes the outward normal vector along the boundary.662

The goal is to recover the permeability field from pressure observations. We assume that663

the permeability field follows a log–normal prior, and thus we denote the permeability field by664

k(x) = exp(u(x)), where u(x) is a random function equipped with a Gaussian process prior.665

In this setting, the pressure p(x) depends implicitly on the (random) realisation of u(x).666

For a given realisation u(x), the pressure satisfies the elliptic PDE667

(6.1) −∇ ·
(
eu(x)∇p(x)

)
= 0, x ∈ Ω.668

On the left and right boundaries, we specify Dirichlet boundary conditions, while on the top669

and bottom we assume homogeneous Neumann boundary conditions:670

(6.2)





p(x) = 0, for x ∈ ∂Ωleft ,

p(x) = 1, for x ∈ ∂Ωright and

eu(x)∇p(x) · n(x) = 0, for x ∈ {∂Ωtop, ∂Ωbottom}.
671

As the quantity of interest, we define the outflow through the left vertical boundary, i.e.672

(6.3) Q(u) = −
∫ 1

0

eu(x) ∂p(x)

∂x1

∣∣∣
x1=0

dx2 = −
∫

Ω

eu(x)∇p(x) · ∇ϕ(x) dx ,673

where ϕ(x) is a linear function taking value one on ∂Ωleft and value zero on ∂Ωright, as suggested674

in [36].675

The Gaussian process prior for u(x) is defined by the exponential kernel k(x,x′) =676

exp(−5|x− x′|). Figure 2 (left) displays the true (synthetic) permeability field in log10 scale.677

Noisy observations of the pressure field are collected from 71 sensors located as in Figure 2678

(right), with a signal-to-noise ratio 50. A likelihood function can then be defined as in (2.3),679

which, together with the prior, characterizes the posterior distribution in (2.1).680

In practice, (6.1)–(6.3) has to be solved numerically. We use standard, piecewise bilinear681

finite elements on a hierarchy of nested Cartesian grids with mesh size h` = 1
20 × 2−`, for ` =682
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Level 0 1 2 3

Non-recursive 80 91 97 100
Recursive (added on level `) 80 21 19 12
Recursive (total) 80 101 120 132

Storage reduction factor 1 0.74 0.60 0.43

Table 1
LIS dimensions: Results of non-recursive construction (single-level LIS for each `) reported in first row;

for the recursive construction, the number of vectors added on the current level and the total LIS dimension
are given in the second and third row, respectively; the fourth row displays the storage reduction factor for the
recursive procedure at each level.

Refined parameters D`

Level MLDILI MLpCN MLDILI MLpCN

0 34 4300 9.0 4100
1 11 45 4.6 4.9
2 3.6 48 2.4 2.8
3 2.0 24 1.8 1.9

Table 2
Comparison of IACTs of Markov chains generated by MLDILI and MLpCN. This table reports the IACTs

of the refined parameters and the level-` correction of the quantity of interest D` = Q`(V`)−Q` - 1(V` - 1).

0, 1, 2, 3. Furthermore, we approximate the unknown function u(x) by truncated Karhunen-683

Loève expansions with R` = 50 + 100× 2` random modes, respectively.684

6.2. Comparisons. In this section, we test and compare our algorithms on the model685

problem described above. First, we proceed as in section 4 to build a LIS at every level,686

both with the non-recursive and recursive constructions. Table 1 summarizes the number of687

basis functions obtained in each case using the truncation threshold ρ = 10−2 and the storage688

reduction factor given by the recursive procedure at each level.689

Because the recursive LIS construction recycles LIS bases from previous levels and enriches690

them with a number of auxiliary LIS vectors on each level, it is expected that the total number691

of basis functions obtained by the enriching procedure at each level is slightly higher than the692

direct (spectral) LIS on the same level. However, in the recursive construction, the dimension693

of the auxiliary set of vectors is expected to decrease as the level increases, requiring less storage694

and less computational effort on the finer levels, since the posterior distributions were assumed695

to converge with `→∞. For problems with parametrisations where the parameter dimension696

increases more rapidly with the discretisation level—e.g., using the same finite element grid697

to discretise the prior covariance, the setting used in the original DILI paper [10]—we expect698

the reduction factor to be even smaller.699

In the comparison of sampling performances, we denote by MLpCN the MLMCMC al-700

gorithm using the pCN proposal for the additional parameters on each level (as in [13]), but701

using the coupling procedure in Proposition 5.1. The MLMCMC algorithm using the recur-702

sive LIS and the coupled DILI proposals, as summarised in Algorithms 5.1 and 5.2, is denoted703

by MLDILI. The integrated autocorrelation times of Markov chains constructed by MLpCN704

and MLDILI are reported in Table 2. The IACTs for two functionals are reported for each705

algorithm. In the “refined parameters” case, at every level ` we report the average IACTs of706

the refined parameters v`,f . This quantifies how well the algorithm performs in exploring the707

posterior distribution. In the second case, we consider the IACT of the level-` corrections of708

the quantity of interest D` = Q`(V`)−Q` - 1(V` - 1).709

In the “refined parameters” case, we observe a significant improvement for MLDILI over710
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Fig. 3. IACTs of the chains {
(
V

(j)
0

)
1
} and {Q0(V

(j)
0 )} on the coarsest level (Blue: DILI. Red: pCN).

MLpCN: the coupled DILI proposal is able to reduce the IACT at every level compared to711

that obtained by MLpCN. At the base level, DILI is able to reduce the IACT by two orders712

of magnitude compared to that of pCN. This suggests that coarse parameter modes are very713

informed by the data, and thus utilising the DILI proposal is highly beneficial. In the case of714

the quantity of interest, we observe an even more impressive improvement at the base level (a715

factor of 456!), while the IACTs of MLDILI and MLpCN on the finer levels are comparable.716

This suggests that the posterior distribution of the chosen quantity of interest (the integrated717

flux over the boundary) is not affected strongly by the high frequency parameter modes on the718

finer levels. Nevertheless, in both cases, using DILI provides a huge acceleration compared to719

pCN. Figure 3 compares the integrated autocorrelation times of DILI and pCN on level 0, for720

both the first parameter component and the quantity of interest.721

The IACTs for the level-` corrections of the quantity of interest in Table 2 suggest that722

using a mixed strategy—in which one employs the LIS and DILI only at the coarsest level723

and uses pCN in refined levels—is also a reasonable approach in cases where the important724

likelihood-informed directions that have any influence on the quantity of interest are already725

well enough identified in the base-level LIS. We refer to this as the MLmixed strategy.726

We compare the computational performance of the three multilevel algorithms (MLDILI,727

MLpCN, MLmixed) with the two single level algorithms using DILI and pCN proposals. The728

finite element model and all MCMC algorithms are implemented in MATLAB; we use sparse729

Cholesky factorisation [6] to solve the finite element systems and ARPACK [26] to solve the730

eigenproblems. All simulations are carried out on a workstation equipped with 28 cores (two731

Intel Xeon E5-2680 CPUs). The performance of MLmixed is only estimated using the IACTs732

and the actual computing times measured in the MLDILI and MLpCN runs.733

The computational complexities of the five algorithms for approximating Eπ[Q] on (dis-734

cretisation) levels L = 1, 2 and 3 with Q defined in (6.3) are compared in Figure 4 (right). In735

the multilevel estimators, the coarsest level is always ` = 0, so that the number of levels is 2, 3736

and 4, respectively. The sampling error tolerance on each level is adapted to the corresponding737

bias error due to finite element discretisation and parameter truncation, such that the squared738

bias is equal to the variance of the estimator. The bias errors were estimated beforehand to739

be 9 × 10−3, 4 × 10−3, and 2 × 10−3 on levels L = 1, 2 and 3, leading to a total error of740

1.27 × 10−2, 5.7 × 10−3, 2.8 × 10−3, respectively. Those bias estimates are plotted in Figure741

4 (left) together with estimates of Varπ`
(Q`) and Var∆`,` - 1

(Q` − Q` - 1), which suggest that742

θb ≈ 0.5 and θv ≈ 0.5 in Assumptions 2.4(i) and 3.3. This agrees with the theoretical results743

in [13]. The cost per sample is dominated by the sparse Cholesky factorisation on each level744

and scales roughly like O(M1.2
` ), so that θc ≈ 1.2 in Assumption 2.4(ii). Optimally scaling745
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∣∣Eµy

[
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]∣∣ (yellow) at each level, and
the cross-level variances Var∆`,` -1

(Q` − Q` - 1) (red) used for estimating the CPU time for various MCMC

methods. Right: Total CPU time (in seconds) for various methods to achieve different total error tolerances.
The LISs are constructed by recycling Cholesky factors. The dotted line represents a CPU day.

multigrid solvers exist for this model problem, but for the FE problem sizes considered here746

they are more costly in absolute terms. Moreover, we can also exploit the fact that the adjoint747

problem is identical to the forward problem here, so that the Cholesky factors can be reused748

for the adjoint solves required in the LIS construction.749

Let us now discuss the results. The single level pCN becomes impractical in this example,750

since the data is very informative and leads to an extremely low effective sample size. Some of751

this bad statistical efficiency is inherited by MLpCN, at least in absolute terms, due to the poor752

effective sample size on level 0. Asymptotically this effect disappears and the rate of growth753

of the cost is smallest for MLpCN with an observed assymptotic cost of about O(ε−2.3). As754

observed in [13], this is better than the theoretically predicted asymptotic rate and is likely755

a pre-asymptotic effect due to the high cost on level 0. Unsurprisingly, given the low IACTs756

reported in Table 2, the methods based on DILI proposals all perform significantly better.757

MLDILI and MLmixed perform almost identically, since the corresponding IACTs on all levels758

are very similar. They are consistently better than single-level DILI and the asymptotic rate759

of growth of the cost is also better, O(ε−3.4) compared to O(ε−4.1). Both rates are consistent760

with the theoretically predicted rates in Theorem 3.5, given the estimates for θb, θv, θc above.761

For the most accurate estimates, MLDILI is almost 4 times faster than DILI, and due to the762

better asymptotic behaviour this reduction factor will grow as ε → 0. For grid level L = 4,763

we even expect MLpCN to outperform single-level DILI, but the computational costs of the764

estimators for higher accuracies are starting to become impractical even using the multilevel765

acceleration, as the dashed line representing one CPU day in Figure 4 (right) indicates.766

The dominating cost in solving the eigenproblems (4.5) and (4.8) is the Cholesky factorisa-767

tion. As mentioned above, sparse direct solvers are used to solve the stationary forward model768

and we are able to recycle the Cholesky factors from the forward solve to compute the actions769

of the adjoint model in (4.5) and (4.8) for each sample. As a result, the computational cost770

of building the LIS is negligible compared to that of the MCMC simulation here (for both the771

single level and the recursive construction). This also explains why MLmixed performs almost772

identically to MLDILI.773

However, in many other applications this is not possible due to the high storage cost or774

when the adjoint is different. Each action of the adjoint problem typically has a comparable775

cost to solving the forward model in the stationary case. It can even be more expensive than776

solving the forward model in time-dependent problems. To provide a thorough comparison777

in that case, we also report the total CPU time of all the estimators in Figure 5 when the778
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Fig. 5. Left: Total CPU time (in seconds) for the single level and recursive constructions of the LISs at
level 2, 3 and 4. Right: Total CPU time (in seconds) for various methods to achieve different error tolerances.
The LISs are constructed without recycling Cholesky factors. The dotted line represents a CPU day.

LIS setup cost is included. Here, we compute both the single level LIS and the recursive LIS779

without storing the Cholesky factors, to mimic the behaviour in the general, large-scale case.780

In this setup, we observe that a significant amount of computing effort is spent on building781

the LIS, and thus MLmixed and MLDILI significantly outperform the single level DILI for782

all error thresholds. MLmixed is more than 4 times faster than DILI even for the largest783

error threshold of 1.27 × 10−2. The construction of the single-level LIS requires two times784

more CPU time than performing the actual MCMC simulation in that case. In comparison,785

a significant number of adjoint model solves can be saved by the recursive LIS construction.786

Furthermore, we do expect that the computational cost for constructing the recursive LIS will787

stop increasing, since the dimension of the auxiliary LIS will eventually be zero at higher levels.788

Overall, for large–scale problems where the adjoint cannot be cheaply computed by recycling789

the forward model simulation, the recursive LIS construction, and hence the MLDILI, is clearly790

more computationally efficient than the single level DILI.791

7. Conclusion. We integrate the dimension-independent likelihood-informed MCMC792

from [10] into the multilevel MCMC framework in [13] to improve the computational efficiency793

of estimating the expectation of functionals of interests over posterior measures. Several novel794

elements are introduced in this integration. We first design a Rayleigh-Ritz procedure to795

recursively construct likelihood informed subspaces that exploit the hierarchy of model dis-796

cretisations. The resulting hierarchical LIS needs lower computational effort to construct and797

has lower operation cost compared to the original LIS proposed in [11]. Then, we present a798

new pooling strategy to couple Markov chains on consecutive levels. This enables more flexible799

parallelisation and management of computing resources. Finally, we design new coupled DILI800

proposals by exploiting the hierarchical LIS, so that the DILI proposal can be applied in the801

multilevel MCMC setting. We also demonstrate the efficacy of our integrated approach on a802

model inverse problem governed by an elliptic PDE.803

Appendix A. Proof of Corollary 4.8. Using Assumption 4.7, the required storage804

for the hierarchical and for the single-level LIS bases can be bounded by805

ζmulti =
∑L
l=0R` s` ≤ R0 s0

∑L
l=0 e

(βp−βr)` and ζsingle = RL rL ≥ cR0 s0 e
βpL.806807

Thus, the reduction factor satisfies808

(A.1)
ζmulti

ζsingle
≤ 1

c
e−βpL

(∑L
l=0 e

(βp−βr)`
)
.809
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We first consider the case βp 6= βr. Using the property of geometric series, we have810

∑L
l=0 e

(βp−βr)` =
1− e(βp−βr)(L+1)

1− e(βp−βr)
.811

For the case βp < βr, the reduction factor satisfies812

(A.2)
ζmulti

ζsingle
≤ 1

c
e−βpL

1− e(βp−βr)(L+1)

1− e(βp−βr)
,813

whereas for βp > βr, the reduction factor satisfies814

(A.3)
ζmulti

ζsingle
≤ 1

c
e−βpL

1− e(βp−βr)(L+1)

1− e(βp−βr)
=

1

c
e−βrL

1− e(βr−βp)(L+1)

1− e(βr−βp)
.815

In both cases, the reduction factor can be expressed as816

(A.4)
ζmulti

ζsingle
≤ 1

c
e−min(βp,βr)L

1− aL+1

1− a ,817

where a = e−|βp−βr| ∈ (0, 1). Using induction, one can easily show that818

(A.5)
1− aL+1

1− a ≤ min
(
L+ 1,

1

1− a
)
, ∀L ≥ 0,∀a ∈ (0, 1),819

which completes the proof for βp 6= βr.820

For βp = βr = min(βp, βr), the result of Corollary 4.8 follows trivially from (A.1), since821

each of the terms in the sum on the right hand side is 1 and L+ 1 <∞ = 1
1−a .822

Appendix B. Proof of Corollary 5.5. Due to Corollary 5.2, we have823

β`(v
∗
` ,v
′
`) = min

{
1,
π`
(
v′` |y

)
π` - 1

(
v∗` - 1 |y

)

π`
(
v∗` |y

)
π` - 1

(
v′` - 1 |y

) q
(
v∗`,f |v′`,v∗` - 1

)

q
(
v′`,f |v∗` ,v′` - 1

)
}
,824

825

where, by definition,826

π`
(
v′` |y

)
π` - 1

(
v∗` - 1 |y

)

π`
(
v∗` |y

)
π` - 1

(
v′` - 1 |y

) =
p`
(
v′`
)
p` - 1

(
v∗` - 1

)

p`
(
v∗`
)
p` - 1

(
v′` - 1

) exp
(
−η`

(
v′`;y

)
+η` - 1

(
v′` - 1;y

))

exp
(
−η`

(
v∗` ;y

)
+η` - 1

(
v∗` - 1;y

)) ,827

such that we can write828

(B.1)

β`(v
∗
` ,v
′
`)=min

{
1,
p`
(
v′`
)
p` - 1

(
v∗` - 1

)
q
(
v∗`,f |v′`,v∗` - 1

)

p`
(
v∗`
)
p` - 1

(
v′` - 1

)
q
(
v′`,f |v∗` ,v′` - 1

)
︸ ︷︷ ︸

1

exp
(
−η`

(
v′`;y

)
+η` - 1

(
v′` - 1;y

))

exp
(
−η`

(
v∗` ;y

)
+η` - 1

(
v∗` - 1;y

))
︸ ︷︷ ︸

2

}
.829

The level ` parameter vectors can be split as v′` = (v′`,f ,v
′
`,c) and v∗` = (v∗`,f ,v

∗
`,c). and830

we have v′`,c = v′` - 1 and v∗`,c = v∗` - 1 by construction in the coupling procedure. Thus,831

(B.2) 1 =
p`
(
v′`,f ,v

′
`,c

)
p` - 1

(
v∗`,c
)
q
(
v∗`,f |v′`,f ,v′`,c,v∗`,c

)

p`
(
v∗`,f ,v

∗
`,c

)
p` - 1

(
v′`,c
)
q
(
v′`,f |v∗`,f ,v∗`,c,v′`,c

) .832

The density of the conditional DILI proposal q
(
v′`,f |v∗`,f ,v∗`,c,v′`,c

)
is defined as833

(B.3) q
(
v′`,f |v∗`,f ,v∗`,c,v′`,c

)
=
q
(
v′`,f ,v

′
`,c|v∗`,f ,v∗`,c

)

q
(
v′`,c|v∗`,f ,v∗`,c

) ,834

that is the ratio between the DILI proposal density and the marginal DILI proposal density,835
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which takes the form836

(B.4) q
(
v′`,c|v∗`,f ,v∗`,c

)
≡
∫
q
(
v′`,f ,v

′
`,c|v∗`,f ,v∗`,c

)
dv′`,f .837

Due to Corollary 5.3, the DILI proposal q(v′`|v∗` ) has the prior distribution p`(v`) as838

invariant measure, i.e.,839

(B.5) p`
(
v∗`
)
q
(
v′`|v∗`

)
= p`

(
v′`
)
.840

Hence, if v∗` = (v∗`,f ,v
∗
`,c) is drawn from the prior p`(v`), then the proposal candidate v′` =841

(v′`,f ,v
′
`,c) also follows the prior p`(v`). Furthermore, if v∗` is drawn from p`(v`), then the842

marginal DILI proposal q
(
v′`,c|v∗`,f ,v∗`,c

)
generates candidates with coarse components that843

follow the marginal prior844

∫
p`(v

′
`,f ,v

′
`,c)dv

′
`,f ,845

which for our particular choice of parametrisation is the same as the prior p` - 1

(
v′`,c
)

on level846

` - 1, that is, p`
(
v∗`
)
q
(
v′`,c|v∗`

)
= p` - 1

(
v′`,c
)
. Using this identity and substituting (B.3) into847

(B.2), the ratio 1 can be simplified to848

1 =
p`
(
v′`,f ,v

′
`,c

)
q
(
v∗`,f ,v

∗
`,c|v′`,f ,v′`,c

)
q
(
v′`,c|v∗`,f ,v∗`,c

)
p` - 1

(
v∗`,c
)

p`
(
v∗`,f ,v

∗
`,c

)
q
(
v′`,f ,v

′
`,c|v∗`,f ,v∗`,c

)
q
(
v∗`,c|v′`,f ,v′`,c

)
p` - 1

(
v′`,c
)849

=
p`
(
v∗`,f ,v

∗
`,c

)
q
(
v′`,c|v∗`,f ,v∗`,c

)
p` - 1

(
v∗`,c
)

p`
(
v′`,f ,v

′
`,c

)
q
(
v∗`,c|v′`,f ,v′`,c

)
p` - 1

(
v′`,c
) =

p` - 1

(
v′`,c
)
p` - 1

(
v∗`,c
)

p` - 1

(
v∗`,c
)
p` - 1

(
v′`,c
) = 1.850

851

The result then follows immediately from (B.1).852
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Abstract

Stein variational gradient descent (SVGD) was recently proposed as a general
purpose nonparametric variational inference algorithm [Liu & Wang, NIPS 2016]:
it minimizes the Kullback–Leibler divergence between the target distribution and
its approximation by implementing a form of functional gradient descent on a
reproducing kernel Hilbert space. In this paper, we accelerate and generalize the
SVGD algorithm by including second-order information, thereby approximating
a Newton-like iteration in function space. We also show how second-order in-
formation can lead to more effective choices of kernel. We observe significant
computational gains over the original SVGD algorithm in multiple test cases.

1 Introduction

Approximating an intractable probability distribution via a collection of samples—in order to evaluate
arbitrary expectations over the distribution, or to otherwise characterize uncertainty that the distribu-
tion encodes—is a core computational challenge in statistics and machine learning. Common features
of the target distribution can make sampling a daunting task. For instance, in a typical Bayesian
inference problem, the posterior distribution might be strongly non-Gaussian (perhaps multimodal)
and high dimensional, and evaluations of its density might be computationally intensive.

There exist a wide range of algorithms for such problems, ranging from parametric variational
inference [4] to Markov chain Monte Carlo (MCMC) techniques [10]. Each algorithm offers a
different computational trade-off. At one end of the spectrum, we find the parametric mean-field
approximation—a cheap but potentially inaccurate variational approximation of the target density.
At the other end, we find MCMC—a nonparametric sampling technique yielding estimators that are
consistent, but potentially slow to converge. In this paper, we focus on Stein variational gradient
descent (SVGD) [17], which lies somewhere in the middle of the spectrum and can be described as a
particular nonparametric variational inference method [4], with close links to the density estimation
approach in [2].

The SVGD algorithm seeks a deterministic coupling between a tractable reference distribution of
choice (e.g., a standard normal) and the intractable target. This coupling is induced by a transport
map T that can transform a collection of reference samples into samples from the desired target
distribution. For a given pair of distributions, there may exist infinitely many such maps [28]; several
existing algorithms (e.g., [27, 24, 21]) aim to approximate feasible transport maps of various forms.
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The distinguishing feature of the SVGD algorithm lies in its definition of a suitable map T . Its central
idea is to approximate T as a growing composition of simple maps, computed sequentially:

T = T1 ◦ · · · ◦ Tk ◦ · · · , (1)
where each map Tk is a perturbation of the identity map along the steepest descent direction of a
functional J that describes the Kullback–Leibler (KL) divergence between the pushforward of the
reference distribution through the composition T1 ◦ · · · ◦ Tk and the target distribution. The choice
of the steepest descent direction is further restricted to a reproducing kernel Hilbert space (RKHS)
in order to give Tk a nonparametric closed form [3]. Even though the resulting map Tk is available
explicitly without any need for numerical optimization, the SVGD algorithm implicitly approximates
a steepest descent iteration on a space of maps of given regularity.

A primary goal of this paper is to explore the use of second-order information (e.g., Hessians)
within the SVGD algorithm. Our idea is to develop the analogue of a Newton iteration—rather
than gradient descent—for the purpose of sampling distributions more efficiently. Specifically, we
design an algorithm where each map Tk is now computed as the perturbation of the identity function
along the direction that minimizes a certain local quadratic approximation of J . Accounting for
second-order information can dramatically accelerate convergence to the target distribution, at the
price of additional work per iteration. The tradeoff between speed of convergence and cost per
iteration is resolved in favor of the Newton-like algorithm—which we call a Stein variational Newton
method (SVN)—in several numerical examples.

The efficiency of the SVGD and SVN algorithms depends further on the choice of reproducing kernel.
A second contribution of this paper is to design geometry-aware Gaussian kernels that also exploit
second-order information, yielding substantially faster convergence towards the target distribution
than SVGD or SVN with an isotropic kernel.

In the context of parametric variational inference, second-order information has been used to acceler-
ate the convergence of certain variational approximations, e.g., [14, 13, 21]. In this paper, however, we
focus on nonparametric variational approximations, where the corresponding optimisation problem
is defined over an infinite-dimensional RKHS of transport maps. More closely related to our work is
the Riemannian SVGD algorithm [18], which generalizes a gradient flow interpretation of SVGD
[15] to Riemannian manifolds, and thus also exploits geometric information within the inference task.

The rest of the paper is organized as follows. Section 2 briefly reviews the SVGD algorithm, and
Section 3 introduces the new SVN method. In Section 4 we introduce geometry-aware kernels for
the SVN method. Numerical experiments are described in Section 5. Proofs of our main results and
further numerical examples addressing scaling to high dimensions are given in the Appendix. Code
and all numerical examples are collected in our GitHub repository [1].

2 Background

Suppose we wish to approximate an intractable target distribution with density π on Rd via an
empirical measure, i.e., a collection of samples. Given samples {xi} from a tractable reference
density p on Rd, one can seek a transport map T : Rd → Rd such that the pushforward density of
p under T , denoted by T∗p, is a close approximation to the target π.1 There exist infinitely many
such maps [28]. The image of the reference samples under the map, {T (xi)}, can then serve as an
empirical measure approximation of π (e.g., in the weak sense [17]).

Variational approximation. Using the KL divergence to measure the discrepancy between the
target π and the pushforward T∗p, one can look for a transport map T that minimises the functional

T 7→ DKL(T∗ p ||π) (2)
over a broad class of functions. The Stein variational method breaks the minimization of (2) into
several simple steps: it builds a sequence of transport maps {T1, T2, . . . , Tl, . . .} to iteratively push
an initial reference density p0 towards π. Given a scalar-valued RKHS H with a positive definite
kernel k(x, x′), each transport map Tl : Rd → Rd is chosen to be a perturbation of the identity map
I(x) = x along the vector-valued RKHSHd ' H× · · · × H, i.e.,

Tl(x) := I(x) +Q(x) for Q ∈ Hd. (3)
1If T is invertible, then T∗p(x) = p(T−1(x)) | det(∇xT

−1(x))|.
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The transport maps are computed iteratively. At each iteration l, our best approximation of π is given
by the pushforward density pl = (Tl ◦ · · · ◦ T1)∗ p0. The SVGD algorithm then seeks a transport
map Tl+1 = I +Q that further decreases the KL divergence between (Tl+1)∗pl and π,

Q 7→ Jpl [Q] := DKL((I +Q)∗ pl ||π), (4)

for an appropriate choice of Q ∈ Hd. In other words, the SVGD algorithm seeks a map Q ∈ Hd
such that

Jpl [Q] < Jpl [0], (5)

where 0(x) = 0 denotes the zero map. By construction, the sequence of pushforward densities
{p0, p1, p2, . . . , pl, . . .} becomes increasingly closer (in KL divergence) to the target π. Recent
results on the convergence of the SVGD algorithm are presented in [15].

Functional gradient descent. The first variation of Jpl at S ∈ Hd along V ∈ Hd can be defined
as

DJpl [S](V ) := lim
τ→0

1

τ

(
Jpl [S + τV ]− Jpl [S]

)
. (6)

Assuming that the objective function Jpl : Hd → R is Fréchet differentiable, the functional gradient
of Jpl at S ∈ Hd is the element∇Jpl [S] ofHd such that

DJpl [S](V ) = 〈∇Jpl [S], V 〉Hd ∀V ∈ Hd, (7)

where 〈·, ·〉Hd denotes an inner product onHd.

In order to satisfy (5), the SVGD algorithm defines Tl+1 as a perturbation of the identity map along
the steepest descent direction of the functional Jpl evaluated at the zero map, i.e.,

Tl+1 = I − ε∇Jpl [0], (8)

for a small enough ε > 0. It was shown in [17] that the functional gradient at 0 has a closed form
expression given by

−∇Jpl [0](z) = Ex∼pl [k(x, z)∇x log π(x) +∇xk(x, z)]. (9)

Empirical approximation. There are several ways to approximate the expectation in (9). For
instance, a set of particles {x0i }ni=1 can be generated from the initial reference density p0 and pushed
forward by the transport maps {T1, T2, . . .}. The pushforward density pl can then be approximated
by the empirical measure given by the particles {xli}ni=1, where xli = Tl(x

l−1
i ) for i = 1, . . . , n, so

that
−∇Jpl [0](z) ≈ G(z) :=

1

n

∑n
j=1

[
k(xlj , z)∇xl

j
log π(xlj) +∇xl

j
k(xlj , z)

]
. (10)

The first term in (10) corresponds to a weighted average steepest descent direction of the log-target
density π with respect to pl. This term is responsible for transporting particles towards high-
probability regions of π. In contrast, the second term can be viewed as a “repulsion force” that
spreads the particles along the support of π, preventing them from collapsing around the mode of π.
The SVGD algorithm is summarised in Algorithm 1.

Algorithm 1: One iteration of the Stein variational gradient algorithm

Input :Particles {xli}ni=1 at previous iteration l; step size εl+1

Output :Particles {xl+1
i }ni=1 at new iteration l + 1

1: for i = 1, 2, . . . , n do
2: Set xl+1

i ← xli + εl+1G(xli), where G is defined in (10).
3: end for

3 Stein variational Newton method

Here we propose a new method that incorporates second-order information to accelerate the conver-
gence of the SVGD algorithm. We replace the steepest descent direction in (8) with an approximation
of the Newton direction.
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Functional Newton direction. Given a differentiable objective function Jpl , we can define the
second variation of Jpl at 0 along the pair of directions V,W ∈ Hd as

D2Jpl [0](V,W ) := lim
τ→0

1

τ

(
DJpl [τW ](V )−DJpl [0](V )

)
.

At each iteration, the Newton method seeks to minimize a local quadratic approximation of Jpl . The
minimizer W ∈ Hd of this quadratic form defines the Newton direction and is characterized by the
first order stationarity conditions

D2Jpl [0](V,W ) = −DJpl [0](V ), ∀V ∈ Hd. (11)

We can then look for a transport map Tl+1 that is a local perturbation of the identity map along the
Newton direction, i.e.,

Tl+1 = I + εW, (12)
for some ε > 0 that satisfies (5). The functionW is guaranteed to be a descent direction if the bilinear
form D2Jpl [0] in (11) is positive definite. The following theorem gives an explicit form for D2Jpl [0]
and is proven in Appendix.
Theorem 1. The variational characterization of the Newton direction W = (w1, . . . , wd)

> ∈ Hd in
(11) is equivalent to

d∑

i=1

〈
d∑

j=1

〈hij(y, z), wj(z)〉H + ∂iJpl [0](y), vi(y)

〉

H

= 0, (13)

for all V = (v1, . . . , vd)
> ∈ Hd, where

hij(y, z) = Ex∼pl
[
−∂2ij log π(x)k(x, y)k(x, z) + ∂ik(x, y)∂jk(x, z)

]
. (14)

We propose a Galerkin approximation of (13). Let (xk)nk=1 be an ensemble of particles distributed
according to pl( · ), and define the finite dimensional linear spaceHdn = span{k(x1, ·), . . . , k(xn, ·)}.
We look for an approximate solution W = (w1, . . . , wd)

> inHdn—i.e.,

wj(z) =
n∑

k=1

αkj k(xk, z) (15)

for some unknown coefficients (αkj )—such that the residual of (13) is orthogonal to Hdn. The
following corollary gives an explicit characterization of the Galerkin solution and is proven in the
Appendix.
Corollary 1. The coefficients (αkj ) are given by the solution of the linear system

n∑

k=1

Hs,k αk = ∇Js, for all s = 1, . . . , n, (16)

where αk :=
(
αk1 , . . . , α

k
d

)>
is a vector of unknown coefficients, (Hs,k)ij := hij(xs, xk) is the

evaluation of the symmetric form (14) at pairs of particles, and where ∇Js := −∇Jpl [0](xs)
represents the evaluation of the first variation at the s-th particle.

In practice, we can only evaluate a Monte Carlo approximation of Hs,k and∇Js in (16) using the
ensemble (xk)nk=1.

Inexact Newton. The solution of (16) by means of direct solvers might be impractical for problems
with a large number of particles n or high parameter dimension d, since it is a linear system with
nd unknowns. Moreover, the solution of (16) might not lead to a descent direction (e.g., when
π is not log-concave). We address these issues by deploying two well-established techniques in
nonlinear optimisation [31]. In the first approach, we solve (16) using the inexact Newton–conjugate
gradient (NCG) method [31, Chapters 5 and 7], wherein a descent direction can be guaranteed by
appropriately terminating the conjugate gradient iteration. The NCG method only needs to evaluate
the matrix-vector product with each Hs,k and does not construct the matrix explicitly, and thus can
be scaled to high dimensions. In the second approach, we simplify the problem further by taking a
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block-diagonal approximation of the second variation, breaking (16) into n decoupled d× d linear
systems

Hs,sαs = ∇Js, s = 1, . . . n . (17)
Here, we can either employ a Gauss-Newton approximation of the Hessian∇2 log π in Hs,s or again
use inexact Newton–CG, to guarantee that the approximation of the Newton direction is a descent
direction.

Both the block-diagonal approximation and inexact NCG are more efficient than solving for the full
Newton direction (16). In addition, the block-diagonal form (17) can be solved in parallel for each
of the blocks, and hence it may best suit high-dimensional applications and/or large numbers of
particles. In the Appendix, we provide a comparison of these approaches on various examples. Both
approaches provide similar progress per SVN iteration compared to the full Newton direction.

Leveraging second-order information provides a natural scaling for the step size, i.e., ε = O(1).
Here, the choice ε = 1 performs reasonably well in our numerical experiments (Section 5 and the
Appendix). In future work, we will refine our strategy by considering either a line search or a trust
region step. The resulting Stein variational Newton method is summarised in Algorithm 2.

Algorithm 2: One iteration of the Stein variational Newton algorithm

Input :Particles {xli}ni=1 at stage l; step size ε
Output :Particles {xl+1

i }ni=1 at stage l + 1
1: for i = 1, 2, . . . , n do
2: Solve the linear system (16) for α1, . . . , αn

3: Set xl+1
i ← xli + εW (xli) given α1, . . . , αn

4: end for

4 Scaled Hessian kernel

In the Stein variational method, the kernel weighs the contribution of each particle to a locally
averaged steepest descent direction of the target distribution, and it also spreads the particles along
the support of the target distribution. Thus it is essential to choose a kernel that can capture the
underlying geometry of the target distribution, so the particles can traverse the support of the target
distribution efficiently. To this end, we can use the curvature information characterised by the Hessian
of the logarithm of the target density to design anisotropic kernels.

Consider a positive definite matrixA(x) that approximates the local Hessian of the negative logarithm
of the target density, i.e., A(x) ≈ −∇2

x log π(x). We introduce the metric

Mπ := Ex∼π[A(x)] , (18)

to characterise the average curvature of the target density, stretching and compressing the parameter
space in different directions. There are a number of computationally efficient ways to evaluate such
an A(x)—for example, the generalised eigenvalue approach in [20] and the Fisher information-based
approach in [11]. The expectation in (18) is taken against the target density π, and thus cannot be
directly computed. Utilising the ensemble {xli}ni=1 in each iteration, we introduce an alternative
metric

Mpl :=
1

n

∑n
i=1A(xli), (19)

to approximate Mπ. Similar approximations have also been introduced in the context of dimension
reduction for statistical inverse problems; see [7]. Note that the computation of the metric (19) does
not incur extra computational cost, as we already calculated (approximations to) ∇2

x log π(x) at each
particle in the Newton update.

Given a kernel of the generic form k(x, x′) = f(‖x − x′‖2), we can then use the metric Mpl to
define an anisotropic kernel

kl(x, x
′) = f

(
1

g(d)
‖x− x′‖2Mpl

)
,

where the norm ‖ · ‖Mpl
is defined as ‖x‖2Mpl

= x>Mplx and g(d) is a positive and real-valued
function of the dimension d. For example, with g(d) = d, the Gaussian kernel used in the SVGD of
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[17] can be modified as

kl(x, x
′) := exp

(
− 1

2d
‖x− x′‖2Mpl

)
. (20)

The metric Mpl induces a deformed geometry in the parameter space: distance is greater along
directions where the (average) curvature is large. This geometry directly affects how particles in
SVGD or SVN flow—by shaping the locally-averaged gradients and the “repulsion force” among the
particles—and tends to spread them more effectively over the high-probability regions of π.

The dimension-dependent scaling factor g(d) plays an important role in high dimensional problems.
Consider a sequence of target densities that converges to a limit as the dimension of the parameter
space increases. For example, in the context of Bayesian inference on function spaces, e.g., [26],
the posterior density is often defined on a discretisation of a function space, whose dimensionality
increases as the discretisation is refined. In this case, the g(d)-weighed norm ‖ · ‖2/d is the square of
the discretised L2 norm under certain technical conditions (e.g., the examples in Section 5.2 and the
Appendix) and converges to the functional L2 norm as d → ∞. With an appropriate scaling g(d),
the kernel may thus exhibit robust behaviour with respect to discretisation if the target distribution
has appropriate infinite-dimensional limits. For high-dimensional target distributions that do not
have a well-defined limit with increasing dimension, an appropriately chosen scaling function g(d)
can still improve the ability of the kernel to discriminate inter-particle distances. Further numerical
investigation of this effect is presented in the Appendix.

5 Test cases

We evaluate our new SVN method with the scaled Hessian kernel on a set of test cases drawn from
various Bayesian inference tasks. For these test cases, the target density π is the (unnormalised)
posterior density. We assume the prior distributions are Gaussian, that is, π0(x) = N (mpr, Cpr),
where mpr ∈ Rd and Cpr ∈ Rd×d are the prior mean and prior covariance, respectively. Also, we
assume there exists a forward operator F : Rd → Rm mapping from the parameter space to the
data space. The relationship between the observed data and unknown parameters can be expressed
as y = F(x) + ξ, where ξ ∼ N (0, σ2 I) is the measurement error and I is the identity matrix.
This relationship defines the likelihood function L(y|x) = N (F(x), σ2 I) and the (unnormalised)
posterior density π(x) ∝ π0(x)L(y|x).

We will compare the performance of SVN and SVGD, both with the scaled Hessian kernel (20) and
the heuristically-scaled isotropic kernel used in [17]. We refer to these algorithms as SVN-H, SVN-I,
SVGD-H, and SVGD-I, where ‘H’ or ‘I’ designate the Hessian or isotropic kernel, respectively.
Recall that the heuristic used in the ‘-I’ algorithms involves a scaling factor based on the number
of particles n and the median pairwise distance between particles [17]. Here we present two test
cases, one multi-modal and the other high-dimensional. In the Appendix, we report on additional
tests. First, we evaluate the performance of SVN-H with different Hessian approximations: the
exact Hessian (full Newton), the block diagonal Hessian, and a Newton–CG version of the algorithm
with exact Hessian. Second, we provide a performance comparison between SVGD and SVN on a
high-dimensional Bayesian neural network. Finally, we provide further numerical investigations of
the dimension-scalability of our scaled kernel.

5.1 Two-dimensional double banana

The first test case is a two-dimensional bimodal and “banana” shaped posterior density. The prior is a
standard multivariate Gaussian, i.e., mpr = 0 and Cpr = I , and the observational error has standard
deviation σ = 0.3. The forward operator is taken to be a scalar logarithmic Rosenbrock function, i.e.,

F(x) = log
(
(1− x1)2 + 100(x2 − x21)2

)
,

where x = (x1, x2). We take a single observation y = F(xtrue) + ξ, with xtrue being a random
variable drawn from the prior and ξ ∼ N (0, σ2 I).

Figure 1 summarises the outputs of four algorithms at selected iteration numbers, each with n = 1000
particles initially sampled from the prior π0. The rows of Figure 1 correspond to the choice of
algorithms and the columns of Figure 1 correspond to the outputs at different iteration numbers.
We run 10, 50, and 100 iterations of SVN-H. To make a fair comparison, we rescale the number
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Figure 1: Particle configurations superimposed on contour plots of the double-banana density.

of iterations for each of the other algorithms so that the total cost (CPU time) is approximately the
same. It is interesting to note that the Hessian kernel takes considerably less computational time
than the Isotropic kernel. This is because, whereas the Hessian kernel is automatically scaled, the
Isotropic kernel calculates the distance between the particles at each iterations to heuristically rescale
the kernel.

The first row of Figure 1 displays the performance of SVN-H, where second-order information is
exploited both in the optimisation and in the kernel. After only 10 iterations, the algorithm has
already converged, and the configuration of particles does not visibly change afterwards. Here, all the
particles quickly reach the high probability regions of the posterior distribution, due to the Newton
acceleration in the optimisation. Additionally, the scaled Hessian kernel seems to spread the particles
into a structured and precise configuration.

The second row shows the performance of SVN-I, where the second-order information is used
exclusively in the optimisation. We can see the particles quickly moving towards the high-probability
regions, but the configuration is much less structured. After 47 iterations, the algorithm has essentially
converged, but the configuration of the particles is noticeably rougher than that of SVN-H.

SVGD-H in the third row exploits second-order information exclusively in the kernel. Compared to
SVN-I, the particles spread more quickly over the support of the posterior, but not all the particles
reach the high probability regions, due to slower convergence of the optimisation. The fourth row
shows the original algorithm, SVGD-I. The algorithm lacks both of the benefits of second-order
information: with slower convergence and a more haphazard particle distribution, it appears less
efficient for reconstructing the posterior distribution.

5.2 100-dimensional conditioned diffusion

The second test case is a high-dimensional model arising from a Langevin SDE, with state u :
[0, T ]→ R and dynamics given by

dut =
βu (1− u2)

(1 + u2)
dt+ dxt, u0 = 0 . (21)
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Here x = (xt)t≥0 is a Brownian motion, so that x ∼ π0 = N (0, C), where C(t, t′) = min(t, t′).
This system represents the motion of a particle with negligible mass trapped in an energy potential,
with thermal fluctuations represented by the Brownian forcing; it is often used as a test case for
MCMC algorithms in high dimensions [6]. Here we use β = 10 and T = 1. Our goal is to infer the
driving process x and hence its pushforward to the state u.
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Figure 2: In each plot, the magenta path is the true solution of the discretised Langevin SDE; the
blue line is the reconstructed posterior mean; the shaded area is the 90% marginal posterior credible
interval at each time step.

The forward operator is defined by F(x) = [ut1 , ut2 , . . . , ut20 ]> ∈ R20, where ti are equispaced
observation times in the interval (0, 1], i.e., ti = 0.05 i. By taking σ = 0.1, we define an observation
y = F(xtrue) + ξ ∈ R20, where xtrue is a Brownian motion path and ξ ∼ N (0, σ2 I). For discretiza-
tion, we use an Euler-Maruyama scheme with step size ∆t = 10−2; therefore the dimensionality of
the problem is d = 100. The prior is given by the Brownian motion x = (xt)t≥0, described above.

Figure 2 summarises the outputs of four algorithms, each with n = 1000 particles initially sampled
from π0. Figure 2 is presented in the same way as Figure 1 from the first test case. The iteration
numbers are scaled, so that we can compare outputs generated by various algorithms using approxi-
mately the same amount of CPU time. In Figure 2, the path in magenta corresponds to the solution of
the Langevin SDE in (21) driven by the true Brownian path xtrue. The red points correspond to the
20 noisy observations. The blue path is the reconstruction of the magenta path, i.e., it corresponds
to the solution of the Langevin SDE driven by the posterior mean of (xt)t≥0. Finally, the shaded
area represents the marginal 90% credible interval of each dimension (i.e., at each time step) of the
posterior distribution of u.

We observe excellent performance of SVN-H. After 50 iterations, the algorithm has already converged,
accurately reconstructing the posterior mean (which in turn captures the trends of the true path) and
the posterior credible intervals. (See Figure 3 and below for a validation of these results against
a reference MCMC simulation.) SVN-I manages to provide a reasonable reconstruction of the
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target distribution: the posterior mean shows fair agreement with the true solution, but the credible
intervals are slightly overestimated, compared to SVN-H and the reference MCMC. The overestimated
credible interval may be due to the poor dimension scaling of the isotropic kernel used by SVN-I.
With the same amount of computational effort, SVGD-H and SVGD-I cannot reconstruct the posterior
distribution: both the posterior mean and the posterior credible intervals depart significantly from
their true values.

In Figure 3, we compare the posterior distribution approximated with SVN-H (using n = 1000
particles and 100 iterations) to that obtained with a reference MCMC run (using the DILI algorithm
of [6] with an effective sample size of 105), showing an overall good agreement. The thick blue
and green paths correspond to the posterior means estimated by SVN-H and MCMC, respectively.
The blue and green shaded areas represent the marginal 90% credible intervals (at each time step)
produced by SVN-H and MCMC. In this example, the posterior mean of SVN-H matches that of
MCMC quite closely, and both are comparable to the data-generating path (thick magenta line). (The
posterior means are much smoother than the true path, which is to be expected.) The estimated
credible intervals of SVN-H and MCMC also match fairly well along the entire path of the SDE.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 3: Comparison of reconstructed distributions from SVN-H and MCMC

6 Discussion

In general, the use of Gaussian reproducing kernels may be problematic in high dimensions, due to
the locality of the kernel [8]. While we observe in Section 4 that using a properly rescaled Gaussian
kernel can improve the performance of the SVN method in high dimensions, we also believe that
a truly general purpose nonparametric algorithm using local kernels will inevitably face further
challenges in high-dimensional settings. A sensible approach to coping with high dimensionality
is also to design algorithms that can detect and exploit essential structure in the target distribution,
whether it be decaying correlation, conditional independence, low rank, multiple scales, and so on.
See [25, 29] for recent efforts in this direction.
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A Proof of Theorem 1

The following proposition is used to prove Theorem 1.

Proposition 1. Define the directional derivative of Jp as the first variation of Jp at S ∈ Hd along a
direction V ∈ Hd,

DJp[S](V ) := lim
τ→0

1

τ

(
Jp[S + τV ]− Jp[S]

)
.

The first variation takes the form

DJp[S](V ) = −Ex∼p
[(
∇x log π(x+ S(x))

)>
V (x) + trace

(
(I +∇xS(x))−1∇xV (x)

)]
.

(22)

Proof. Given the identity map I and a transport map in the form of T = I + S + τV , the pullback
density of π is defined as

T ∗π = π(T (x)) |det∇xT (x)| = π
(
x+ S(x) + τV (x)

) ∣∣det
(
I +∇xS(x) + τ∇xT (x)

)∣∣ .

The perturbed objective function Jp[S + τV ] takes the form

Jp[S + τV ] = DKL((I + S + τV )∗p ‖ π)

= DKL(p ‖ (I + S + τV )∗π)

=

∫
p(x) log p(x)dx−

∫
p(x)

(
log π

(
x+ S(x) + τV (x)

)

+ log
∣∣det

(
I +∇xS(x) + τ∇xV (x)

)∣∣
)
dx .

Thus we have

Jp[S + τV ]− Jp[S] = −
∫
p(x)

(
log π

(
x+ S(x) + τV (x)

)
− log π(x+ S(x))︸ ︷︷ ︸

(i)

)
dx

−
∫
p(x)

(
log
∣∣det

(
I +∇xS(x) + τ∇xV (x)

)∣∣− log
∣∣det

(
I +∇xS(x)

)∣∣
︸ ︷︷ ︸

(ii)

)
dx .

(23)

Performing a Taylor expansion of the terms (i) and (ii) in (23), we have

(i) = τ
(
∇x log π(x+ S(x))

)>
V (x) +O(τ2) ,

(ii) = τ trace
(
(I +∇xS(x))−1∇xV (x)

)
+O(τ2) ,

where∇x log π(x+S(x)) is the partial derivative of log π evaluated at x+S(x). Plugging the above
expression into (23) and the definition of the directional derivative, we obtain

DJp[S](V ) = −Ex∼p
[(
∇x log π(x+ S(x))

)>
V (x) + trace

(
∇x(x+∇xS(x))−1∇xV (x)

)]
.

(24)

The Fréchet derivative of Jp evaluated at S ∈ Hd,∇Jp[S] : Hd → L(Hd,R) satisfies

DJp[S](V ) = 〈∇Jp[S] , V 〉Hd , ∀V ∈ Hd ,
and thus we can use Proposition 1 to prove Theorem 1.

Proof of Theorem 1. The second variation of Jp at 0 along directions V,W ∈ Hd takes the form

D2Jp[0](V,W ) := lim
τ→0

1

τ

(
DJp[τW ](V )−DJp[0](V )

)
.
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Following Proposition 3, we have

D2Jp[0](V,W ) = lim
τ→0

1

τ

(
DJp[τW ](V )−DJp[0](V )

)

=− Ex∼p
[

lim
τ→0

1

τ

(
∇x log π(x+ τW (x))−∇x log π(x)

︸ ︷︷ ︸
(i)

)>
V (x)

]

− Ex∼p
[
trace

(
lim
τ→0

1

τ
[(I + τ∇xW (x))−1 − I]

︸ ︷︷ ︸
(ii)

∇xV (x)
)]
. (25)

By Taylor expansion, the limits (i) and (ii) of the above equation can be written as

(i) = ∇2
x log π(x)W (x) ,

(ii) = −∇xW (x) .

Thus, the second variation of Jp at 0 along directions V,W ∈ Hd becomes

D2Jp[0](V,W ) = −Ex∼p
[
W (x)>∇2

x log π(x)V (x)− trace
(
∇xW (x)∇xV (x)

)]
. (26)

Using the reproducing property of V,W ∈ Hd, i.e.

vi(x) = 〈k(x, ·), vi(·)〉H , wj(x) = 〈k(x, ·), wj(·)〉H
∇xvi(x) = 〈∇xk(x, ·), vi(·)〉Hd , ∇xwi(x) = 〈∇xk(x, ·), wi(·)〉Hd

we then have

Ex∼p
[
W (x)>∇2

x log π(x)V (x)
]

=

d∑

i=1

d∑

j=1

〈
〈Ex∼p

[
∂2ij log π(x)k(x, y)k(x, z)

]
, wj(z)〉H, vi(y)

〉
H

and

Ex∼p
[
trace

(
∇xW (x)∇xV (x)

)]
=

d∑

i=1

d∑

j=1

〈
〈Ex∼p

[
∂ik(x, y)∂jk(x, z)

]
, wj(z)〉H, vi(y)

〉
H
.

Plugging the above identities into (26), the second variation can be expressed as

D2Jp[0](V,W ) =

d∑

i=1

d∑

j=1

〈
〈hij(y, z), wj(z)〉H, vi(y)

〉
H
,

where
hij(y, z) := Ex∼p

[
− ∂2ij log π(x)k(x, y)k(x, z) + ∂ik(x, y)∂jk(x, z)

]
.

Hence the result.

B Proof of Corollary 1

Proof. Here we drop the subscript pl. The ensemble of particles (xk)nk=1 defines a linear function
space Hn = span{k(x1, ·), . . . , k(xn, ·)}. In the Galerkin approach, we seek a solution W =
(w1, . . . , wd)

> ∈ Hdn such that the residual of the Newton direction

d∑

i=1

〈
d∑

j=1

〈hij(y, z), wj(z)〉H + ∂iJ [0](y), vi(y)

〉

H

= 0, (27)

is zero for all possible V ∈ Hdn. This way, we can approximate each component wj of the function
W as

wj(z) =
n∑

k=1

αkj k(xk, z), (28)

11



for a collection of unknown coefficients (αkj ). We define V s = (vs1, . . . , v
s
d)
> to be the test function

where vsi (y) = k(xs, y) for all s = 1, . . . , n.

We first project the Newton direction (27) onto V s for all s = 1, . . . , n. Applying the reproducing
property of the kernel, this leads to

d∑

j=1

〈hij(xs, z), wj(z)〉Hd + ∂iJpl [0](xs) = 0, i = 1, . . . , d, s = 1, . . . , n. (29)

Plugging (28) into (29), we obtain the fully discrete set of equations
d∑

j=1

n∑

`=1

hij(xs, xk)αkj + ∂iJpl [0](xs) = 0, i = 1, . . . , d, s = 1, . . . , n, k = 1, . . . , n. (30)

We denote the coefficient vector αk :=
(
αk1 , . . . , α

k
d

)>
for each xk, the block Hessian matrix

(Hs,k)ij := hij(xs, xk) for each pair of xs and xk, and ∇Js := ∇J [0](xs) for each xs. Then
equation (30) can be expressed as

n∑

k=1

Hs,k αk = ∇Js, s = 1, . . . , n. (31)

C Additional test cases

C.1 Comparison between the full and inexact Newton methods

Here we compare three different Stein variational Newton methods: SVNfull denotes the method that
solves the fully coupled Newton system in equation (16) of the main paper, with no approximations;
SVNCG denotes the method that applies inexact Newton–CG to the fully coupled system (16); and
SVNbd employs the block-diagonal approximation given in equation (17) of the main paper.

We first make comparisons using the two-dimensional double banana distribution presented in Section
5.1. We run our test case for N = 100 particles and 20 iterations. Figure 4 shows the contours of
the target density and the samples produced by each of the three algorithms. Compared to the full
Newton method, both the block-diagonal approximation and the inexact Newton–CG generate results
of similar quality.

We use an additional nonlinear regression test case for further comparisons. In this case, the forward
operator is given by

F(x) = c1x
3
1 + c2x2 ,

where x = [x1, x2]> and c1, c2 are some fixed coefficients sampled independently from a standard
normal distribution. A data point is then given by y = F(x) + ε, where ε ∼ N(0, σ2) and σ = 0.3.
We use a standard normal prior distribution on x.

We run our test case for N = 100 particles and 20 iterations. Figure 5 shows contours of the posterior
density and the samples produced by each of the three algorithms. Again, both the block-diagonal
approximation and the inexact Newton–CG generate results of similar quality to those of the full
Newton method.

These numerical results suggest that the block-diagonal approximation and the inexact Newton–CG
can be effective methods for iteratively constructing the transport maps in SVN. We will adopt these
approximate SVN strategies on large-scale problems, where computing the full Newton direction is
not feasible.

C.2 Bayesian neural network

In this test case, we set up a Bayesian neural network as described in [17]. We use the open-source
“yacht hydrodynamics” data set2 and denote the data by D = (xi, yi)

M
i=1, where xi is an input, yi is

2http://archive.ics.uci.edu/ml/datasets/yacht+hydrodynamics
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Figure 4: Double-banana example: performance comparison between SVNfull, SVNCG, and SVNbd
after 20 iterations
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Figure 5: Nonlinear regression example: performance comparison between SVNfull, SVNCG, and
SVNbd after 20 iterations

the corresponding scalar prediction, and M = 308. We divide the data into a training set of m = 247
input–prediction pairs and a validation set of M −m = 61 additional pairs. For each input, we model
the corresponding prediction as

yi = f(xi, w) + εi ,

where f denotes the neural network with weight vector w ∈ Rd and εi ∼ N(0, γ−1) is an additive
Gaussian error. The dimension of the weight vector is d = 2951. We endow the weights w with
independent Gaussian priors, w ∼ N(0, λ−1I). The inference problem then follows from the
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likelihood function,

L(D|w, γ) =
( γ

2π

)m
2

exp

(
−γ

2

m∑

i=1

(f(x,w)− yi)2
)
,

and the prior density,

π0(w|λ) =

(
λ

2π

)m
2

exp

(
−γ

2

m∑

i=1

w2
j

)
,

where γ and λ play the role of hyperparameters.

Performance comparison of SVN-H with SVGD-I. We compare SVN-H with the original SVGD-
I algorithm on this Bayesian neural network example, with hyperparameters fixed to log λ = −10
(which provides a very uninformative prior distribution) and log γ = 0. First, we run a line-search
with Newton–CG to find the posterior mode w∗. Figure 6 shows that neural network predictions at
the posterior mode almost perfectly match the validation data. Then, we randomly initialise n = 30
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Figure 6: Neural network prediction at the posterior mode very closely matches the validation data.

particles (xi)
n
i=1 around the mode, i.e., by independently drawing xi ∼ N (w∗, I). As in the previous

test cases, we make a fair comparison of SVN-H and SVGD-I by taking 10, 20, and 30 iterations of
SVN-H and rescaling the number of iterations of SVGD-I to match the computational costs of the
two algorithms. Because this test case is very high-dimensional, rather than storing the entire Hessian
matrix and solving the Newton system we use the inexact Newton–CG approach within SVN, which
requires only matrix-vector products and yields enormous memory savings. Implementation details
can be found in our GitHub repository.

Figure 7 shows distributions of the error on the validation set, as resulting from posterior predictions.
To obtain these errors, we use the particle representation of the posterior on the weights w to evaluate
posterior predictions on the validation inputs (xi)

M
i=m+1. Then we evaluate the error of each of
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Figure 7: Bayesian neural network example: Comparison between SVN-H and SVGD-I, showing the
distribution of errors between the validation data and samples from the posterior predictive.

these predictions. The red line represents the mean of these errors at each validation input xi, and
the shaded region represents the 90% credible interval of these error distribution. Although both
algorithms “work” in the sense of producing errors of small range overall, SVN-H yields distributions
of prediction error with smaller means and considerably reduced variances, compared to SVGD-I.

C.3 Scalability of kernels in high dimensions

Discretization-invariant posterior distribution. Here we illustrate the dimension scalability of
the scaled Hessian kernel, compared to the isotropic kernel used in [17]. We consider a linear
Bayesian inverse problem in a function space setting [26]: the forward operator is a linear functional
F(x) = 〈sin(πs), x(s)〉, where the function x is defined for s ∈ [0, 1]. The scalar observation
y = F(x) + ξ, where ξ is Gaussian with zero mean and standard deviation σ = 0.3. The prior
is a Gaussian measure N (0,K−1) where K is the Laplace operator −x′′(s), s ∈ [0, 1], with zero
essential boundary conditions.

Discretising this problem with finite differences on a uniform grid with d degrees of freedom, we
obtain a Gaussian prior density π0(x) with zero mean and covariance matrix K−1, where K is the
finite difference approximation of the Laplacian. Let the vector a denote the discretised function
sin(πs), s ∈ [0, 1], and let the corresponding discretised parameter be denoted by x (overloading
notation for convenience). Then the finite-dimensional forward operator can be written as F(x) =
a>x. After discretization, the posterior has a Gaussian density of the form π = N (mpos, Cpos), where

mpos =
y

σ2
Cpos a , Cpos =

(
K−1 +

1

σ2
aa>

)−1
.

To benchmark the performance of various kernels, we construct certain summaries of the posterior
distribution. In particular, we use our SVN methods with the scaled Hessian kernel (SVN-H)
and the isotropic kernel (SVN-I) to estimate the component-wise average of the posterior mean,
1
d

∑d
i=1mpos,i, and the trace of the posterior covariance, trace(Cpos), for problems discretised at
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different resolutions d ∈ {40, 60, 80, 100}. We run each experiment with n = 1000 particles and 50
iterations of SVN. We compare the numerical estimates of these quantities to the analytically known
results. These comparisons are summarised in Tables 1 and 2.

From Table 1, we can observe that all algorithms almost perfectly recover the average of the posterior
mean up to the first three significant figures. However, Table 2 shows that SVN-H does a good job
in estimating the trace of the posterior covariance consistently for all dimensions, whereas SVN-I
under-estimates the trace—suggesting that particles are under-dispersed and not correctly capturing
the uncertainty in the parameter x. This example suggests that the scaled Hessian kernel can lead to a
more accurate posterior reconstruction for high-dimensional distributions than the isotropic kernel.

Table 1: Comparison of theoretical and estimated averages of the posterior mean

Averages of the posterior mean 1
d

∑d
i=1mpos,i

d 40 60 80 100

Theoretical 0.4658 0.4634 0.4622 0.4615
SVN-H 0.4658 0.4634 0.4623 0.4614
SVN-I 0.4657 0.4633 0.4622 0.4615

Table 2: Comparison of theoretical and estimated traces of the posterior covariance

Traces of the posterior covariance trace(Cpos)

d 40 60 80 100

Theoretical 0.1295 0.1297 0.1299 0.1299
SVN-H 0.1271 0.1281 0.1304 0.1293
SVN-I 0.0925 0.0925 0.0925 0.0923

A posterior distribution that is not discretization invariant. Now we examine the dimension-
scalability of various kernels in a problem that does not have a well-defined limit with increasing
parameter dimension. We modify the linear Bayesian inverse problem introduced above: now the
prior covariance is the identity matrix, i.e., K−1 = I and the vector a used to define the forward
operator is drawn from a uniform distribution, ai ∼ U(2, 10), i = 1, . . . , d. This way, the posterior
is not discretization invariant. We perform the same set of numerical experiments as above and
summarise the results in Tables 3 and 4. Although the target distribution used in this case is not
discretization invariant, the scaled Hessian kernel is still reasonably effective in reconstructing the
target distributions of increasing dimension (according to the summary statistics below), whereas the
isotropic kernel under-estimates the target variances for all values of dimension d that we have tested.

Table 3: Comparison of theoretical and estimated averages of the posterior mean

Averages of the posterior mean 1
d

∑d
i=1mpos,i

d 40 60 80 100

Theoretical 0.0037 0.0025 0.0019 0.0015
SVN-H 0.0037 0.0025 0.0019 0.0015
SVN-I 0.0037 0.0025 0.0019 0.0015

Table 4: Comparison of theoretical and estimated traces of the posterior covariance

Traces of the posterior covariance trace(Cpos)

d 40 60 80 100

Theoretical 39.0001 59.0000 79.0000 99.0000
SVN-H 37.7331 55.8354 73.6383 90.7689
SVN-I 8.7133 8.2588 7.9862 7.6876

16



References
[1] http://github.com/gianlucadetommaso/Stein-variational-samplers
[2] E. Anderes, M. Coram. A general spline representation for nonparametric and semiparametric

density estimates using diffeomorphisms. arXiv preprint arXiv:1205.5314, 2012.
[3] N. Aronszajn. Theory of reproducing kernels. Transactions of the American mathematical

society, p. 337–404, 1950.
[4] D. Blei, A. Kucukelbir, and J. D. McAuliffe. Variational inference: A review for statisticians.

Journal of the American Statistical Association, p. 859–877, 2017.
[5] W. Y. Chen, L. Mackey, J. Gorham, F. X. Briol, C. J. Oates. Stein points. In International

Conference on Machine Learning. arXiv:1803.10161, 2018.
[6] T. Cui, K. J. H. Law, Y. M. Marzouk. Dimension-independent likelihood-informed MCMC.

Journal of Computational Physics, 304: 109–137, 2016.
[7] T. Cui, J. Martin, Y. M. Marzouk, A. Solonen, and A. Spantini. Likelihood-informed dimension

reduction for nonlinear inverse problems. Inverse Problems, 30(11):114015, 2014.
[8] D. Francois, V. Wertz, and M. Verleysen. About the locality of kernels in high-dimensional

spaces. International Symposium on Applied Stochastic Models and Data Analysis, p. 238–245,
2005.

[9] S. Gershman, M. Hoffman, D. Blei. Nonparametric variational inference. International
Conference on Machine Learning (ICML), 2012.

[10] W. R. Gilks, S. Richardson, and D. Spiegelhalter. Markov chain Monte Carlo in practice. CRC
press, 1995.

[11] M. Girolami and B. Calderhead. Riemann manifold Langevin and Hamiltonian Monte Carlo
methods. Journal of the Royal Statistical Society: Series B (Statistical Methodology), 73(2):123–
214, 2011.

[12] J. Han and Q. Liu. Stein variational adaptive importance sampling. arXiv preprint
arXiv:1704.05201, 2017.

[13] M. E. Khan, Z. Liu, V. Tangkaratt, Y. Gal. Vprop: Variational inference using RMSprop. arXiv
preprint arXiv:1712.01038, 2017.

[14] M. E. Khan, W. Lin, V. Tangkaratt, Z. Liu, D. Nielsen. Adaptive-Newton method for explorative
learning. arXiv preprint arXiv:1711.05560, 2017.

[15] Q. Liu. Stein variational gradient descent as gradient flow. In Advances in Neural Information
Processing systems (I. Guyon et al., Eds.), Vol. 30, p. 3118–3126, 2017.

[16] Y. Liu, P. Ramachandran, Q. Liu, and J. Peng. Stein variational policy gradient. arXiv preprint
arXiv:1704.02399, 2017.

[17] Q. Liu and D. Wang. Stein variational gradient descent: A general purpose Bayesian inference
algorithm. In Advances In Neural Information Processing Systems (D. D. Lee et al., Eds.),
Vol. 29, p. 2378–2386, 2016.

[18] C. Liu and J. Zhu. Riemannian Stein variational gradient descent for Bayesian inference.
Thirty-second aaai conference on artificial intelligence, 2018.

[19] D. G. Luenberger. Optimization by vector space methods. John Wiley & Sons, 1997.
[20] J. Martin, L. C. Wilcox, C. Burstedde, and O. Ghattas. A stochastic Newton MCMC method for

large-scale statistical inverse problems with application to seismic inversion. SIAM Journal on
Scientific Computing, 34(3), A1460–A1487, Chapman & Hall/CRC, 2012

[21] Y. M. Marzouk, T. Moselhy, M. Parno, and A. Spantini. Sampling via measure transport: An
introduction. Handbook of Uncertainty Quantification, Springer, p. 1–41, 2016.

[22] R. M. Neal. MCMC using Hamiltonian dynamics. In Handbook of Markov Chain Monte Carlo
(S. Brooks et al., Eds.), Chapman & Hall/CRC, 2011.

[23] Y. Pu, Z. Gan, R. Henao, C. Li, S. Han, and L. Carin. VAE Learning via Stein Variational
Gradient Descent. Advances in Neural Information Processing Systems (NIPS), 2017.

[24] D. Rezende and S. Mohamed. Variational inference with normalizing flows. International
Conference on Machine Learning (ICML), 2015.

17



[25] A. Spantini, D. Bigoni, and Y. Marzouk. Inference via low-dimensional couplings. Journal of
Machine Learning Research, to appear. arXiv:1703.06131, 2018.

[26] A. M. Stuart. Inverse problems: a Bayesian perspective. Acta Numerica, 19, p. 451–559, 2010.
[27] E. G. Tabak and T. V. Turner. A family of nonparametric density estimation algorithms.

Communications on Pure and Applied Mathematics, p. 145–164, 2013.
[28] C. Villani. Optimal Transport: Old and New. Springer-Verlag Berlin Heidelberg, 2009.
[29] D. Wang, Z. Zeng, and Q. Liu. Stein variational message passing for continuous graphical

models. arXiv:1711.07168, 2017.
[30] S. Wright, J. Nocedal. Numerical Optimization. Springer Science, 1999.

18



114 CONTENTS



� Paper IV

115



Stein Variational Online Changepoint Detection with
Applications to Hawkes Processes and Neural

Networks

Gianluca Detommaso ∗
InfoSec division

G-Research
London (UK)

detommaso.gianluca@gmail.com

Hanne Hoitzing
InfoSec division

G-Research
London (UK)

hanne.hoitzing@gresearch.co.uk

Tiangang Cui
School of Mathematical Sciences

Monash University
Melbourne (Australia)

tiangang.cui@monash.edu

Ardavan Alamir
InfoSec division

G-Research
London (UK)

ardavan.alamir@gresearch.co.uk

Abstract

Bayesian online changepoint detection (BOCPD) [1] offers a rigorous and viable
way to identify changepoints in complex systems. In this work, we introduce
a Stein variational online changepoint detection (SVOCD) method to provide a
computationally tractable generalization of BOCPD beyond the exponential family
of probability distributions. We integrate the recently developed Stein variational
Newton (SVN) method [5] and BOCPD to offer a full online Bayesian treatment for
a large number of situations with significant importance in practice. We apply the
resulting method to two challenging and novel applications: Hawkes processes and
long short-term memory (LSTM) neural networks. In both cases, we successfully
demonstrate the efficacy of our method on real data.

1 Introduction

In most applied sciences and real-life scenarios, the ability to promptly detect and react to sudden
changes is extremely desirable. Examples of current applications include hedge coverage in financial
trading, attack detection in cybersecurity, prediction of natural disasters, and many others. In statistical
analysis, the attempt to identify these changes is called changepoint detection.

Methods that fall under this category try to simultaneously minimize the following three important
metrics: i) false negative rate, ii) false positive rate and iii) detection delay. False negatives must
be avoided: missing the occurrence of an earthquakes could be fatal for thousands of people.
Similarly, avoiding false positives has significant importance: too many alerts will hide ‘true’ changes,
leading the analyst to underestimate important information and to lose confidence in the statistical
methodology. Finally, most applications require a realtime reaction once new data is observed. Online
algorithms should minimize detection delay, without undermining the first two metrics.

Among the literature in changepoint detection, probabilistic approaches have gained popularity
for their ability to predict both the next observation and its uncertainty in an online fashion. A
probabilistic approach that has significantly characterized the field is Bayesian online changepoint
∗Corresponding author: Gianluca Detommaso
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detection (BOCPD) [1]. In its original formulation, this method exploits conjugate priors to construct
predictive models in closed form. Although conjugate priors constitute an ingenious tool to decrease
detection delay, their simplicity also represents their major limitation: if the data substantially differ
from the simple model in use, false negative and false positive rates are very large.

Several Bayesian inference methods have been proposed to extend BOCPD to non-conjugate scenarios
[22, 21, 28, 29]. Although these methods form major contributions and have their own strengths, they
also come with natural weaknesses. In this work, we propose a Stein variational online changepoint
detection (SVOCD) method, a combination of BOCPD and Stein variational inference [18]. Stein
variational inference is a cutting-edge Bayesian inference methodology which transports, sequentially
and deterministically, a set of particles towards a posterior probability density. The advantage of
SVOCD compared to the extensions mentioned above is twofold: i) rather than merely approximating
the posterior density, the empirical density represented by the particles asymptotically converges
to the posterior density as the number of particles increases [17], ii) rather than re-computing the
posterior density from scratch when new data become available, it can be updated quickly which is
crucial for online applications. Quick updates are possible because the posterior density can be used
as the initial particle density to infer the next posterior density as new data points arrive. Assuming
the true posterior does not change significantly, the particle locations can be adjusted with a few
iterations. As a Stein variational algorithm we adopt Stein variational Newton (SVN), which was
shown to drastically improve convergence speed and scalability to high-dimension compared to Stein
variational gradient descent (SVGD) [5].

Additionally, we successfully apply our methodology to two complex models which represent a
large number of real-life scenarios and currently lack a rigorous Bayesian changepoint analysis:2

i) Hawkes processes, and ii) the combination of BOCPD with a Bayesian long short-term memory
(LSTM) neural network model. Hawkes processes are an example of point processes for which the
intensity increases with the occurrence of an event and exponentially decays over time; they have
been used in a wide range of applications [7, 2, 23, 34]. To the best of our knowledge, this is the first
attempt to perform online changepoint detection on Hawkes process in a fully Bayesian fashion. In
many situations, no model exists to describe the evolution of data. LSTMs form a flexible modelling
tool which can be trained to describe a sequence of data points and predict future points. However,
the absence of an explicitly defined model structure can lead to large computational costs: LSTM’s
descriptive power comes from over-parametrization, making training computationally intensive and
likely to end up in flat regions in parameter space. In this paper, we try to overcome these issues by
combining a Bayesian formulation of LSTM with BOCPD and train the model using SVN.

The paper is structured as follows: Section 2 describes the background of BOCPD and SVN, and
then presents SVOCD. In Sections 3 and 4, we apply SVOCD to Hawkes processes and LSTM,
respectively. A conclusion is stated in section 5.

2 Stein variational online changepoint detection

In this section, we introduce Stein variational online changepoint detection (SVOCD). SVOCD
generalizes BOCPD to probability distributions beyond the exponential family by using the Stein
variational Newton method to perform online inference.

2.1 Background on Bayesian online changepoint detection

Suppose we sequentially observe data points y1:m, where the subscript denotes the observation
time. Assuming that each observation yi depends on a model driven by a hidden parameter θ ∈ Rd,
changepoint detection aims to identify abrupt changes in the parameter θ. We denote a changepoint
by a time index τ > 1 at which the abrupt change in θ occurs. We will focus on online changepoint
detection: given past observations y1:m, we want to detect whether θ at time m+ 1 is the same as θ
at time m. We want to perform this task recursively as new data becomes available.

Bayesian online changepoint detection (BOCPD) has been introduced as a probabilistic approach for
online detection of changepoints in a time series [1]. The algorithm has pioneered a considerable

2Open source code is available at gianlucadetommaso/Stein-variational-samplers..
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amount of interesting follow-up work. Here we provide a description of the general formulation of
BOCPD.3 BOCPD adopts the following reasonable assumption.

A1. Observed data before and after changepoints are independent. That is, yi is independent of yj if
there exists a changepoint τ such that i < τ ≤ j. This way, the dynamics of the underlying system
after a changepoint is not affected by what happened before the changepoint.

Let us define τm+1 ∈ {1, . . . ,m+ 1} to be the changepoint indicator at time m+ 1 which records
the time of the occurrence of the last changepoint. The case τm+1 = 1 indicates there has been no
changepoint up until time m+ 1. Although a priori τm+1 can assume any value between 1 and m+ 1,
in practice one should consider pruning the possible set of changepoints according to their posterior
probability for significant computational speed-ups [30].

Predictive posterior. Suppose we have observed y1:m and we want to detect whether ym+1 is a
changepoint. For this purpose, we introduce the predictive posterior density p(ym+1|y1:m), which
measures the probability that ym+1 is observed given y1:m. However, because of assumption A1,
ym+1 is only dependent on observations since the last changepoint τm+1. Then, if we define
Yτm+1

:= {τm+1, yτm+1:m} to be the information set given by both the changepoint τm+1 and the
sequence of observed data points yτm+1:m (we define ym+1:m = ∅), we can marginalize the predictive
posterior density as follows:

p(ym+1|y1:m) =
∑m+1

τm+1=1
p(ym+1|Yτm+1

) p(τm+1|y1:m) . (1)

We will now analyse the two factors on the right-hand-side of equation (1).

Predictive model. p(ym+1|Yτm+1
) denotes the predictive probability given the last changepoint

τm+1. By marginalising ym+1 over the hidden parameter θ, we can write

p(ym+1|Yτm+1
) =

∫
p(ym+1|Yτm+1

, θ) p(θ|Yτm+1
) dθ, (2)

where p(θ|Yτm+1
) denotes the posterior distribution of θ and we refer to p(ym+1|Yτm+1

, θ) as the
predictive likelihood.

In original BOCPD, the authors exploit conjugate priors for exponential families of probability
distributions to express the predictive density (2) in closed form. In section 2, we will generalize
BOCPD to non-exponential families of probability distributions by introducing Stein variational
Newton. This enables us to accurately approximate p(ym+1|Yτm+1

) for more complex model choices
that can better represent the data and their changepoints, while keeping the detection delay small.

Changepoint posterior. p(τm+1|y1:m) denotes the posterior probability of the changepoint indicator
τm+1. Using an approach analogous to [1], it is easy to show that the joint probability of τm+1 and
y1:m can be recursively expressed as

p(τm+1, y1:m)=
∑m

τm=1
p(ym|Yτm) p(τm+1|τm) p(τm, y1:m−1). (3)

Hence, the joint density on the left-hand-side of (3) can be evaluated by a forward message-passing
algorithm which stores the joint density evaluations at the previous iteration and updates them
accordingly. The posterior density can then be recovered by normalizing the joint density via
p(y1:m) =

∑m+1

τm+1=1 p(τm+1, y1:m). Note that, given τm, we can only have either τm+1 = τm if
ym+1 follows the same dynamics as ym, or τm+1 = m+1 ifm+1 is a changepoint. Then, we define
the changepoint prior density p(τm+1|τm) as being equal to eitherHm (if τm+1 = m+1) or 1−Hm

(if τm+1 = τm), where Hm can be interpreted as a hazard rate. Hence, whenever τm+1 6= m+ 1,
the sum over τm in (3) reduces to a single term with τm = τm+1.

2.2 Background on Stein variational Newton

Consider an intractable target density π on Rd that we wish to approximate via an empirical measure
or, equivalently, a collection of particles. Given a set of particles (θ(k))Nθk=1 characterizing an initial

3We adopt a formulation without the concept of run length, however the method is equivalent.
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reference density q0, we seek a transport map T : Rd → Rd such that T∗q0, the push-forward
map of q0 through T , is a close approximation of π.4 Such a map T is not unique: there exist an
infinite number of such maps that can serve the purpose [31]. In the following, we construct T as
a composition of simple maps Tl which are iteratively applied on reference densities ql such that
ql+1 = Tl∗ql. We define each Tl as a perturbation Ql of the identity map:

Tl(θ) = θ +Ql(θ) . (4)

When applied to the current reference density ql, equation (4) defines the push-forward measure
Tl∗ql as an update of ql itself along the direction Ql. The latter will be taken along a vector-valued
Reproducing Kernel Hilbert Space (RKHS)Hd ' H× · · · × H characterized by a kernel k(·, ·).

A variational approach. We define the functional

Q 7→ Jql [Q] := DKL((I +Q)∗ ql ||π) , (5)

with Q ∈ Hd. Jql [Q] measures the Kullback-Leibler (KL) divergenceDKL between the push-forward
map of ql, along the direction Q, and π. Thus, we want to find a map Ql such that Jql [Ql] < Jql [0],
where 0(θ) = 0 denotes the zero map. In other words, we are constructing a sequence of densities
q0, q1, q2, . . . that weakly converges to π (see [17] for convergence results).

It was shown in [18, 5] how to define a functional gradient∇Jql [0] and functional Hessian∇Jql [0] of
the map in (5), where 0 is the null map, which symbolize the evaluation of the variational information
at the current density ql. For details about the methodology we refer to [18, 5]. Here we report the
following theorem.

Theorem 1 With the notation above, we have

∇Jql [0](φ) = −Eθ∼ql [∇θ log π(θ)k(θ, φ) +∇θk(θ, φ)] , (6)

∇2Jql [0](φ, ψ) = Eθ∼ql [−∇2
θ log π(θ)k(θ, φ)k(θ, ψ) +∇θk(θ, φ)∇θk(θ, ψ)>] . (7)

Given the variational informations in (6) and (7), Ql is constructed via a Newton-type iteration (see
the supplementary material for details). The overall method is addressed as Stein variational Newton
(SVN) and a possible implementation is described in Algorithm 1.

2.3 A new method: BOCPD via SVN

Here we introduce a novel method: Stein variational online changepoint detection (SVOCD). This
algorithm generalizes BOCPD to non-exponential families of probability distributions. The (m+1)-th
iteration of SVOCD is described in Algorithm 2.3, which we break down into the following steps.

Changepoint posterior update (line 3). Given samples (θ
(k)
τm )Nθk=1 ∼ p(θ|Yτm) and the change-

point posterior p(τm|y1:m−1) from the previous iteration, this step aims to update the changepoint
posterior by the recurrent relation in (3) given the new observation ym. We observe that this involves
the evaluation of the posterior probability p(ym|Yτm), which is a not available explicitly for a non-
exponential family of probability distributions. However, because the samples (θ

(k)
τm )Nθk=1 are available

to us, we can simply estimate it by the Monte Carlo approach

p(ym|Yτm) ≈ 1

Nθ

∑Nθ

k=1
p(ym|Yτm , θ(k)

τm ) . (8)

Samples update (line 4). Next, we use SVN to generate samples (θ
(k)
τm+1)Nθk=1 ∼ p(θ|Yτm+1

). Note
that, given the changepoint τm+1, we can only have either τm+1 = m+1 in the case of a changepoint
or τm+1 = τm otherwise. In the case τm+1 = m + 1, the information set Yτm+1

contains no data
points and, as a consequence, the posterior distribution p(θ|Yτm+1

) corresponds to the prior p(θ). A
collection of samples (θ

(k)
τm+1)Nθk=1 can now simply be taken from this prior. In the case τm+1 = τm,

we have Yτm+1
= Yτm ∪ {ym} which means the following decomposition holds:

p(θ|Yτm+1
) ∝ p(ym|Yτm , θ) p(θ|Yτm) . (9)

4If T is an invertible map, the push-forward map is defined by T∗q(θ) = q(T−1(θ)) |det(∇θT (θ))|.
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The relation in (9) shows that we can recast p(θ|Yτm+1) as a sequential update of the previous
posterior p(θ|Yτm) through the information given by ym. The transport method of SVN very well fits
this framework: SVN can be initialized using the current particles (θ

(k)
τm )Nθk=1 ∼ p(θ|Yτm), which are

then adjusted to get (θ
(k)
τm+1)Nθk=1 ∼ p(θ|Yτm+1

). Since the initialization of the particles is optimal up
to the available information Yτm , the algorithm most likely needs only a few iterations to converge,
particularly if the amount of information that ym+1 adds to Yτm is small.

Data prediction (line 6). Given the updated changepoint posterior and particles, Algorithm 2 is a
standard valid mechanism [20] to produce samples (y(i))

Ny
i=1 from the predictive posterior density

p(y|y1:m). We can use these samples to work out a prediction for the next observation ym+1 and
statistics summarizing the distribution, for example left and right quantiles y` and yr in the case of
one-dimensional data.

Data classification (line 7). Finally, the data ym+1 is observed and immediately alerted as a
changepoint if it does not belong to the credible interval [y`, yr].

Remarks. We stress that the loops over
τm+1 can be executed in parallel. In par-
ticular, parallelizing the samples update step
is fundamental to massively speed up the al-
gorithm. Additional steps for pruning the
set of possible values of τm+1 or for opti-
mizing over the hyper-parameters could be
added [30, 33] to Algorithm 2.3, but this goes
beyond the scope of this paper.

3 Application
to Hawkes processes

In this section, we apply SVOCD to Hawkes
processes: common self-exciting point pro-
cesses that play a central role in analysing
time series in a range of applications such
as telecommunications, epidemiology, and
neuroscience. Though frequentist’s methods
have previously been developed [16, 24], this
is, to the best of our knowledge, the first
fully-Bayesian online treatment of detecting
changepoints in Hawkes processes.

Hawkes processes. Unlike standard inho-
mogeneous Poisson processes, the intensity
function of a self-exciting process directly de-
pends on the occurrence of past events, which
can "excite" the arrival of future events. In
a Hawkes process, the rate of arrivals bursts
whenever an event occurs, and decays over time. We denote the sequence (yk)k≥1 to be the arrival
times of the process. Given Yτm+1

, the rate of arrival of the next event ym+1 can be described by the
following conditional intensity:

λτm+1(t) := µ+ γ
∑

yk∈Yτm+1
yk<t

e−δ(t−yk) , (10)

where t > 0, µ > 0 is the baseline intensity rate, γ > 0 represents how much the intensity bursts
whenever an event occurs, and δ > 0 represents the decay rate of the intensity function. When no
event has arrived yet, a Hawkes process behaves like a homogeneous Poisson process with parameter
µ. We define θ := [µ, γ, δ]> as the 3-dimensional vector collecting all parameters. More general
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definitions of Hawkes processes could be considered (e.g. marked Hawkes processes, power decay
functions, ...) [27], but we restrict ourselves to the most common one.

Given that we observed the events in Yτm+1
within the time interval (yτm+1−1, ym], it can be shown

that the predictive likelihood function for the next event ym+1 is given by

p(ym+1|Yτm+1
, θ)=λτm+1

(ym+1) e−Λτm+1

(
(ym,ym+1]

)
, (11)

where ΛYτm+1
(I) :=

∫
I λYτm+1

(t) dt is known as a compensator, for some time interval I [25]. The
likelihood function can then be explicitly defined as

p(yτm+1:m|τm+1, θ) =
∏m

i=τm+1

λτm+1(yi) e
−Λτm+1

(Iτm+1
) , (12)

where Iτm+1
:= (yτm+1−1, ym]. In order to enforce positivity for each component of θ, we impose a

log-normal prior distribution, i.e. ln θ ∼ N (µ0, σ
2
0I), where µ0 and σ0 are hyper-parameters. Using

Bayes’ Theorem, we have

p(θ|Yτm+1) ∝ p(yτm+1:m|θ, τm+1) p(θ) . (13)

A choice for the Hessian. In order to apply SVOCD to Hawkes processes, a positive definite
approximation of the Hessian of the log-likelihood density,∇2

θ log p(yτm+1:m|τm+1, θ), is required.
We represent this approximation by the asymptotic Fisher information, shown [26] to be given by

HL,τm+1(θ) :=
∑

yi∈Yτm+1

∇θ log λτm+1
(yi)∇θ log λτm+1

(yi)
>. (14)

An approximation of the Hessian of the log-posterior density ∇2
θ log p(θ|Yτm+1

) can then be given
by

Hπ,τm+1
(θ) = σ2

0I +HL,τm+1
(θ) . (15)

We note that when calculating the gradient∇θ log p(θ|Yτm+1), each∇ log λYτm+1
(yi) in (14) needs

to be evaluated and hence the calculation of Hπ,τm+1
(θ) does not require additional operations.

Validation via SMC. To benchmark the performance of SVOCD, we will also employ BOCPD
using Sequential Monte Carlo (SMC) with adaptive systematic resampling [6] to update θ samples
(line 4, Algorithm 3). The importance density is taken as the Laplace approximation of the posterior,
i.e. a Gaussian centered at the MAP with covariance matrix the inverse of the Hessian evaluated at
the MAP. We do not aim to face the difficult task of a rigorous performance comparison, but rather
we introduce an alternative not requiring structural choices of proposal or approximating densities.

Application: WannaCry cyber attack. WannaCry caught world headlines in May 2017 by infect-
ing over 200,000 computers and causing damages worth at least in the hundreds of millions of dollars.
In this section, we consider the packet capture traffic logs of the WannaCry spread through three
computers in a test environment.5 The spread of the malware triggers a snowball effect of logs as
each computer gets infected. In order to capture this self-exciting phenomenon, we employ a Hawkes
process to model the log arrivals in time and perform online changepoint detection to efficiently
detect when the three computers become infected.

The data contains 207 time observations. The prior distribution for ln θ was deliberately chosen as
an uninformative Gaussian with parameters µ0 = 0 and σ2

0 = 10. As we look for sudden bursts of
activity, we construct a one-sided credible interval by taking yr as the 95th percentile and we signal
a changepoint m whenever ym > yr. The hazard rate in the changepoint prior and the number of
predictive samples were fixed at Hm = 100 and Ny = 100, respectively.

Figure 1 displays the results of both SVOCD as well as BOCPD in conjuction with SMC applied to the
WannaCry data. In the top figures, the blue line represents the observations; vertical jumps indicate
that no log events occur in that time interval, whereas horizontal regions indicate event arrivals
close together. The red line is the average of the predictive distribution, attempting to reconstruct
the data; the green shadowed area represents the credibility region up to the right 95th percentile
of the distribution; the vertical red lines are the detected changepoints. For the bottom figures we
reverted the axes so that the blue line represents a counting process which increases by 1 every time
an observation occurs.

5Data can be found here: https://www.malware-traffic-analysis.net/2017/05/18/index2.html.
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Figure 1: Hawkes model on WannaCry data. (left) BOCPD + SMC: several false positives are identified along
the three infections. (right) SVOCD: after burn-in, only three changepoints are detected corresponding to the
three infections. In the SVN algorithm, we used Nθ = 100 particles and only 30 iterations. For BOCPD + SMC,
1000 particles were used.

SVOCD BOCPD+SMC
False pos. rate 1.03 (0.91) 1.43 (0.99)
False neg. rate 0.37 (0.48) 0.60 (0.49)

SVN SMC
MSE at τ = 15 ∼ 3×10−2 ∼ 2×101

Table 1: Quantitative comparisons between SVOCD and BOCPD
+ SMC show lower false positive and false negative rates (mean
(std)) for SVOCD (30 iterations). The MSE (as defined in the
text) of SVN at an arbitrarily chosen timepoint is about 3 orders of
magnitude lower than that of SMC when using 500 particles.

We find that SVOCD takes some time
to adapt at the beginning of the time
series, which is to be expected as the
prior distribution is not yet properly
tuned to the data. However, the algo-
rithm quickly adapts and detects three
meaningful changepoints. Thus, apart
from the initial burn-in phase, all the
detected changepoints correspond to
drastic bursts in activity, i.e. to the in-
fections of the three computers, and
no false positives were detected. For BOCPD + SMC, the algorithm keeps detecting changepoints
without adapting to changes in data trends. Although these changepoints correspond to actual bursts
in activity, several false positives are detected along with the machine infections.

Figure 2: SVN shows a lower mean squared error com-
pared to SMC for lower Nθ .

Synthetic data. In order to provide a
more direct quantitative comparison, a synthetic
Hawkes trajectory of 60 events was constructed
with a changepoint every 10th event (see ap-
pendix C for details). We measure the trace
of the covariance matrix of the posterior via
MCMC, and then calculate its mean squared
error (MSE) via SVN and SMC (details in
appendix C). Figure 2 shows how the MSE
changes as a function of the number of particles
Nθ, at three different values of τ . As Nθ in-
creases, the error of SVN decreases much faster
than that of SMC. Even when using 104 particles for SMC, its error at τ = 15, 35 remains three orders
of magnitude larger compared to SVN with 500 particles. A video6 visualizing the changing posterior
contours over time confirms SVN’s superiority in tracking changes in complex non-Gaussian distribu-
tions: whereas SVN’s particles accurately define the posterior, the locations of SMC’s particles show
instabilities and jump between peaks in the distribution, failing to capturate it as a whole. Table 1
summarizes quantitative comparisons between the two methods, including false positive and negative
rates of changepoint detection, showing a better performance for SVOCD over BOCPD + SMC.

4 Application to long short-term memory neural networks

In this section, we adopt Bayesian long short-term memory (BLSTM, [14, 9, 32]) neural networks
as a predictive model. We note that although frequentist’s methods have been proposed to detect

6https://gfycat.com/blaringforthrightbullfrog
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changepoints in LSTM [12], this is, to the best of our knowledge, the first fully-Bayesian online
changepoint analysis for LSTM. To demonstrate the effectiveness of SVOCD, we also apply BOCPD
using a similar SMC method as in Section 3 to perform the parameter sampling step.

BLSTM. Here we describe our Bayesian approach to LSTM. For simplicity, we use a time series
of scalar data points ym ∈ R; our analysis can readily be extended to more general cases. Consider
Fyτ:m(θ) to be the output of the forward pass of a many-to-one LSTM, trained on data yτ :m and
evaluated at θ ∈ Rd. The latter contains all the unknown weights and biases in the architecture
of the network. If the training set of LSTM is empty, the network will output the bias of the last
layer. It will prove to be useful to also construct the corresponding many-to-many LSTM defined by
F τ :m = [F∅,Fyτ ,Fyτ:τ+1

. . . ,Fyτ:m ].

When τ = τm+1, the output of Fyτm+1:m
(θ) is considered a noisy prediction of the data point ym+1:

ym+1 = Fτm+1:m(θ) + σξ , (16)

where ξ ∼ N (0, 1) and σ > 0. Equation (16) is equivalent to defining the predictive likelihood

p(ym+1|Yτm+1 , θ) = N (Fτm+1:m(θ), σ2)(ym+1) , (17)

where the right-hand-side of (17) denotes a Gaussian density evaluated at ym+1 with mean
Fτm+1:m(θ) and variance σ2. From equation (17) and the relation between Fτm+1:m and F τm+1:m,
we find that the likelihood is given by

p(yτm+1:m|θ, τm+1)=N (Fτm+1:m(θ), σ
2I)(yτm+1:m) . (18)

Finally, we define a Gaussian prior p(θ) = N (µ0, σ
2
0I) and use Bayes’ theorem as in (13) to obtain

the posterior distribution.

Backprop and Fisher Information. Here we describe how to calculate the Fisher Information of
the log-likelihood, which will be used in the SVN algorithm. In deterministic LSTM, backpropagation
consists of a gradient descent step which runs backwards, from the last data point to the first. In a
Bayesian framework, this corresponds to calculating the gradient of the log-likelihood density:

∇ log p(yτm+1:m|θ, τm+1) =
1

σ2

∑m−1

i=τm+1−1
∇θFτm+1:i(θ)

>(Fτm+1:i(θ)− yi+1) . (19)

Given the Gaussian error assumption in (18), the Fisher Information of the likelihood is given by

HL,τm+1
(θ) :=

1

σ2

∑m−1

i=τm+1−1
∇θFτm+1:i(θ)

>∇θFτm+1:i(θ) . (20)

The Hessian Hπ,τm+1
of the log-posterior density can now be approximated as in (15).

BOCPD + SMCSVOCD

Figure 3: Changepoint detection on bitcoin data: (left) SVOCD with BLSTM model; (right) BOCPD + SMC
with BLSTM model. BODPC + SMC has more difficulty adapting to changes in trend. SVOCD and BOCPD +
SMC were simulated using Nθ = 30 and Nθ = 100 particles, respectively. 100 iterations were used.

Application: bitcoin price. Bitcoin is a cryptocurrency created in 2009 whose value has fluctuated
wildly in the last few years. We apply SVOCD and BOCPD + SMC with a BLSTM model to data
on bitcoin price evolution (Figure 2 in the supplement), with θ ∈ R64. We use a standard Gaussian
N (0, I) as a prior and a noise level σ = 0.1 in the likelihood. The hazard rate and the number of
predictive samples were fixed at Hm = 1000 and Ny = 100, respectively.
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Figure 3 shows that SVOCD starts to detect changepoints from December 2017 due to a large increase
in stock price. After the all-time peak, as the price starts to decrease steeply, another changepoint
is detected. Various others are found corresponding to large fluctuations in price. BOCPD + SMC
detects changepoints in similar locations, though the increased number of changepoints in the rising
phase indicates a difficulty in adapting to changes in trend. In addition, the predicted mean is rougher
and less accurate than the one produced by SVOCD, despite using more particles in the simulation.

5 Conclusion

In this work we introduced SVOCD, a fully-Bayesian method that combines BOCPD and SVN
to detect changepoints both online and accurately. We successfully applied SVOCD to novel and
challenging applications, namely Hawkes processes and LSTM neural networks on WannaCry and
Bitcoin real data sets, respectively. A quantitative comparison between SVN and SMC shows that
SVN, given its transport nature, is able to carry forward the current estimation of the posterior density
which leads to more accurate estimations compared to SMC, even when the number of particles used
for SMC is an order of magnitude higher. Further comparisons between SVOCD and BOCPD +
SMC, using synthetic data with known changepoints, showed that the former has lower false positive
and false negative rates. Because SVOCD samples from the correct posterior, it is able to quickly
adapt to changes in trends, to return informative changepoints and to avoid false positives.

6 Acknowledgements

This work was fully sponsored by G-Research. We thank the InfoSecurity division of G-Research for
their support. In particular, we would like to acknowledge David Thomas for facilitating the project
and Antoine Vianey-Liaud for setting up the WannaCry data set.

A Appendix: SVN for Bayesian LSTM

In this section, we validate the use of SVN on a Bayesian LSTM model in order to sample correctly
from a posterior distribution. In addition, we provide evidence that the prediction given by a Bayesian
LSTM is substantially better than the one using a corresponding regularized LSTM.

We use the following simple test case: the data is generated by a noisy sinusoidal signal:

yj = sin(j) + ξ ,

where j = 0, . . . , 50 are time indices and ξ ∼ N (0, 0.152) is Gaussian noise. We attempt to
reconstruct the data y1:50 and its uncertainty by using the Bayesian LSTM model described in
the paper. We set a Gaussian prior p(θ) = N (0, 1). We further assume a likelihood of the form
N (F1:49(θ), 0.32), where F1:49(θ) is the output of the forward pass of a many-to-many LSTM
trained on y1:49 and evaluated at parameters θ ∈ R64. In order to train the BLSTM model, we use
SVN with 30 particles initialized around the MAP of the distribution and run it for 100 iterations.

Figure 4 displays the results of our simulation. The blue line is the real data. The red line is the
average of the particles representing our prediction. The green shaded area represents a 95% credible
interval around the mean. We can see how the red prediction captures the sinusoidal motion of the
signal, while the uncertainty of the signal is well represented by the green area. In contrast, the
dashed magenta line is the mode of the distribution, i.e. the estimator that would be returned by a
deterministic regularized LSTM. We can see very clearly that the mode of the distribution overweights
the importance of the last observations: at every stage the magenta line almost exactly replicates the
previous observation.

In conclusion, we find that: i) SVN is able to correctly represent the posterior distribution, and ii)
a Bayesian framework is superior to a deterministic one: it allows us to calculate the average of
the posterior distribution, leading to much better predictions compared to using the mode found by
deterministic models.
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Figure 4: BLSTM trained with SVN on sinusoidal signal

B Appendix: Bitcoin price changepoint detection

Figure 5 shows the weekly rolling-averaged data of the evolution of bitcoin price from the beginning
of 2016 to the 13th of December 2018. Price started at 998$ in 2017 and rose to 13, 412.44$ on the
1st of January 2018, with an all-time peak of 19, 666$ on the 17th of December 2017. From that
point on, the price fluctuated downwards up to 3, 690$ at the end of 2018, about 81% down from the
all-time peak.

Figure 3 shows the results of SVOCD in the region where the price dynamics reaches its all-time
peak and then suddenly drops (outside this region, predictions are very stable and no changepoints
are detected).
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Figure 5: Bitcoin price evolution in US dollars.

C Appendix: Synthetic data comparison

We constructed 60 data points y1:60 where each of these observations is generated by a Hawkes process
driven by a parameter θ = [µ, γ, δ] ∈ R3. A changepoint is inserted after every 10th observation, i.e.
changepoints occur at τ = 10, 20, . . . , 60. Between these changepoints, the generating parameter θ
alternates between two states, namely θ1 = [−1,−2, 1] and θ2 = [2, 4, 0].

We set a standard Gaussian prior and a Hawkes process likelihood (12). The goal is to sequentially
retrieve samples from the posteriors p(θ|Yτm+1

), for m = 0, 1, . . . , 59. We do this via both SVN and
SMC (N = 500 particles) and compare their performance. Figure 6 shows snapshots of the video7

we made to visualize the performance of SVN and SMC on sequentially tracking the changes of the
posterior over time. From these snapshots, we clearly see that SMC fails to accurately describe the
posterior density when the geometry of the density is highly non-Gaussian.

7https://gfycat.com/blaringforthrightbullfrog
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A)

B)

Figure 6: SVN more accurately estimates the posterior density. We visualize the changing
posterior contours, as well as the particle positions of SVN and SMC, at time points A) τ = 16
and B) τ = 17. While SVN’s particles accurately describe the posterior, SMC’s particles tend to
jump from one peak to another without properly describing the entire distribution. These plots were
generated using the synthetic data as described above.

In order to produce Figure 2, the same synthetic data was used. First, at each time step, we
measure the trace of the covariance matrix of the posterior distribution calculated via a ran-
dom walk MCMC with 5 × 105 steps. We then also retrieve posterior samples via SVN and
SMC for a range of values of N (N = 10, 30, 50, 100, 300, 500, 1000 for SVN and N =
10, 30, 50, 100, 300, 500, 1000, 5000, 10000 for SMC). For each value of N , 30 runs are performed
to measure the mean and variance of the mean squared error (MSE), calculated as the mean squared
difference between the traces of the covariance matrix via the random walk and via SVN or SMC. In
Figure 2, we can clearly see a better convergence for SVN compared to SMC, confirming the better
performance of SVN as observed in the video.

Furthermore, on the same synthetic data, we perform 30 runs of both SVOCD and BOCPD + SMC to
measure mean and standard deviation of false positive and false negative changepoint rates for both

11



methods. Table 1 shows that, as expected from the better convergence results discussed previously,
SVOCD achieves smaller means for both false positive and false negative rates.
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HINT: Hierarchical Invertible Neural Transport
for Density Estimation and Bayesian Inference

Jakob Kruse * 1 Gianluca Detommaso * 2 Robert Scheichl 1 Ullrich Köthe 1

Abstract

A large proportion of recent invertible neural ar-
chitectures is based on a coupling block design. It
operates by dividing incoming variables into two
sub-spaces, one of which parameterizes an easily
invertible (usually affine) transformation that is
applied to the other. While the Jacobian of such
a transformation is triangular, it is very sparse
and thus may lack expressiveness. This work
presents a simple remedy by noting that (affine)
coupling can be repeated recursively within the
resulting sub-spaces, leading to an efficiently in-
vertible block with dense triangular Jacobian. By
formulating our recursive coupling scheme via a
hierarchical architecture, HINT allows sampling
from a joint distribution p(y,x) and the corre-
sponding posterior p(x |y) using a single invert-
ible network. We demonstrate the power of our
method for density estimation and Bayesian infer-
ence on a novel data set of 2D shapes in Fourier
parameterization, which enables consistent visual-
ization of samples for different dimensionalities.

1. Introduction
Invertible neural networks based on the normalizing flow
principle have recently gained increasing attention for gen-
erative modeling tasks. Arguably the most popular group of
such networks are those built on the coupling block design.
Their success is due to a number of useful properties setting
them apart from other generative approaches:

(a) they offer tractable likelihood computation for any sam-
ple or data point, (b) training via the maximum likelihood
criterion is generally very stable, (c) their interpretable
and easily accessible latent space opens up possibilities
for e.g. style transfer and (d) the same trained model can be

*Equal contribution 1Heidelberg University, Germany
2University of Bath, United Kingdom. Correspondence to: Jakob
Kruse <jakob.kruse@iwr.uni-heidelberg.de>.

Preprint, under review. Code for data preparation and experiments:
https://github.com/VLL-HD/HINT
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Figure 1. Sparse triangular Jacobian of a single coupling (left) and
dense triangular Jacobian of hierarchical coupling block (right).
Gray marks populated areas of the matrix, the remainder is empty.

used for efficient data generation as well as efficient density
estimation.

While autoregressive models can also be trained as normaliz-
ing flows and share the former two properties, they sacrifice
efficient invertibility for expressive power and thus lose the
latter two properties. In contrast, the expressive power of
a single invertible block is a core limitation of invertible
networks, leading to impractically deep models with dozen
or hundreds of blocks, as is exemplified by the GLOW archi-
tecture of Kingma & Dhariwal (2018). While invertibility
actually allows to backpropagate through very deep net-
works with minimal memory footprint (Gomez et al., 2017),
the search for more expressive invertible building blocks
remains an important question.

The superior performance of autoregressive approaches such
as (Van den Oord et al., 2016a) stems from the fact that
they model a larger range of interactions between variables,
as reflected in the dense triangular Jacobian matrix of the
mapping they represent. From the theory of transport maps
we know that certain guarantees of universality exist for
triangular maps. These do not hold for the standard coupling
block design, which has a comparatively sparse Jacobian as
shown in figure 1 (left).

In this work we propose an extension to the coupling block
design that recursively fills out the previously unused por-
tions of the Jacobian until we obtain a dense triangular map
(figure 1, right), or any intermediate design if we choose to
stop early. The advantages of the original coupling block
architecture are retained in the process.
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HINT: Hierarchical Invertible Neural Transport for Density Estimation and Bayesian Inference

We furthermore show that the recursive structure of this
mapping can be used to split the variables of interest into
two subsets x and y, such that the transformation of x is
modeled conditionally on y. This property can be exploited
for a new sampling scheme, where a single normalizing
flow model efficiently generates samples from both the joint
distribution p(x,y) and the conditional p(x |y) of the fac-
torized variables.

Finally, we introduce a new family of data sets based on 2d
Fourier curve parameterizations. In the normalizing flow
literature, there is an abundance of two-dimensional toy
densities that provide an easy visual check for correctness
of the model’s output. Beyond two dimensions however, it
is challenging to visualize the distribution or even individual
samples produced by a model. Image data sets solve this
problem, but are quickly of high enough dimensionality
that it becomes infeasible to evaluate statistical baselines
like Approximate Bayesian Computation (ABC) to compare
against.

A step towards visualizable data sets of intermediate size has
been made in (Kruse et al., 2019), but their four-dimensional
problems are still two simple to demonstrate the advantages
of the recursive coupling approach described above. To fill
the gap, we describe a way to generate data sets of arbitrary
dimensionality such that each data point parameterizes a
closed curve in 2d space which is easy to visualize. With
more data dimensions, i.e. more degrees of freedom, distri-
butions of more detailed curves can be represented.

To summarize, the contributions of this paper to the field of
normalizing flow research are as follows:

• A simple, efficiently invertible flow module with dense
lower triangular Jacobian

• A hierarchical coupling architecture that models joint
and conditional distributions simultaneously

• A novel family of data sets allowing 2d visualization
for a flexible number of dimensions

The remainder of this work is consists of a literature review
(section 2), some mathematical background (section 3), a
description of our method (section 4) and numerical ex-
periments (section 5), followed by some closing remarks
(section 6).

2. Related Work
Normalizing flows were popularized in the context of deep
learning chiefly by the work of Rezende & Mohamed (2015)
and Dinh et al. (2015). At present, a large variety of different
architectures exist to realize normalizing flows in practice. A
comprehensive overview of many of these, as well as general

background on invertible neural networks and normalizing
flows, can be found in Kobyzev et al. (2019) and in the
simultaneous work of Papamakarios et al. (2019).

Many existing networks fall into one of two groups, namely
coupling block architectures and autoregressive models.
First additive and then affine coupling blocks were intro-
duced by Dinh et al. (2015; 2017). Kingma & Dhariwal
(2018), besides demonstrating the power of flow networks
as generators, went on to generalize the permutation of
variables between blocks by learning the corresponding ma-
trices. There have been a number of works that focus on
improving on the limiting nature of the affine transformation
at the core of most coupling block networks. E.g. Durkan
et al. (2019) replace affine couplings with more expressive
monotonous splines, albeit at the cost of evaluation speed.

On the other hand, there is a rich body of research into
autoregressive (flow) networks for various purposes, rang-
ing from Van den Oord et al. (2016b;a) over Kingma et al.
(2016) and Papamakarios et al. (2017) to Huang et al. (2018).
More recently, Jaini et al. (2019) applied second-order poly-
nomials to improve expressive power compared to typical
autoregressive models, and proved that their model is a
universal density approximator. While such models are
known for excellent density estimation results compared to
coupling architectures (Ma et al., 2019; Liao et al., 2019),
generating samples is often not a priority and can be pro-
hibitively slow.

Outside of these two subfields, there are other approaches
towards a favorable trade-off between expressive power and
efficient invertibility.

Residual Flows (Behrmann et al., 2019; Chen et al., 2019)
impose Lipschitz constraints on a standard residual block,
which guarantees invertibility with a full Jacobian and en-
ables approximate maximum likelihood training but requires
an iterative procedure for sampling. Similarly, Song et al.
(2019) use lower triangular weight matrices which can be
inverted via fixed-point iteration. The normalizing flow prin-
ciple is formulated continuously as a differential equation
by Grathwohl et al. (2019), which allows free-form Jaco-
bians but requires integrating an ODE for each network pass.
Karami et al. (2019) introduce another method with dense
Jacobian based on invertible convolutions performed in the
Fourier domain.

In terms of modeling conditional densities with invertible
neural networks, Ardizzone et al. (2019a) proposed an ap-
proach that divides the network output into conditioning
variables and latent vector, training the flow part with an
MMD (Gretton et al., 2012) objective instead of maximum
likelihood. Later Ardizzone et al. (2019b) introduced a sim-
ple conditional coupling block from which a conditional
normalizing flow can be constructed.
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3. Background
For an input vector x ∈ RN , the function defined by a
standard invertible coupling block is

fC(x) =

[
x1

C
(
x2 |x1

)
]

(1)

with x1 = x0:bN/2c and x2 = xbN/2c:N being the first and
second half of the input vector and C(x2 |x1) an easily
invertible transform of x2 conditioned on x1. Its inverse is
then simply given as

f91C (x) =

[
x1

C91(x2 |x1

)
]
. (2)

In the case of an affine coupling block (Dinh et al., 2017),
C takes the form C(u |v) = u� exp

(
s(v)

)
+ t(v) with s

and t unconstrained feed-forward networks. The logarithm
of this block’s Jacobian determinant can be computed very
efficiently as

log
∣∣detJfC(x)

∣∣ = log

∣∣∣∣det
∂fC(x)

∂x

∣∣∣∣ =
∑

s(x1) . (3)

To ensure that all entries of x are transformed, and inter-
act with each other in different combinations, they con-
struct a pipeline that alternates between coupling blocks and
random orthogonal matrices Q, where fQ(x) = Qx can
trivially be inverted as f91Q (x) = Q>x and has Jacobian
log-determinant log

∣∣detJfQ(x)
∣∣ = 0.

3.1. Normalizing flows and transport maps

To create a normalizing flow, this pipeline T = fC1 ◦ fQ1 ◦
fC2 ◦ fQ2 ◦ . . . is trained via maximum likelihood loss

L(x) = 1
2‖T (x)‖22 − log |JT (x)| (4)

to transport the data distribution pX(x) to a standard normal
latent distribution pZ(z) = N (0, I).

We can draw samples from pX(x) via T by drawing latent
samples z from pZ(z) and passing them through the inverse
model: x = T 91(z). Using the change-of-variables formula,
we can also evaluate the density pX(x) of a given data point
x as pX(x) = pZ(T (x)) · |detJT (x)|.
This procedure is founded on the theory of transport maps
(Villani, 2008), which are employed in exactly the same
way to push a reference density (e.g. Gaussian) to a target
density (e.g. data distribution, Marzouk et al. (2016)).

The objective in equation (4) is in fact the KL divergence
between the data distribution pX(x) and the pull-back T 91

#

of the latent density pZ(z), with H(pX) the unknown fixed

entropy of the data distribution:

DKL(pX ‖T 91
# pZ) =

∫
pX(x) log

pX(x)

T 91
# pZ(x)

dx

= −
∫
pX(x) log

(
pZ(T (x))JT (x)

)
dx+H(pX)

= Ex∼pX [L(x)] + const..

Note also that each pair fCi ◦ fQi in T is a composition of
an orthogonal transformation and a triangular map, where
the latter is better known in the field of transport maps as a
Knothe-Rosenblatt rearrangement (Marzouk et al., 2016).
This factorization can be seen as a non-linear generaliza-
tion of the classic QR decomposition (Stoer & Bulirsch,
2013). Whereas the triangular part encodes the possibility
to represent non-linear transformations, the orthogonal part
reshuffles variables to foster dependence of each part of the
input to the final output, thereby drastically increasing the
representational power of the map T .

3.2. Bayesian inference with conditional flows

When a data set does not just represent a distribution of data
points x, but consists of tuples (x,y), the labels/features/ob-
servations y don’t have a clear place in the normalizing flow
framework described above. It is of course possible to just
concatenate x and y into a single vector and let the trans-
port T ([x,y]>) model their joint distribution. But in many
cases the paired data stems from a known (probabilistic)
forward process x → y and what we are interested in is
the inverse process, in particular evaluating and sampling
from the conditional density p(x |y). This task is called
Bayesian inference.

Ardizzone et al. (2019b) and Winkler et al. (2019) indepen-
dently introduced conditional coupling blocks that allow an
entire normalizing flow to be conditioned on external vari-
ables. By conditioning the transport T between pX(x) and
pZ(z) on the corresponding values of y as z = T (x |y), its
inverse T 91(z |y) can be used to turn the latent distribution
pZ(z) into an approximation of the posterior p(x |y). A
similar idea can be found in Marzouk et al. (2016).

The maximum likelihood objective from equation (4) is
readily adjusted to the conditional setting as

L(x,y) = 1
2‖T (x |y)‖22 − log |JT (x |y)| , (5)

where the Jacobian is w.r.t. x, i.e. JT (x |y) = ∇xT (x |y).
This is equivalent to minimizing the KL divergence between
pX,Y (x,y) and the pull-back of a standard normal distribu-
tion through the inverse of T :

DKL(pX,Y ‖T ( · |Y )91# pZ)

= Ex,y∼pX,Y
[L(x,y)] +H(pX,Y ).
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Figure 2. Recursive affine coupling blocks. In each case, the inner functions fR(xi) again take the form of the outer gray block, repeated
until the vectors xi can not be split any further. Each block in itself has triangular Jacobian. Placement of the orthogonal permutation
matrix Q determines how the Jacobian JT of a composition T of many blocks is populated. Left: No permutation means T is a strict
Knothe-Rosenblatt rearrangement. Middle: Permutation in the lower branch only induces a recursive conditional structure where variables
in the lower branches can never influence variables in the upper branches. Right: Permutation between coupling blocks yields a map with
full Jacobian. Expressive power of the map increases from left to right while interpretability decreases.

4. Method
We will now extend the basic coupling block architecture
described above in two ways.

4.1. The recursive coupling block

As visualized in figure 1 (left), the Jacobian Jf of a simple
coupling block is very sparse, i.e. many possible interac-
tions between variables are not modelled. However the effi-
cient determinant computation in equation (3) works for any
lower triangular Jf , and indeed Theorem 1 of Hyvärinen &
Pajunen (1999) states that a single triangular transformation
can, in theory, already represent arbitrary distributions.

To make use of this potential and fill the empty areas below
the diagonal in JfC , we propose a recursive coupling scheme

fR(x) =





fC(x), if x ∈ RN≤3[
fR(x1)

C
(
fR
(
x2

) ∣∣x1

)
]
, otherwise

(6)

where each sub-space x1,x2 is again split and transformed
until we end up with single dimensions (or stop early). Note
that each sub-coupling has its own – e.g. affine – coupling
function C with independent parameters. The inverse trans-
form is

f91R (x) =





f91C (x), if x ∈ RN≤3[
f91R (x1)

f91R

(
C91 (x2

∣∣ f91R (x1)
))
]
, otherwise

(7)

This procedure leads to the dense lower triangular Jacobian
visualized in figure 1 (right), the log-determinant of which is
simply the sum of the log-determinants of all sub-couplings
C. If N is a power of two and hence the dimensions of all
splits work out, fR becomes a full Knothe-Rosenblatt map.

Having defined the recursive coupling block, we find that
the way we integrate it with the permutation matrix Q has
a profound effect on the type of transport T we get when
compositing many blocks.

If we omit the permutations entirely, the composition of
lower triangular maps gives us another dense lower triangu-
lar map (figure 2, left) and thus, in fact, an autoregressive
model.

Placing a permutation matrix at the beginning of the lower
branch in each recursive split (figure 2, middle) interest-
ingly produces a conditional structure: The sub-transport
performed by the lower branch at each level is informed by
the upper branch, but has no influence on the latter itself. Be-
cause variables never get permuted between the outermost
branches, we end up with a lower “lane” that performs a
transport conditioned on intermediate representations from
the upper lane. The Jacobian of T in this case exhibits a
block triangular structure.

Finally, if we simply apply a permutation over all variables
outside of each recursive block (figure 2, right), we end
up with a transport T with full Jacobian and, presumably,
the greatest expressive power among the options considered
here.

4.2. Hierarchical Invertible Neural Transport

While the recursive coupling block defined above is moti-
vated by the search for a more expressive architecture, we
have seen that its structure also lends itself well to a hier-
archical treatment where splits of the variables at different
levels carry different meaning.

Specifically, in a setting with paired data (xi,yi), we can
provide both variables as input to the flow and use the top
level split to transform them separately at the next recursion
level. To this end we take inspiration from figure 2 (middle)
to design a hierarchical affine coupling block. Instead of
relying on the recursive permutation structure implied there,
however, we only apply a single permutation Qy and Qx to
each respective lane at the beginning of the block. This pre-
serves the hierarchical setup while letting variables within
each lane interact more freely and saving on expensive ten-
sor operations.

Figure 3 shows a hierarchical affine coupling block of this
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y Qy

� +

fR,y(y)sy ty

x Qx

� +

� + fR,x(x |y)sx tx

s t

Figure 3. Hierarchical affine coupling block with one level of re-
cursion. Note how the transformation in the x-lane is influenced
by y, but not vice-versa, imposing a hierarchy on variables.

type, with one level of recursion for simplicity. A normaliz-
ing flow model constructed in this way performs hierarchi-
cal invertible neural transport, or HINT for short.

The output of a HINT model is a latent code with two
components, z = [zy, zx]

> = T (y,x), but the training
objective stays the same as in equation (4):

L(y,x) = 1
2‖T (y,x)‖22 − log |JT (y,x)| (8)

As with a standard normalizing flow, the joint density of
input variables is the pull-back of the latent density via T :

pT (y,x) = T 91
# pZ(z) = T 91

# N (0, I|y|+|x|). (9)

But because the y-lane in HINT can be evaluated indepen-
dently of the x-lane, we can determine the partial latent
code zy for a given y and hold it fixed, while drawing zx
from the x-part of the latent distribution. Doing so yields
samples from the conditional density

pT (x |y) = T 91
#

[
Ty(y)
N (0, I|x|)

]
. (10)

This means HINT gives access to both the joint and the
conditional density of the two variables x and y.

5. Experiments
All experiments were carried out on an artificial data set of
2d shapes that allows visualizing samples regardless of the
chosen data dimensionality. All flow models were trained
on a single NVIDIA GeForce RTX 2080 Ti.

5.1. Fourier shapes data set

A curve f(t) ∈ R2 parameterized by 2M+1 complex 2d
Fourier coefficients am ∈ C2 can be traced as

f(t) =
M∑

m=−M
am · e2π·i·m·t (11)

Figure 4. Left: A 2d polygon obtained from the segmentation of a
natural image. Middle: The vertices pn of the polygon, which are
the basis for computing the Fourier coefficients in equation (12).
Right: Tracing the parameterized 2d curve f(t) according to equa-
tion (11) for different numbers M of Fourier terms am.

with parameter t running from 0 to 1. This parameterization
will always yield a closed, possibly self-intersecting curve
(McGarva & Mullineux, 1993).

Vice-versa, given a sequence of N 2d points pn ∈ R2 we
can calculate the Fourier coefficients of a curve approximat-
ing this sequence as

am =
1

N

N−1∑

n=0

pn · e−2π·i·m·n/N for m ∈ [−M,M ] (12)

When we increase the limitM , higher order terms are added
to the parameterization in equation (11) and the shape can
be approximated in greater detail. An example of this effect
for a natural shape is shown in figure 4 (right). Note that the
actual dimensionality of the parameterization in our data set
is |x| = 4 · (2M + 1), as each complex 2d coefficient am
needs four real numbers to represent it.

In this paper we perform experiments on two specific Fourier
shapes data sets. The first one uses M = 2, i.e. |x| = 20,
and we choose the prior to be an arbitrary Gaussian mixture
model with five components. Figure 5 (left) shows a large
sample from this shape prior and four single representatives.
Note that these shapes carry little geometric meaning, often
self-intersect and are best understood as a way to visualize
samples x ∈ R20 in two dimensions.

The second one uses M = 12, i.e. |x| = 100, to represent
a distribution of simple shapes that are generated geometri-
cally by crossing two bars of randomized length and width
at a right angle. This results in a variation of X, L and T
shapes, some of which are shown in figure 5 (right).

In both instances, our training set has 106 samples and the
test set has 105 samples.

5.2. Forward process

Our forward operator in the Bayesian inference task returns
three simple features of the 2d shape parameterized by x.
We determine the largest diameter as dmax and the total
width of the shape orthogonal to this direction as dmin. The
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Figure 5. Left: Large batch and individual samples drawn from the prior of the Gaussian mixture data set. Right: The same for the
geometrical shapes data set. Red lines behind the individual Fourier curves show the original shapes they approximate.

Figure 6. Samples from standard coupling block networks (top row) and recursive coupling block networks (bottom row), trained on the
two data sets presented in figure 5. Each network has four blocks and either 105 (left) or 2 · 106 (right) parameters. For the geometrical
shapes it is clearly visible that recursive blocks better capture the details of the data distribution.

Table 1. Comparison of normal and recursive coupling for sam-
pling and density estimation on Gaussian mixture prior. MMD
(Gretton et al., 2012) compares the model’s sample distribution to
test data, bits/dim is the log-likelihood of test data under the model.
Mean and standard deviation from five independent training runs.

BLOCK TYPE # MMD ↓ BITS/DIM ↑
NORMAL 1 0.0936± 0.0038 0.8380± 0.0582
NORMAL 2 0.0034± 0.0010 1.5106± 0.0062

RECURSIVE 1 0.0345± 0.0004 1.4195± 0.0007
RECURSIVE 2 0.0016± 0.0001 1.5288± 0.0012

angle α of the former is one feature, the aspect ratio a =
dmin
dmax

another. The third feature is circularity, defined as
c = 4π·area

perimeter2 .

For ambiguity we add some noise σ ∼ N (0, 1
20I) to these

three values to obtain our vector y.

5.3. Density estimation

On the Gaussian mixture data set, we trained a single-block
and a two-block network for density estimation, once with
standard coupling blocks and once with our recursive de-
sign. Each internal sub-network s and t consist of three
fully connected layers. Sub-networks further down in the
recursion use progressively fewer parameters, and all four
normalizing flows are scaled to have a total of 105 trainable
parameters.

For these and all following experiments, we trained each
network for 50 epochs with Adam and a learning rate decay-
ing exponentially from 10−2 to 10−4. With a small amount

of weight regularization and clamping gradients to [−5, 5],
we observed very stable training for all networks.

Qualitative samples from these models are shown in figure 6
(left), with the left-most panel being an empirical estimate of
the prior pX(x). Quantitative results can be found in table 1.
We compare across several training runs per model in terms
of maximum mean discrepancy (Gretton et al., 2012) and
bits per dimension.

The former measures the dissimilarity of two distributions
using only samples from both. Following Ardizzone et al.
(2019a), we use MMD with an inverse multi-quadratic ker-
nel and average the results from 100 batches from the data
prior and from each trained model.

Bits per dimension are a representation of the log-likelihood
of the test data under a model, calculated as

bits/dimT (x) = −
1
2‖T (x)‖22 − log |JT (x)|

|x| · ln 2 .

For both metrics, we see that a single standard coupling
block performs very badly, which is unsurprising since it
leaves half the variables untouched. A single recursive cou-
pling block on the other hand is reasonably successful and
achieves bits/dimension almost on par with a two standard
coupling blocks. Out of the tested arrangements, a recursive
two-block network performs the best.

We also trained networks with standard and recursive cou-
pling blocks on the larger geometrical shape data set, where
we afforded each network a total of 2·106 parameters spread
over four coupling blocks. Qualitative samples from these
models are shown in figure 6 (right), with those from the
normal coupling network in the top row and those from the
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Table 2. Comparison of normal (conditional) and hierarchical cou-
pling for Bayesian inference on Gaussian mixture prior. Columns
as in table 1. Mean and standard deviation over three training runs.

BLOCK TYPE # MMD ↓ BITS/DIM ↑
NORMAL 1 0.3718± 0.0011 0.9663± 0.0073
NORMAL 2 0.1263± 0.0332 1.7072± 0.0276
NORMAL 4 0.0273± 0.0038 1.7868± 0.0094
NORMAL 8 0.0158± 0.0018 1.7939± 0.0070

HINT 1 0.0358± 0.0009 1.6465± 0.0004
HINT 2 0.2028± 0.0460 1.6695± 0.0012
HINT 4 0.0588± 0.0542 1.7553± 0.0162
HINT 8 0.0241± 0.0003 1.7379± 0.0129

recursive network in the bottom row.

While it is difficult to judge how well the entire distribution
of shapes matches the prior (see figure 5, (right)), it is very
clear that the network based on recursive coupling blocks
produces individual samples that are more faithful to the
data set.

5.4. Bayesian inference

For the Bayesian inference task on the Gaussian mixture
data set, we trained a range of conditional flow models and
HINT models with the following properties:

• with 1 block and 2 · 105 trainable parameters

• with 2 blocks and 2 · 105 trainable parameters

• with 4 blocks and 4 · 105 trainable parameters

• with 8 blocks and 4 · 105 trainable parameters

We train multiple instances of each model as described
above and again evaluate in terms of MMD and bits per
dimension.

In this case however the MMD comparison is not with sam-
ples from the prior pX(x), but with samples from an esti-
mate of the posterior p(x |y)) for 103 values of y obtained
via the prior and forward process. We create these esti-
mated ground truth posterior samples via quantitative ap-
proximate Bayesian computation as explained in Ardizzone
et al. (2019a).

The bits per dimension measure also requires extra attention
in this setting, since we have to compute the log-likelihood
of only the x-lane of our HINT models. Fortunately, this is
easily done by excluding the contributions from the y-lane
when adding up the log-determinants of the Jacobians in
each sub-coupling.

The quantitative results of these experiments are summa-
rized in table 2, where we can see that the standard coupling

model with eight blocks achieves the best score. As in the
unconditional case, however, the recursive design vastly
outperforms the standard one when only a single block is
compared.

Qualitative results are presented in figure 7. Each individual
sample has a red bounding box that displays its true aspect
ratio and angle of greatest diameter, and a green box display-
ing the conditioning target y. The jagged rings around the
samples are chosen to have the exact circularity measured
from the sample (red) or required by y (green), respectively.
Visually, we find both approaches to be on equal footing.

In figure 8, we also show qualitative results from models
with four and eight blocks and 4 · 106 parameters each
trained on the geometrical shape data set. Adherence to the
condition is visualized just like in figure 7.

As in the unconditional case, it is clear that the Fourier
coefficients produced by the HINT models parameterize
shapes that are much closer to those in the data set. Both
conditional coupling block models have trouble recovering
the rectangular nature of the shapes. While all four models
stay true to the circularity they are conditioned on, they
all struggle to place the greatest diameter of the shapes at
the required angle. The HINT models appear slightly more
faithful to the aspect ratio even when the rotation is off.

5.5. Proof of Concept: Automatic Posterior
Transformation using HINT

In the following, we use HINT to implement the Auto-
matic Posterior Transformation (APT) algorithm proposed
by Greenberg et al. (2019), and compare the implemen-
tation to a standard coupling block INN. In short, given
some observations, APT estimates the posterior of unob-
served variables. The posterior is then used as a prior for
the next step, and subsequently updated by newly arriving
observations. This can be repeated many times. To prevent
errors from accumulating over many timesteps, the density
models have to be very accurate, making this an interesting
application for HINT.

As a task, we use the general predator-prey model, also
termed competitive Lotka-Volterra equations, which typi-
cally describes the interaction of d species in a biological
system over time:

∂

∂t
xi = βixi


1−

d∑

j=1

αijxj


 (13)

The undisturbed growth rate of species i is given by βi
(can be < or > 0, growing or shrinking naturally), and is
further affected by the other species in a positive way (αij >
0, predator), or in a negative way (αij < 0, prey). The
solutions to this system of equations can not be expressed
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Figure 7. Samples from conditional flow (left) and HINT (right) with 4 (top) and 8 blocks (bottom) trained on Gaussian mixture data.

Figure 8. Samples from conditional flow (left) and HINT (right) with 4 (top) and 8 blocks (bottom) trained on geometrical shape data.

analytically, which makes their prediction a challenging task.
Additionally, we make the process stochastic, by adding
random noise at each time step. Therefore, at each time
step, noisy measurements of x1, x2, x3 are observed, with
the task to predict the remaining population x4, given the
current and past observations. The exact parameters of the
data model are found in appendix section C.

We compare this to an implementation using a standard cou-
pling block INN with the training procedure proposed by
Ardizzone et al. (2019a). The results for a single example
time-series are shown in figure 9. We find that the standard
INN does not make meaningful predictions in the short- or
mid-term, only correctly predicting the final dying off of
population x4. HINT on the other hand is able to correctly
model the entire sequence. Importantly, the modeled poste-
rior distribution at each step correctly contracts over time, as
more measurements are accumulated. Experimental details
are found in appendix section C.

6. Conclusion
In this work, we presented HINT, a new architecture with
the primary use as a normalizing flow. It improves on the
traditional coupling block design in terms of expressive
power by making the Jacobian densly triangular. Hereby,
HINT keeps the advantages of interpretable latent space and
equally efficient sampling and density estimation, which are
typically not present in other models with densely triangular
Jacobians, specifically autoregressive flows. To evaluate
the model, we present a new data set based on Fourier de-
compositions of 2D shapes, which can be easily visualized
while still posing a reasonable level of challenge to compare
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Figure 9. Contracting posterior for sequential Lotka-Volterra.

different methods. In terms of future improvements, we
expect that our formulation can be made even more compu-
tationally efficient through the use of masking operations
enabling more advanced parallelization.
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– Appendix –

A. Details on Gaussian mixture data set
The prior for our smaller data set instance is a Gaussian
mixture model with five components in 20 dimensions. The
parameters µ and σ for this distribution can be generated
with the following Python snippet:

1 rng = np.random.RandomState(seed=123)
2 coeffs_shape = (2,5,2)
3 n_components = 5
4 component_weights = (.5 + rng.rand(n_components))
5 component_weights /= np.sum(component_weights)
6 mus = [.5 * rng.randn(*coeffs_shape)
7 f o r i in range(n_components)]
8 sigmas = [.1 + .2 * rng.rand(*coeffs_shape)
9 f o r i in range(n_components)]

B. Details on geometrical shape data set
The shapes for the larger data set instance are generated
by taking the union of two oblong rectangles crossing each
other at a right angle. For both rectangles, the longer side
length is drawn uniformly from [ 3, 5 ] and the other from
[ 1
2 , 2 ]. We shift both rectangles along their longer side by a

uniformly random amount from [− 3
2 ,

3
2 ].

Then we form the union and insert equally spaced points
along the resulting polygon’s sides such that no line segment
is longer than 1

5 . This is necessary to obtain point sequences
which are approximated more faithfully by Fourier curves.

Finally, we center the shape at the origin, rotate it by a
random angle and shift it in either direction by a distance
drawn from N (0, 12 ).

Python code for creating both data set variants can be found
under https://github.com/VLL-HD/HINT.
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Figure 10. Population development in competitive Lotka-Volterra
model. x1, x2 and x3 are only acessible via noisy measurements
(small crosses), the colored bands show the standard deviation of
this noise. The task is to predict x4 as the sequence developes.

C. Details on extra experiment in 5. 5.
Parameters α and β for the 4d competitive Lotka-Volterra
model in equation (13) were picked randomly as

β =




1.14143055
0.64270729
1.42981209
0.90620443


 and

α =




0.78382338 1.26614888 1.25787652 0.80904295
1.00470891 0.32719451 1.34501072 1.29758381
1.28599724 0.39362355 0.89977679 1.00063551
1.12163602 1.08672758 1.39634746 0.53592833


,

and the true initial population values x∗0 set to

x∗0 =




1.00471435
0.98809024
1.01432707
0.99687348


.

Figure 10 shows the resulting development of the four pop-
ulations over ten unit time steps, including noise on the
observed values for x1, x2 and x3.

Both the INN and the HINT network we trained consist of
ten (non-recursive) coupling blocks with a total of 106 train-
able weights. We used Adam to train both for 50 epochs
per time step with 64000 training samples and a batch size
of 500. The learning rate started at 1092 and exponentially
decayed to 1093 (HINT) and 1094 (INN), respectively. In-
ference on x4 begins with an initial guess at t = 0 drawn
from N (1, 1

10 ).
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