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“It 1is physics which gives us many important problems, which we
would not have thought of without it. It is by the aid of physics that
we can foresee the solutions.”

Henri Poincaré,

cited from “Four Lectures on

Mathematics Delivered at Columbia University in 1911”
by Jacques Hadamard,

EBook #29788 in Project Gutenberg.

MANY practical applications involve the description of the state of a solid
body, a fluid (in continuum mechanics no distinction is made between fluids and
gases) or just any region of space. As examples consider the gravitational field
within and outside of an inhomogeneous body, the temperature of a solid body,
the flow of water in the subsurface, the flow of gases in a complicated duct, the
propagation of sound or water waves or the mechanical stress in a bridge. In
this part, we will derive the equations of mathematical physics that describe all
these phenomena.



Chapter 1.

Gravity

1.1. Newton’s Law for Point Masses

Newton’s famous law of gravitation

mM y—=x
ly — =[]* [ly — =]

F(z,y) =G (z #y) (1.1)

gives the force vector acting on a point mass m at position z € R? excerted
by another point mass M located at a point y € R and G is the gravitational
constant with the approximate value 6.67 - 107 N m? kg=2 (there is some
debate about the value — it is difficult to measure). Newton’s law is stated for
point masses as it has first been applied to the sun and the planets in the solar
system. But how does it act in a cloud of gas of varying density? Since there are
so many atoms (or molecules) in the gas it would be overwhelmingly expensive
to compute all the forces ( O(N?) effort for N particles).

We now wish to derive a new form of Newton’s law in the form of a partial
differential equation (PDE) that is usable in this case. First we rewrite Newton’s
law a little bit by introducing the function

GM

“Ty—al (12)

Y(z,y) =

which is called the gravitational potential of a point mass in physics. In mathe-
matics 1/||y — x| is called singularity function. It has the following interesting
properties:

GM(y — z)

vx¢(xny) - = Hy _ ng

3
C A y) =Y 0%Y(r,y) =0 (z#y).
i=1

Using it we can rewrite Newton’s law as

F(z,y) = ma(z,y), a(z,y) = =Vatp(z,y).

Note that the acceleration a(z,y) is independent of the mass m (equivalence
principle).
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Now consider an arbitrary domain w C R? (open and connected set of points)
with sufficiently smooth boundary 02, a point y € dw and compute the surface
integral

[ ate.y) i) ds, = - / V(e y) - n(z) ds, (13)
Oow

where n(z) denotes the exterior unit outer normal vector to w. By ds, we
indicate that the surface integral is done with respect to the variable  and not
y. For the evaluation of the integral we need to consider two cases:

i) y € w. By applying Gauss’ integral theorem fw V.- udr = faw u-nds we
get

—/wa(x,y) () ds, = —/Axw(x,y) dr =0
0

w

since A,¥(z,y) = 0 for any x € w since y is outside w.

ii) y € w. Now the trick from case i) can not be done so easily because 1 has
a singularity for z = y but it can be modified. Let B.(y) = {z € R? :
|z — y|| < €} be the open ball of radius € around y. Then again applying
Gauss’ theorem we get

0= / Axw(:r:,y)dx:/VI@D(x,y)%(x)dsx— / V. (z,y)-n(x)ds,
w\Be(y) Ow 9B (y)

The left hand side integral is zero and the minus sign is due to the fact the
normal to w \ Be(y) points into the ball B(y). The second integral on the
right hand side can be computed directly as

/ Vo(z,y) - n(x)ds, = 4nGM

independent of e.

So we get the following result:

/a(x,y) n(z) ds, = { a“GM yew (1.4)

else
Ow

1.2. Distributed Mass

Now we extend this to a distributed mass by introducing the density function
p : R? — R with units kg m~3. For any domain w C R3 then M, = fw pdx gives



1.3. CONSERVATIVE FORCE

the mass contained in w. We further assume that the density distribution is such
that the integral fR3 pdz exists. Then the acceleration experienced at a point x
excerted by the mass distribution p can be computed by subdividing the mass
into an infinite number of infinitesimal pieces V; at position y; (superposition
principle):

afa) = lim f;Gmy»vv () =6 [ oo () o

(1.5)

One can check that this integral is well defined despite the singularity, i.e. it

holds also for a point x inside a body with mass distribution p (transform to
spherical coordinates around x).

Now using one finds that for this acceleration and any suitable w C R?

[ ate) niwds = [ 1 imymvx (L) () d

lyi — |

(only the mass inside w plays a role). This is a continuum version of ([1.4)).
Applying again Gauss’ theorem to the integral on the left hand side we find

/V ~a(x) + 4nGp(z) dz = 0.

If a is sufficiently smooth the fact that w can be chosen arbitrarily implies that
the equality also holds for the integrand itself (see e.g. [Smirnow, |1981], Paragraph
74]) and we arrive at

V- a(r) = —4nGp(x) (z € R?). (1.6)

1.3. Conservative Force

The final piece is the observation that all fundamental forces in nature are conser-
vative (a basic principle that is assumed to hold by physicists). In a conservative

force field the path integral w(a,b) f F(s s)ds (t is the unit tangential
vector) does only depend on the points a, b but not on the particular path taken
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from a to b. Conservativity of the force is a consequence of conservation of en-
ergy because otherwise it would be possible to generate energy in a force field
by taking different paths back and forth. With an arbitray reference point rg
we then have w(a, b) = w(a, ) + w(rg, b) = w(re, b) — w(re,a) = w'(b) —w'(a)
where w'(z) = w(rg, x) is now only a function with a single argument, called
the gravitational potential. Invoking the main theorem of calculus in its multi-
dimensional form

/W(s) () ds = T (b) — (a) (1.7)

we see that a force is conservative if and only if it can be represented as the

gradient of a potential. The potential is only unique up to a constant as can be
seen from ([1.7]).

1.4. Poisson’s Equation

Since ma(x) with a(x) from is the gravitational force experienced by a point
mass m at position x and the gravitational force is supposed to be conservative
we conclude that there must exist a scalar function W(x) such that a(z) =
—VV¥(z). Inserting this into (1.6)) we obtain

-V -VU(z) = -AV(z) = —47nGp(x) (z € R?). (1.8)

This equation is called Poisson’s equation. As stated ¥ is assumed to be twice
continuously differentiable, which requires p to be at least continuous. This is
practically very restrictive since, for example, the density function of the moon
(having no atmosphere) might be very well approximated by a discontinuous
function. It is an important part of PDE theory to give equation (1.8) a precise
mathematical meaning also in this sense. The potential is determined by Equa-
tion (|1.8)) up to a constant. To fix the constant, an additional condition for the
behaviour of ¥ for x — oo can be imposed.

1.5. Numerical Simulation

In these lecture notes we are concerned with the numerical solution of ([1.8)
among other equations. Let us demonstrate the typical workflow of a numerical
simulation by way of this example.

Example 1.1. We consider the gravitational field of two solid, homogeneous
spheres with the following radii, densities and positions:

Ry =6-10° m, p1 = 1000 kg m 3, x1 = (=7-10%0,0)7,
Ry =3-10° m, p2 = 2500 kg m 3, zy = (1-107,0,0)7.

10
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Figure 1.1.: Numerical simulation of a gravity problem using a piecewise linear
finite element method.
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Figure 1.2.: Comparison of numerical and true solution.

The true potential then is

W)= S0, W) { e (B -0) le-ml<m
T) = ilr), Vilr)= TR e
P = lo =il > &

A first problem with numerically solving is that it is posed in the whole
space R®. Since the numerical solution (with the methods used in these lecture
notes) requires the subdivision of the domain into a finite number of finite,
simple-shaped volumes we have to restrict ourselves to a finite domain (2, e.g.
Q= {x € R®: ||z]| < R} with R sufficiently large. On the boundary O
the values of the potential have to be prescribed. This can be done easily here,
because we know the exact solution. In the general case when the exact potential
is (of course) not known one makes R sufficiently large that it is far away from
any mass inside {2 and takes the potential from concentrating all masses in the
center of gravity. The gravity problem to be solved in a finite domain then reads

—Au = —4nGp in €, (1.9a)
u=Ww on Of. (1.9b)
with
prlle =z < Ry
p(z) =< p2 [z —x2f < Rs .
0 else

12
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Note that in the general case u # W because only an approximation of the
boundary values is available. Figure [I.I[(a) shows the subdivision of © into
tetrahedra, (b) shows a close up of the numerically determined potential, (c)
shows in addition the gravitational field with arrows and (d) gives a “warped”
view of the numerical solution. U

The typical simulation workflow consists of the following steps:

Devise model Generate geometry /mesh

Visualize/evaluate results Solve equations

All simulations in these lecture notes are done with open source software:
Gmshﬂ for geometry and mesh generation, Duneﬂ for the actual solution of the
discretized problem and Paraview| for visualization.

In general the numerical solution differs from the true solution. It is important
to distinguish different sources of error:

Modelling error comes from not taking the correct model. An example is
the restriction to a finite domain in a gravity problem with artificial (and
usually inexact) boundary conditions. In general modelling error can mean
effects from physical processes that have not been taken into account.

Data error means that coefficients in a given model (e.g. density here)
might not be known with sufficient accuracy.

Discretization error stems from the fact that in the computer the solution
is represented by a finite number of degrees of freedom (e.g. coefficients of
a polynomial).

Iteration error arises from the solution of linear or nonlinear algebraic
equations with iterative methods (such as e.g. Newton’s method).

Floating-point error comes from the fact that numbers are represented
with finite precision.

Figure illustrates the effect of discretization error for the gravity example.
To that end we plot the solution along a segment of the x-axis which goes
straight through the two bodies. The black curve shows the potential computed

"http://geuz.org/gmsh/

Zhttp://www.dune-project.org/

3http://www.paraview.org/

13
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numerically on a relatively coarse mesh. As the mesh is refined (blue curve) it
approaches the true solution (orange curve).

Due to the different errors present in the numerical solution the simulation
workflow is executed in a loop where, depending on the type of error, the model,
mesh or solution process has to be refined.

14



Chapter 2.

Conservation Laws

2.1. Continuum Hypothesis and Scales

Materials such as solids or fluids are made up of atoms or molecules with void
space in between (we do not consider quantum effects, although, also there,
partial differential equations do play a role). Practical problems often involve
excessively large numbers of atoms as we are interested in the behaviour of the
material on a length scale that is very large compared to the average distance
of the atoms. We call this scale of interest the macroscopic scale and the scale
of the discrete particles the microscopic scale.

In continuum mechanics, the properties of the material are assumed to be
(piecewise) continuous (or even differentiable) functions in the mathematical
sense. The discrete particles are not considered, instead macroscopic properties
(e.g. velocity) are defined as appropriate averages of the microscopic properties.
By averaging, new quantities (such as density, temperature or pressure) arise
that have no equivalent on the microscopic scale. The validity of this continuum
hypothesis depends on the number of atoms (so that averages are representative)
and whether the micro- and macroscale are sufficiently separated (a property
called scale separation).

The laws on the microscale give now rise to new (effective) laws on the
macroscale that connect the macroscopic variables. Current research is very
much interested in so-called multiscale problems where the effective macroscopic
laws (or coefficients in these laws) are not easily determined from the micoscopic
scale (such as porous medium problems) or where there is no scale separation
(e.g. turbulence).

In this chapter, fluids are considered while in the next chapter the deformation
of elastic solid bodies is considered.

2.2. Conservation of Mass
Conservation of mass, linear and angular momentum as well as energy are basic
empirical law of physics (throughout this text we consider only classical mechan-

ics where mass and energy are distinct quantities). Conservation states that the
total amount of such an extensive state variable in a closed system remains con-

15



CHAPTER 2. CONSERVATION LAWS

stant over time. In an open system, the total amount of the quantity can vary
through exchange with the environment. We are now about to first state the
principle of conservation of mass in mathematical form. This is then extended
to energy and linear momentum.

We consider a compressible fluid material that fills a do-
main 2 C R" n = 1,2, 3, which is open and connected.
The domain w C € is chosen arbitrarily within £ (see

Q figure). For the subsequent derivation, w and 2 are fixed
in space and do not depend on time (an assumption to be relaxed when solids
are considered). This is called the Fulerian point of view. The function p(z,t)
gives the mass density in unitﬂ kg m™3 for any point x € Q at time ¢ (other
units, such as mol m™® may be appropriate depending on the problem). The
total mass M, (¢) (in kg) contained in w at time t is then given by

M, (t) = /p(iL’,t) dx .

w

The principle of mass conservation now states that over time the mass in w can
change only due to flow of material over the boundary dw or due to injection or
extraction of material into or from w. To formulate this precisely, the velocity
of the material v(x,t) in m s and the source function f(z,t) in kg s7t m=3 is

given. For an arbitrary time interval, At the we can state:

t+AL

M, (t + At) — M,(t) = / /f(x,r) dx — /p(x,r)v(x,r) -n(x)ds p dr .
t w Ow
(2.1)
The volume integral gives the contribution from sources and sinks with f > 0
denoting a source and f < 0 denoting a sink. In the surface integral, n(x)
denotes the exterior unit normal vector at x € dw and therefore v-n > 0 results
in a reduction of the mass in w.
Using ftHAtg(r) dr = At g(t) + O(At?) for sufficiently smooth g, passing to
the limit At — 0 and applying Gauk’ theorem | V -wudr = [, u-nds we
obtain from the integro-differential form of the conservation law:

8t/p(x,t) dm+/V-(p(x,t)v(x,t))dxz/f(x,t) dx (for any w). (2.2)

w

For sufficiently smooth functions, the fact that (2.2]) holds for any w implies the
final differential form of the mass conservation law (see e.g. [Smirnow, 1981} §

'We always state units in the MKS (meter kilogram second) system.

16



2.3. CONSERVATION OF ENERGY

74], this is the same argument used in deriving eq.(L.6)):
Op(z,t) + V- (p(x,r)v(x, 1)) = f(2,1), x € . (2.3)

If the fluid is incompressible then p(z,t) = const implies
V-v(z,t) = f(z,t), z € (2.4)

which further reduces to V - v = 0 when there are no sources and sinks present
(i.e the velocity field of an incompressible fluid without sources and sinks is
divergence free).

2.3. Conservation of Energy

The other conserved quantities energy and momentum can be imagined as being
attached to mass. In the case of energy we set e(z,t) = p(x,t)u(x,t), where e
is the energy density with units J m™3 and w is the specific energy with units J
kg=!. We can compute the energy stored in the material occupying the volume
W as

E,(t) = /e(:c,t) dx = /p(m,t)u(:z:,t) dx .

w w

Repeating the reasoning given above with p replaced by pu yields the energy
conservation equation

O(p(z,u(z,t) + V- q(x,t) = f(z,t), x € (), (2.5)

where ¢(x,t) is now the energy density flux vector. If energy is simply flowing
with the fluid (e.g. no conductive heat transport) we have ¢ = puw.

2.4. Conservation of Linear Momentum

Similarly the (linear) momentum density (having units momentum per volume)
is defined as pv. Integration over an arbitrary volume w gives the total momen-
tum in w:

P,(t) = /p(:ﬁ,t)v(a},t) dx .

Note however, that P(z,t) is a vector-valued function! For each component puv;
of the momentum density vector we obtain the conservation equation

8t(p(x,t)vi(a:,t)) +V ]2 - fi(xat)a YIRS Q7 1= 17 - '7d7

17
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where j; is the momentum density flux vector for the given component. If
momentum is only transported with the fluid (as in inviscid flow, see § we
have j; = pv;v.

By defining the j; to be the rows of the matrix J and defining V - J as
applying the divergence to each row (yielding a vector, see § one can
write the momentum conservation law in compact form as

O(p(x,t)v(z,t)) + V- J= f(x,t), x € (2.6)

In the case of inviscid flow we then have J = pvv!. The term 9;(pv) on the
left hand side is rate of change of momentum density which is a force density
(units N m™?). Equation is Newton’s second law generalized to spatially
extended bodies.

2.5. Heat Transfer

As an application of conservation laws we consider the flow of heat in a solid or
fluid filling the bounded domain 2 C R3. The conserved quantity is the thermal
energy. Its density e is assumed to be proportional to temperature

e = pcTl’

where c is the specific heat capacity in J kg™t K=1, p is the mass density of the
material in kg m™> and the absolute temperature 71" is given in Kelvin K.
In fluids and solids the flow of thermal energy is modelled as

qqa = —\VT

which is known as Fourier’s law or diffusive heat flux. It states that flow is in
direction of the steepest descent of temperature. The constant of proportionality
is the heat conductivity A > 0 with units J s7' m~! K~!. Heat conductivity
may depend on position and time (e.g. in a fluid with varying composition).

In a fluid thermal energy is also transported with the fluid velocity v which
gives rise to a convective heat fluzx

q. = ev = pcl.

The total flux is then the sum of convective and diffusive flux. Inserting all this
into the conservation law (2.5) (now with u = ¢T") we obtain the convection-
diffusion equation

Oh(pcT)+V - (pcTv—AVT)=f  inQ (2.7)

18



2.5. HEAT TRANSFER

which is a scalar linear second-order PDE. In order to fully determine the tem-
perature T'(x,t) for x € 2 and ¢t > 0, boundary conditions

T(z,t) =g(x,t) (x € CON, t >0, Dirichlet), (2.8a)
(pcTv —AVT)(x,t) -n(x) =j(z,t) (x€dQ\T,t >0, Neumann) (2.8b)

and the initial condition
T(z,0) = To(x) (x € Q) (2.9)

must be given.

Modeling sources and sinks The right hand side f with units J s7! m™3 of
equation (2.7) models sources and sinks. In a solid this rate is usually known.
In a fluid the source/sink term depends on the temperature of the fluid going
in or out of the domain. It can be modelled as f = r¢T where 7 in kg s~ m™3
is the amount of fluid entering or leaving the domain. When r > 0 fluid (and
with it thermal energy) is going in and the temperature of this fluid is assumed
to be known. When r < 0 fluid is going out and the temperature of this fluid

is unknown and must be computed. This leads to the final form, the so-called
convection-diffusion-reaction equation:

O(pcl) +V - (pcTv—AVT)+rcT = f  in Q. (2.10)

Note that in this equation all coefficient functions may depend on position and
time.

Special Cases Several important special cases of this equation can be stated:
a) No convective flux (reaction-diffusion equation):

O(pcT) =V - (AVT)+rcT = f  in Q.
b) No diffusive flux (first-order PDE):
O(pcT) +V - (pcTv) +rcT = f in Q.
c) Stationary heat flow (all coeflicients are independent of time):

V-(pcdlv—AVT)+rcl'=f  inQ.

d) Stationary heat flow in a solid with a sink (this will be our model equation
to introduce the finite element method):

—V-(ANVT)+rdl'=f  inQQ. (2.11)

19



CHAPTER 2. CONSERVATION LAWS

e) Stationary heat flow with constant conductivity and no sinks (again we obtain
Poisson’s equation):

V- (VT)=-AT=f i

Example 2.1. Figure illustrates the solution for a three-dimensional heat
transfer problem. The domain is Q = (0,3) x (0,3) x (0,1) and the parameters
were v = 0 (no convective flux), p = 1, ¢ =1, A =1, r = 0 and f = 0.
The lateral boundaries and the region (1,2) x (1,2) x {1} on the top boundary
were isolated, i.e. VI'-n = 0, the bottom boundary was held at constant
temperature T' = 8 and at the remaining part of the top boundary a Dirichlet
condition oscillating in space and time was given. Practically, one can imagine
a piece of subsurface that is heated periodically from the top and that is held
at constant temperature from below. The Figure shows that the oscillations are
quickly dampened by the diffusion, a fact that is also observed in nature. [

Another important feature of the solution of the heat transfer problem with-
out sources and sinks and divergence free velocity field v is that the maximum
(minimum) temperature in the interior of the domain 2 does not exceed (go
below) the maximum (minimum) temperature at the boundary and initial con-
dition. This is called a maximum principle. For details we refer to [Hackbusch)
1986 or [Evans| 2010].

Multiscale Problems Multiscale problems are problems with highly oscil-
lating coefficient functions. Imagine a heterogeneous solid composed of two
materials with different heat conductivity coefficient. The two materials occupy
different regions of space and are arranged in a periodic fashion with periodicity
¢ in all directions:

A(z) = A (f) , Mete)=Az) (i=1,...,n) (2.12)

€

(e; being the ith cartesian unit vector). The 1-periodic coefficient function A
taken in 2 = (0,1)" defines the “unit cell”. Then we consider the family of
stationary heat transfer problems

—V-(A(@)VT,)=f inQ (2.13)

depending on the parameter € > 0 together with appropriate boundary condi-
tions.

Example 2.2. We consider an example of a multiscale problem in two space
dimensions. Figure on the left shows the setup of the macroscopic problem

20



2.5. HEAT TRANSFER

solution " >-
12 19 ||\|2|q|||| 24 O
7.999917 24.99941

solution
8 ]2 16 II\I2|O\IIII 24
7.999917 24,99941

Figure 2.1.: Solution of a 3d heat transfer problem (details given in the text).
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VI n=0Q T=0:

T —
VT -n=0 ‘
(O:O) <170) 8. . 04y aQf 08 1.
Figure 2.2.: Setup and solution for homogenous coefficient in the multiscale
example.

Figure 2.3.: Conductivity distribution in the unit cell.
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Figure 2.4.: Example of a multiscale problem in 2d (details given in the text).
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and the image to the right shows the solution to this problem with a homoge-
neous conductivity coefficient. Now we solve a problem with the same boundary
conditions and a heterogeneous periodic coefficient as defined above. The con-
ductivity distribution in the unit cell is shown in Figure [2.3 and in Figure [2.4
the solution for e = 1/4, e = 1/8 and ¢ = 1/16 is shown. The solutions suggest
that for € — 0 the solution T, converges to a smooth function. For finite ¢ > 0
the solution has small oscillations of the order e. ]

In practical applications € < 1 and computing 7, is prohibitively expensive.
Moreover one is only interested in the macroscopic behaviour and not in the
behaviour on the scale e. Homogenization theory, see e.g. [Kozlov et al., [1994],
shows that the limit solution T" = lim._,o 7, can be computed as the solution of
a homogeneous heat transfer problem

V- (AVT)=f inQ

where the effective coefficient A € R™" is a symmetric and positive definite
matrix that only depends on the conductivity distribution in the unit cell and
is therefore cheap to compute. From example it becomes clear that the
effective coefficient cannot just be a scalar as in this case the solution would be
symmetric around y = 1/2 as in Figure 2.2 Instead, the contour lines are tilted
to the right because the material conducts better in the direction (1,1) than in
the direction (1, —1).

The discussion so far involved only two scales, the macroscopic scale of interest
and the scale e (actually there is a third scale, the atomistic scale that has has
already been eliminated by deriving the heat transfer equation). In practice,
there might be more than two scales involved. For an effective solution it is
important that the macroscopic scale of interest and the small scales (one is not
really interested in) are clearly separated.

Another situation arises when the precise arrangement of the materials is
unknown, as is often the case with natural materials (such as e.g. rock). Then a
stochastic approach may be appropriate leading to the field of stochastic partial
differential equations.

2.6. Flow in Porous Media

Flows in porous media such as the subsurface, foams or biological tissue are
highly relevant in practice. In such problems at least three different scales are
involved as shown in Figure[2.5] On the microscopic scale (b), which is the scale
of the sand grains, the flow can be described (under suitable assumptions) by
a continuum approach (the Navier-Stokes equations introduced below) ignoring
the individual molecules of the fluid. However, we are usually interested in the
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—
D5 SIS
) (o (%
;9%0 SLSTE N
~10m ~10-3m ~109m
(a) macroscopic scale  (b) microscopic scale (c) molecular scae

Figure 2.5.: Different scales involved in porous media flow.

flow on the macroscopic scale comprising a huge number of pores where the
individual geometry is usually not available in detail.

Under certain assumptions equations describing the flow on the macroscopic
scale can be derived. Conservation of fluid mass is expressed by

h(Pp)+ V- -{pw}t=f inQ (2.14)

where the scalar function ® : Q — (0, 1) describes the porosity of the porous
medium which is the fraction of the volume available to fluid flow, p is the mass
density of the fluid and v is the apparent velocity of the fluid on the macroscopic
scale.

In 1856 Henry Darcy stated a phenomenological law describing the fluid flow
in response to a given pressure drop which is since then known as Darcy’s law:

v = —%(Vp —pg)- (2.15)

Here p(z,t) is the fluid pressure with units Pa = N m™2, K is the permeability
tensor with units m? describing the pore structure of the porous medium, g is
the dynamic viscosity of the fluid with units Pa s and g = (0,0, —9.81)T is the
gravity vector pointing in negative z-direction and having units of acceleration
m s~ 2.

Inserting Darcy’s law into the mass conservation equation yields the flow equa-
tion:

O(Pp) = V- {p%(vz) - pg)} =f inQ (2.16)

with p and p to be determined. In case of an incompressible fluid p = const and
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the equation reduces to the stationary equation

v {S @ =1lp o 217

which is a again a linear second-order PDE for pressure.
In case of an ideal gas p = p(p) and we obtain a time-dependent PDE.

Geothermal Power Plant The flow of heat in a porous medium can be
modeled by the modified heat transfer equation

h(s(T)T)+V - (ps(T)efTv—=AVT)=f inQ (2.18)

where s(T) = (1 — ®)pscs + Pps(T)cy is now the effective volumetric heat
capacity in J m™® K~! of the combined water /rock mixture (with p,, ¢, being
mass density and specific heat capacity of the solid and ps(T), ¢s being mass
density and specific heat capacity of the fluid) and A is the effective heat capacity
of the water /rock mixture.

Together equations (with p = ps(T')) and form a coupled time-
dependent, nonlinear system of PDEs (also the dynamic viscosity depends on
temperature) which can be used e.g. to model the performance of a geothermal
power plant.

2.7. Inviscid Fluid Flow

The flow of a gas is a very interesting and important problem. It has applications
e.g.in weather and climate prediction or in star formation and the development
of galaxies in astronomy. Figure [2.6] shows an image of the Cone Nebula in the
galaxy NGC 2264 which is just a pillar of gas and dust. It is supposed to be
a region where new stars are formed. In this section, we consider the flow of
a gas ignoring the effect of internal friction. Besides the conserved quantities
density, linear momentum and energy an additional concept is needed to derive
the governing equations.

Pressure In a gas that is macroscopically at rest the molecules still perform
a random motion at the microscopic level. The molecules hitting the walls of
the container excert a macroscopic force that must be counterbalanced by the
rigid wall. This force per unit area is called pressure with units N m~2. Through
experiment one finds that the force per unit area excerted by the gas (at constant
pressure) is always the same regardless of the shape of the wall. Therefore, the
(scalar) pressure is the magnitude of a force (per unit area) that acts always
perpendicular to the wall of the container (i.e. in the exterior normal direction).
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http://www.spacetelescope.org/images/heic0206c/

Figure 2.6.: Cone Nebula (NASA/ESA image taken with the Hubble Space
Telescope).

If we would suddenly introduce a new (infinitely thin) wall inside the container
(imagine a test volume w) a force (per unit area) would be exerted at every point
from each side of the wall that has equal magnitude and opposite direction so
that it cancels out. We can therefore imagine pressure to be a (scalar) quantity
that is defined everywhere in the gas.

The effect of pressure (being a force per unit area) needs to be considered in
the momentum balance equation (2.6)). If we consider a small test volume w
then the total force (including the direction) acting on the surface is given by

/pnds = /V (pl)d /Vpd:c (2.19)

ow

This term is part of the right hand side of the integral version of equation ({2.6])
and I denotes the identity matrix. Note how the force always acts in negative
normal direction. The sign can be understood as follows. Imagine the test
volume to be a cuboid and consider e.g. the x-direction with the two faces located
at x1, To with z; < 29 and corresponding normal directions n; = (—1,0,0)7
and ny = (1,0,0)7. Then z- momentum must increase when pressure acts at the
face at x; and it must decrease when pressure acts at the face at x9. Note also,
that equal pressure at x; and x5 does have a zero net effect for the z-momentum
in the test volume (so it is pressure difference that does have an effect).

The pressure contribution is sometimes called an interior force to distinguish
it from exterior forces (such as e.g. gravity) which are only present in open
systems.
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Energy In a macroscopic body of gas the total energy consists of two different
forms of energy, the internal energy (translation, rotation and vibration of the
molecules on the microscopic level) and the macroscopic kinetic energy due to
the movement of the fluid that is macroscopically observed. Using the concept
of densities we write this as

e = pu+ pllol?/2 (2.20)

with e the total energy density in J m~3 and u the specific internal energy in J
kg~!. According to the theory of gases an algebraic relation, called an “equation
of state” (depending on the type of gas), of the form

u = u(p,p) (2.21)

relating specific internal energy, density and pressure can be derived. A well-
known example is the ideal gas law p = RpT = pu (here the internal energy
u = RT is proportional to temperature). The specific gas constant R has the
same units as the specific heat capacity. See below for another popular example
of an equation of state.

Total energy e is a conserved quantity that is transported with the fluid with
a flux ¢ = ev. On the right hand side of the energy balance equation (2.5
internal work done in the fluid has to be considered. This internal work is
known as “volume changing work” and can be experienced when using a bicycle
pump: when a gas is compressed (i.e. its volume is decreased), it heats up.

We can derive the expression for volume changing work "h‘
as follows: Imagine a set of molecules occupying the volume ' ‘
w(t) at time t (see figure to the right). The same particles \ | /)
are contained in w(t+ At) C w(t) at small time interval At ‘~ )
later. Subdividing dw(t) into small surface elements As;
the work done against pressure of the gas in the time interval At is to first order

w(t)

N
AW, (t) = — lim Zg(:pi,t)dsﬁ-y(xi) SO

N—oo

=1

normal force distance

= —At / pv-nds =—At / V- (pv) de.
Ow(t) w(t)

The sign is chosen such that compression (v -n < 0) results in a positive value.

Euler Equations Considering the internal forces due to pressure in the mo-
mentum balance law and the volume change work in the energy balance law we
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obtain the famous nonlinear system of partial differential equations known as
the Euler equations of gas dynamics in conservative form

op+ V- (pv) =m, (2.22a)
O(pv) + V - (puv® + pI) = f, (2.22h)
oe + V- ((e+p)v) = w, (2.22¢)

which together with the thermodynamical relation

p=plp,e) = (v —1)(e = p|lv]|*/2) (2.23)

and appropriate boundary and initial conditions describe the flow of a polytropic
ideal gas. The functions m, f and w denote the mass source term, the external
forces and the energy source term. Equation is a consequence of the
equation of state u = p/((y — 1)p) and the definition of total energy (2.20).
The constant v is the adiabatic exponent and depends on the type of gas. For
more details, see [Leveque, 2002, § 14.4]. Pressure is considered a dependent
variable in (2.22) which can be eliminated using resulting in a system of
five equations for the five unknown functions p, vy, ve, v3 and e in three space
dimensions. It is interesting to note that we can combine all the equations
into a single equation for the unknown vector function w = (p, pv,e)’:

Ow+V-Flw)=g (2.24)
with
PU1 pU2 pU3
purvr + p(p, e) pULV? pULV3
F(w) = PV puavs + p(p, €) PU9U3 . (2.25)
pU3V] PU3V2 pU3U3 + p(p, 6)

(e +p(p,e))vr (e+p(p,e))va (e+plp,e))vs

An equation of the general form (2.24)) is called a (nonlinear) conservation law.
Yet another often encountered form is obtained by writing out the divergence:

Ow + Y 0 Fi(w) =g (2.26)

J=1

where Fj(w) is the j-th column of F(w). Various other forms of the Euler
equations can be found in the literature, most notably the nonconservative for-
mulation. But is the most general form that is also valid e.g. in the case
of strong density contrasts.
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2.8. Propagation of Sound Waves

Sound waves are small variations in pressure (and correspondingly density) that
move through the gas. In order to derive an equation for the propagation of these
variations we start with the Euler equations . We write all quantities
as a constant background value (indicated by the bar) plus a small variation
depending on space and time (indicated by the tilde):

p=p+p, p=p+Dp, v=171+ 0.
The background velocity is actually assumed to be zero, v = 0, and the temper-
ature of the gas is assumed to be constant throughout the domain. From the
ideal gas law we get p = ¢?p with ¢ = VRT the speed of sound and therefore
p=cp=c(p+p) =cp+p=p+p.
Linearizing mass and momentum equations around the background state,
dropping all higher-order terms in fluctuations (note especially that 997 can

be dropped) and assuming constant background pressure results in (no external
sources)

op+ V- (pv) =0, (2.27a)
0y(pv) + Vp = 0. (2.27D)

Nonconservative Form of Linear Acoustics Using p = p/c? and assuming
that c is constant throughout the domain the density variation is eliminated and
we obtain the equations of linear acoustics:

op+ 2pV -0 =0, (2.28a)
Taking the temporal derivative of the first equation and applying the divergence

to the second the velocity variation can be eliminated from this system and we
obtain the so-called wave equation:

O — *Ap = 0. (2.29)

In the analysis of the wave equation, (|2.29) is often reduced to a first order system
by setting u = 9;p and w = —Vp. Together with the identities 0,,0,p = 0,0,,p
we obtain the system

o+ AV - w =0,
ow + Vu =0,
which is equivalent to (2.28) (simply use the transformation w = po). It should

be noted that it is the first order system that is derived from the physics and
not the scalar second order wave equation, see also |Leveque, 2002, § 2.7].
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Conservative Form of Linear Acoustics We now consider the case that
the speed of sound c¢ is piecewise constant (e.g. due to temperature variations).
Equation ([2.27) is still valid in this case since only p being constant has been as-
sumed. We conclude that pressure p and normal momentum pv-n are continuous
at subdomain boundaries where c is discontinuous.

Due to p = p/c®> = (p+p)/c? = p/ + p/c®> = p+ p also the background
density p is piecewise constant. In case of varying speed of sound it is then more
appropriate to use the conservative variables (p, pv) = (p,§) resulting in the
system

Op+V-G=0, (2.30a)
014 + V(c*p) = 0. (2.30b)

At subdomain boundaries where ¢ is discontinuous ¢?p and G - n are continuous.
Figure shows the results of a linear acoustics simulation. The conservative
formulation has been used and only the density variations p are shown. In the
upper right part of the domain the speed of sound is smaller than in the rest
of the domain. When the wave hits the internal boundary the velocity (not
shown) becomes smaller and the density variations increase. An inverted wave
is reflected at the internal boundary. Reflective boundary conditions at the out
boundary have been used.

Waves in Solids Solid bodies are also able to support a propagation of waves,
an example being earthquakes. In the one-dimensional situation we may imag-
ine a string of beads connected by springs with each other. One type of wave
consists of small displacements of a bead in the direction of the string resulting
in displacements of the neighbouring beads. This type of wave is called a com-
pression wave or P-wave and it is similar to the sound waves in a gas. Another
type of wave results from displacements of a bead in a direction perpendicular
to the string which also results in the propagation of a wave in the direction of
the string. This is called S-wave which usually travels slower than a P-wave.
In the one-dimensional situation both types of waves are described by the one-
dimensional wave equation 0?u — ¢?9?u = 0 (A derivation of the P-wave is in
|[Eriksson et al., (1996, § 17.2] and the S-wave can be found in [Smirnow, 1981,
§ 176]). In a multi-dimensional solid both types of waves interact and more
complicated equations result (see [Leveque, 2002, § 2.12| for some discussion).
At the surface or at internal boundaries surface waves can be observed.

2.9. Viscous Fluid Flow

In many real fluids the effect of internal friction cannot be neglected. In a New-
tonian fluid the stress tensor describing the additional flux of linear momentum
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Figure 2.7.: Acoustic wave propagation in a heterogeneous medium with reflec-
tive boundary conditions. Fully third-order discontinuous Galerkin
scheme. Time sequence goes from top left to bottom right.
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is proportional to gradients of velocity. The result is the system of compressible
Nauvier-Stokes equations:

Op+ V- (pv) =m, (2.31a)
Oy (pv) + V - (pov® + pI —7(v)) = f, (2.31Db)
oe+ V- ((e+pv—71(v)v—AVT (e, p,v)) = w, (2.31c¢)
with the stress tensor
() = 2 | D(v) — %(v o) (2.32)

where shear viscosity p is a parameter of the fluid and the rate of strain tensor
1
D(v) = 3 (Vo + (Vo). (2.33)

There are three new terms in the Navier-Stokes equations compared to
the Euler equations (2.22). The last term on the right hand side of the mo-
mentum equation describes the forces due to internal friction. The term 7(v)v
in the energy equation describes the energy flux due to internal friction and
—AVT describes the heat conduction (Temperature 7" is a function of the state
variables). Depending on the application, e.g. in star formation, heat transfer
might also include the effect of radiation.

A full derivation of the new terms in the Navier-Stokes equations is beyond
the scope of these lecture notes, we refer e.g. to [Chung, 1996 for details. Note
however, that all the new terms involve second derivatives, i.e. the Navier-Stokes
equations are a second-order system of PDEs.

Incompressible Viscous Flow In many applications the fluid can be re-
garded as incompressible which means that density is independent of pressure.
If temperature variations are also insignificant it is a constant. Neglecting also
the energy equation (because temperature is assumed to have no effect on the
fluid) and assuming that the fluid enters and leaves the domain only via the
boundary (m = 0) results in the system of equations known as the incompress-
wble Navier-Stokes equations:

V.v=0, (2.34a)
O+ V- (vv!) —vAv + Vp = f, (2.34Db)

with the kinematic viscosity v = u/p. Here p (which has been rescaled by
1/p) is now an independent variable to be determined. In order to derive the
momentum equation ([2.34b|) the incompressibility constraint V -v = 0 has been
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Figure 2.8.: Flow behind a cylinder for Reynolds numbers 20, 200 and 1500. Nu-
merical computation with P,/ P, Taylor-Hood elements in space and
Alexander scheme in time (results provided by Marian Piatkowski).
Top three images shows velocity magnitude, bottom three images
show concentration of a tracer. The flow is stationary for Re 20,
periodic for 200 and turbulent for Re 1500.
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applied twice: once to simplify the stress tensor 7 and a second time to conclude
V-D(u) = Au (i.e. the assumption m = 0 is essential in deriving the equations).

Figure 2.8 shows an example of incompressible flow around a cylindrical ob-
stacle in a two-dimensional channel.
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Chapter 3.

Calculus of Variations

In this chapter we present a general approach that is used to study many mechan-
ical and geometrical problems. For simplicity it will be illustrated by modelling
the deflection of an elastic string where it leads to a two-point boundary value
problem in ordinary differential equations. The general principle, however, ap-
plies to the multi-dimensional situation and is essential to understand the finite
element method for the numerical solution of partial differential equations. The
motivating example in this chapter is taken from the lecture notes of Hiptmair
[2010].

3.1. Equilibrium Principle

We are interested in modelling the deflection of an elastic string under a load.
As an example consider a string where cloth is put on for drying. The property
of elasticity means that after the load is removed the string returns exactly to
its unloaded position without any lasting effect. In order to derive the model we
will first consider systems of finitely many straight and ideal springs connected
together. Then we will derive a continuum version by an appropriate limit
process.

Discrete Spring System Figure [3.1] shows a system of n € N point masses

mgn), ....m!" located at the positions u§”>, .., and connected by springs.

(n)

1

a constant force given by the vector fi(”) is applied. Assuming
(n)

to position u

To each mass m

all forces are applied in a plane we have u
(n)

1

€ R?. Spring number i, 0 < i < n,

(n)
i+1

n xa n X
ug>:(za), u;ﬁlz(zlf) (3.1)

held fized. All interior positions to be determined are collected in a big vector

is elongated from position u with the two endpoints

u™ = (ugn) uT e R

Y Y n

which completely describes the state of the system.
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Figure 3.1.: Discrete mass-spring system.

In order to place the system in the state ul™ work has to be done against the
forces excerted by the springs and the forces f;. This work is stored as elastic
energy Je(ln ) and potential energy me) (in physics elastic energy is also a form
of potential energy but for ease of writing we stick to these names). We now
consider both energies separately.

The magnitude of the force excerted by a single spring extended to length [ is
given by Hooke’s law

F(l) = k(I = lo)

where & is the spring constant with units N m~! and [ the length of the unloaded
spring. The work done when extending the spring from length [y to [ is then

l l

Wa(l) = /F(s)ds - /fﬁ;(s—lo)ds - [g(s—zo)ﬂl — g(z—zo)%

lo
lo lo

Then the total elastic energy in all springs in state u(™ is

n n 1 . n n
™) = 53wl — o = 1) (3:2)
i=0
where k; and [; are the individual spring parameters and ||.|| denotes the Eu-

clidean norm.
The work done to bring a mass m to position u against the exterior force f is
given by the path integral

u

WW0=—/f¢%=—W—W

0

u—20

[T
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Here we used 0 as the reference point but any other position is also in order.
Note that when u - f is negative (e.g. the mass is lifted up in the gravity
field f = (0, —mg)’ pointing down) then the potential energy increases. The
potential energy of all mass points is then

=2 1w (3.3)
=1

and the total (potential) energy stored in the system at state u™ is

Ty = J5 () 4 g Zm (JJal, =™ —1;)? Zf

(3-4)
The equilibrium principle in mechanics says that the state ufkn) attained by
the system at equilibrium is the state of minimal (potential) energy:

JW (M) < JW(h) Vu e R™.

A short notation of the same statement is

uln) = ATEI )y (3.5)

* u€R??
Note that problem (3.5) does in general not have a unique solution. An
example for nonuniquess is the case fi(n) =0foralliand > . 1 > Hufﬁzl —u(()n> |
where infinitely many solutions exist. When the endpoints of the string are

sufficently far apart, however, one can prove that the functional J (”)(u) can be
bounded from below, i.e.

JM(w)>C  VYueR™ (3.6)
and that it is convex, i.e.
JW(Qu+(1-0)v) < 0T (w)+(1-0)J"(v)  VYu,v e R*™ 6 e0,1]. (3.7)

By analogy with functions in one variable we may conclude that the problem
has a unique global minimum. We will prove such a result later in a related
context.

Continuum Limit We now aim at describing the position of the string by a
continuous curve u : I = [0,1] — R% The parameter interval I is in principle
arbitrary and the equations to be derived should not depend on the particular
parametrization. A number & € [ is used to “label” a point on the string and is
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called material coordinate. The space R? of positions is called the configuration
space in this context.

To go from the discrete to the continuum model we introduce for every n € N
a discretization of the parameter interval

(n) _ _°
& n—+1

with the idea that u(éz(n) ) corresponds to position ugn) of the discrete spring

model. Furthermore we assume that the total length of the unloaded and un-
clamped string is given by L and set the lengths of the individual strings to
o - L
! n+1

With the abbreviation f 412 = (& () +€Zi1) the other parameters of the discrete
system are

z+1/2

= K ) = [ re

(n)
z 1/2

where k : I — R is a given continuous function describing the elastic properties
of the string and f : I — R? is an integrable function giving the load density
with units N m~!. Inserting these definitions into Equation for the discrete
elastic energy yields (with slight abuse of notation):

Ejmuuzﬂ-—m N - 1)
1 Huzﬁ) sl g L
- Z ) & —& ) 1 (3.8)
u(€f) — ulel")

Sz—i—l 52
2
€ — & _L>

1
o Zni GRESE (
where we used §Z+1 fz-(n) = 1/(n+1). At this point we need to reconsider the
spring “constant” x. It has units N m~! and depends on the length of the spring.
This becomes important as the length of the individual springs now decreases
as n increases. Mechanics tells us that a spring with cross-sectional area A;,
modulus of elasticity E; and length [; has a spring “constant”

AE  AE R o)
R; = = = '
i Lfn+1) L™ ¢
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Note that the new material property function %(£) has units N and is now
independent of the length of the string. Inserting this expression into Equation

(3.8) yields

n ~

(n) . 1 K
Ja (u) = §Zf (

1=0

u(€) —u(e™)
el — e

where we can now pass to the limit

2
—L) (€ — )

1

R

JaGw) = Jim I = [ FE e - 1y ae (39

Hereby we assumed that the derivative «/(§) is well defined, i.e. u € (C([0, 1]))2.
Now the potential energy is

) oGl
K@ == 1 a6 = =30 [ 59 u(e)ag
=1 =1
)

and passing to the limit gives

n—o0

Kw) = lim I ) = = [ 7€) u(©) de.

As in the discrete case we have

J(u) = Ja(u) + Ji(u) = /ﬁ ('Ol = L)* = (&) -u(©)ds.  (3.10)

R

2L

Application of the equilibrium principle now results in a minimization problem
in function space
argmin

Uy = J(u) (3.11)

ueV

where the space of all admissible functions V' is

V= {v e (C'([0,1)))° : v(0) = ( ﬁz ) (1) = ( ”;: )} (3.12)

since u'(£) turns up in the energy functional. This now raises the question how
to solve a minimization problem in function space?
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3.2. Variational Approach

To find the minimum of a function g(x) in one real variable one searches for
stationary points ¢'(z.) = 0 and then checks whether x, really is a minimum.
Transfering this idea to minimization problems in function space such as
is the central idea of the calculus of variations. As in the case of a function in
one variable the search for stationary points of the functional J(u) results only
in a necessary condition for a minimum.

To start let us rewrite the minimization property as:

we= MM 0) e Jw) < J(u.+tv) WER Vv eV

ueV

The function v is called a wvariation or test function and the definition of 1}
ensures that the function u, + tv always satisfies the given boundary conditions
which are already incorporated in wu,. The energy functional J(u) to be mini-
mized is called Lagrangian in the calculus of variations and the function spaces
V and Vj are called trial space and test space respectively.

Now the function ¢,(t) = J(us + tv) is an ordinary function in one variable
for a fixed v € Vj. If % exists then we have

d,
dt

The reverse conclusion can also be shown if the minimizer exists. Now let us
compute the configurational derivative %2z, For any given v € V., v € V; we get

G = /f u(€) + to(€)) d =—/f(£)-v(€)d£

and so
/ (e

For the more complicated elastic part we get

J(us) < J(u, +tv) Vit e R Vv e Vj = (0)=0 YvelVy (3.14)

d
d—Jf(u + tU

jt‘]el(““ ) = i/%(”“l(f)%ﬁv’(f)l\ ~ L)Y d

[ (§) + tv'(§) ]
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3.2. VARIATIONAL APPROACH

where we have used 4|z + ty|| = (x + ty) - y/||z + ty|| for any two vectors
x,y € R" and the Euclidean scalar product and norm. By setting t = 0 we get

_ [HOWOI L)
0

u + tv)

dt a( =0

lu' ()

Putting both parts together results in the necessary condition for u (we refrain
from writing u, for the minimum from now on!) being a minimizer of the
functional J(u):

/ O L g at(e) - () vi©)dc =0 weVe (319

Lo (€l

This equation is called a (nonlinear) variational equation.

Abstract Variational Problem For a general Lagrangian of the form

J(u) = / F(u(€), u(€)) de

we get by applying the chain rule the variational equation

1

o= 3 | P + 0(0.ue) + () ¢

0 t=0

d

1

= [0PW(O. ue)(€) + BF W) u(E)©) ds =0 Vo el
' (3.16)

where O F', OoF denote the partial derivatives of F' with respect to the first
and second argument. Note that the variation v always enters linearly in this
equation! Therefore, the general variational equation has the abstract form:

FindueV: r(u,v)=0 Yvelj (3.17)
where 7 : V' X Vj — R is linear in v, i.e.

r(u, vy + ve) = 7(u,v1) + r(u,ve), r(u, kv) = kr(u,v)
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CHAPTER 3. CALCULUS OF VARIATIONS

but possibly nonlinear in u. In the applications the test space Vj is a real vector
space of functions and V' is an affine space V =ug+ Vo ={u : u=wup+v,v €
Vo} incorporating the boundary conditions.

A note on the requirement of the differentiability of u and v. The minimization
problem as well as the variational problem were derived under the assumption
that u,v € (C*([0, 1]))2. It will turn out that this function space is neither ap-
propriate for proving the existence of a solution nor practical for the applications
(consider for example a pointwise load on the string).

Differential Equation Integrating by parts the first term in Equation (i3.16))
gives

/ OLF (o (€), u(€))V'(€) + B F (! (€), u(€) o(€) de
0

_ / e (O (€),u(6))) o) + %P (w(€) u(€))o(€)
0

+ [0 F (' (€), u(€))w(€)];

where the boundary term vanishes due to the boundary condition on v! In order
to do the integration by parts it is necessary to assume that F' is now twice
differentiable with respect to each variable and also that u € (C*([0, 1]))2. This
leads then to the following variant of the variational equation

/[——01 (&), u()) + B F (u'(€),u(€)) | v(&)dE =0 Vv e

Now the fundamental lemma of the calculus of variation states that if this equa-
tion is true for all test functions v then the function in square brackets must
vanish pointwise:

~ PO 0O) + PO () =0 (€ O.1).  (18)
Equation is a nonlinear two-point boundary value problem called the
Euler-Lagrange equation for the variational problem (3.16). Note the similarity
to the reasoning when going from Equation to (2.3). There we applied
Gauss’ theorem to the arbitrary domain w C {2 which can be interpreted as
a special case of integration by parts with a piecewise constant function (the
characteristic function of w).
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3.3. TAUT STRING APPROXIMATION

Setting up the Euler-Lagrange equation for our string example, i.e. applying
integration by parts to Equation (3.15]), results in the nonlinear second-order
ordinary differential equation

4[RO -L ] .
e POt - re o)

with boundary values

u@:<2), mn;(ﬁ)

Note that for this equation to make sense for us at the moment we require
i e C1([0,1)) and u € (C2([0,1]))".

In summary, we now have the following situation

() (I1) (I11)

Minimization problem Variational problem Differential equation
| N Find v € V such that — Solve BVB
argmin
u= iv J(v) r(u,v) =0 Yvel, gu,v’;u") =0 inQ

u given on Of)

For step (I)—(II) we introduced the concept of the configurational derivative.
We will later see that (I) follows also from (II) provided that the minimum
exists. For the step (IT)—(III) we applied integration by parts and had to assume
additional smoothness for the solution and coefficient functions. In general, a
solution of problem (II) need not be a solution of problem (III) therefore. By
taking the perspective of the differential equation the variational problem (II) is
called the weak formulation of the boundary value problem.

3.3. Taut String Approximation

In this paragraph we are interested in the situation where the length L of the
string with zero elastic energy is much shorter than the distance of the two points
where it is clamped to, i.e.

L < lu(1) = u(0)]]

Under this assumption we get

L < [Ju(1) — u(0)] = / o (€) de| < / ol (6)]) de.

45



CHAPTER 3. CALCULUS OF VARIATIONS

With this the energy functional (3.10]) simplifies to

1

10 = [ 52 ) - £ - 5(©) - ule) ae
< [t - (6) - ule e = Jw,

ueV: /@u'(ﬁ) () = f&) - v(&)dE=0 Y el (3.19)

which is now a [inear variational problem in u. The related differential equation
is then also linear and reads

_ 4 <@d_“> — i (0,1) (3.20)

which decouples into two seperate equations for (&) and z(&).
Let us assume now the special situation where there is only a vertical load

f(€) = (0, £.(€))". Naming the components u(§) = (2(£),2(£))" and v(§) =
(6(€),9(€))T the variational problem reads

:/LF“@WQ%+/774&Nm—ﬂ@MQ%=Ov@ﬂwa

The equation for z(£) can be solved analytically by solving the corresponding
differential equation and we find:

Since L and & are strictly positive quantities the function & — z(&) is strictly
increasing and therefore has an inverse z — z71(x).
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3.3. TAUT STRING APPROXIMATION

We now want to write the second component z(¢) as a function of z(§) instead
of €. Therefore we define the new function 2(z) and use the chain rule:

R dz dz dx
2(§) = 2(z(8)) = d—g(ﬁ) = E(x(é))d_g(@'

The same applies for the test function ¥ (z) = ¥(z(€)). Recalling the transfor-
mation theorem for integrals fabg(s)ds = f;,l g(u(t)) %(t” dt with p : [/, V] —
[a, b] a differentiable map, we obtain for the variational problem for the second
component z(§):

dr , dip dx -
T@(x(i))d—g(ﬁ)@(x(i))d—g(ﬁ) — f(E)((€)) d€

~

D ) (@) %x)fz(xl(sc))z@(x)] —

B flx Y(x)) |de, dz, dv f(x7Yx)) - B 1
- [ T E )| fe e - 2 i de =0 o € Ol
Tq J\(;) -~ Jds g |

The corresponding linear second-order scalar differential equation for the func-
tion Z now in “physical coordinates” reads:

—% (&(@3-2) = f(x)  in (2,7)
with boundary conditions
2(xq) = 2a, Z(xp) = 2.
In two space dimensions the equation
~V-(o(z)Vu)=f inQCR?

with boundary conditions
u=g  ondf (3.21)

is a model for the vertical position of a thin sheet of rubber under vertical
load that is clamped at the boundary. Figure [3.2| shows an example for the
two-dimensional case. Note that ||Vul|| can become very large near so-called
“reentrant corners” of the domain.
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solution
0.25 05 0.75

MO Mo

Figure 3.2.: A thin rubber sheet over the region = (0, 3)%\ [1,2]? clamped to
height 1 at the inner boundary and to 0 at the outer boundary. Left
image shows rubber sheet colored by height and right image shows
rubber sheet colored by the norm of the gradient in logarithmic (!)
scale.

3.4. Linear Elasticity and Plate Problem

The considerations of this chapter can be generalized to small deformations of
a three-dimensional elastic material experiencing both tension and compression.
The resulting energy functional for the linear elasticity problem is

/ {AV - u)® +2uD(u (W)} — frude (3.22)

where u € (C’l(Q))3 is the unknown displacement of the material from its
unloaded configuration (i.e. x + u(x) is the position of the material point x €
under load). Then D(u) = £(Vu+ (Vu)?) is the strain tensor from c A
are the Lamé coefficients of the material and f are volume forces. The boundary
condition

u(zx) = g(x) on 0f)

models clamping of the material at the boundary. The Euler-Lagrange equation
corresponding to the variational formulation of is now a linear second-
order system of partial differential equations. For details we refer to |Braess,
2003}, §3] and [Ciarlet, 2002, §1.2].

If we are interested in the deflection of a thin plate of elastic material with
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3.5. HAMILTON’S PRINCIPLE

constant thickness, a well established model is the plate problem with the energy
functional

J(u) = /%{|Au\2 1201 = 0)(ueyu) — 2wl )} — fude  (3.23)
Q

with ¢ = A\/(2(A 4 p)) the Poisson coefficent computed from the Lamé coeffi-
cients. Here u is again a scalar function giving the vertical displacement of the
plate out of the planar reference configuration. As boundary conditions we con-
sider u = 0 on 9. Note that the functional involves second derivatives
of u! The corresponding Euler-Lagrange equation of the variational formulation
is now a fourth-order partial differential equation

Du+0, =Nu=f inQ (3.24)

with boundary conditions u = d,u = 0 on 992. We refer to |Ciarlet, 2002, §1.2]
or [Hackbusch|, 1986, §5.3].

3.5. Hamilton’s Principle

So far we considered stationary problems where the state attained by the system
is a minimizer of potential energy (equilibrium principle). The energy functional
(Lagrangian) is convex and bounded from below which ensures that a solution
of the corresponding variational problem (which determines stationary points of
the Lagrangian) is the globally unique minimizer.

In the dynamic case the energy functional involves kinetic and potential energy
and is typically not convex any more. It turns out, that for certain systems
the state can still be determined by finding stationary points of the energy
functional, i.e. solving the corresponding variational problem. This principle is
called Hamilton’s principle and the energy functional is called a Hamiltonian in
this case. For more information and some examples we refer to |[Eriksson et al.)

1996, §11.2].
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Chapter 4.
Type Classification and Model Problems

4.1. Basic Mathematical Questions

So far we have derived several different PDEs by physical reasoning without
mentioning a word about their solvability. From other types of mathematical
equations, most notably ordinary differential equations, it is clear that we have
to ask the following questions:

a) Euxistence: Does a given PDE problem have a solution?

b) Uniqueness: Is this solution the only one?

c¢) Stability: How does the data influence the solution?

A PDE problem is informally called well-posed (in the sense of Hadamard) if
a) it has a solution,

b) this solution is unique and

¢) it depends continuously on the data.

If any of these conditions is not fullfilled it is called #ll-posed. The discovery
of chaos theory in the 20th century tells us that a problem need not be well-
posed to be physically meaningful. Even the existence of solutions to many
practically relevant problems such as the Euler or Navier-Stokes equations is
open. In fact, a proof of the existence (and regularity, see below) of a solution
to the incompressible Navier-Stokes equations in three space dimensions (this is
important) is one of the millenium prize problemsﬂ

The informal definition of a well-posed problem needs to be made mathe-
matically precise. The first question is what a solution should be. A natural
assumption for an equations such as

Fu+du+du=f (zeQ)

!The precise description of the task can be found here: http://www.claymath.org/millennium/Navier-
Stokes_Equations/
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would be that w is twice continuously differentiable with respect to each vari-
able. We say that a function is a classical solution of a PDE problem if it has
continuous derivatives up to the required order and it satisfies the PDE for every
x €.

The number of derivatives of a function is called its reqularity. If a solution
to a PDE problem possesses higher derivatives than required by the PDE it
is said to have “additional regularity”. This is important to assess the (speed
of) convergence of numerical schemes. It turns out that also functions that
do not have the derivatives required by the PDE may be called “solutions” in
an appropriate sense (so-called weak solutions). A particular example is the
conservation law

Ou+ O,u =0 (x € R, t>0)

where also discontinuous functions u(x, t) do make sense, as we will show below.

Unfortunately there is no theory that covers the solvability of PDEs in general
and it is unlikely that such a theory exists. Instead techniques have been devel-
oped that can be used to analyze certain classes of PDEs. Similarly, there are
no general numerical methods that can be applied successfully to any PDE but
the development of numerical schemes follows the different classes introduced for
the analysis. Below we will introduce the following important classes of PDEs:

a) Second-order scalar elliptic equation.
b) Second-order scalar hyperbolic equation.
¢) Second-order scalar parabolic equation.

d) First-order hyperbolic systems.

4.2. Second-order Scalar Equations

Type Classification Our aim is now to sort second-order scalar equations into
different classes. We restrict ourselves to linear equations (nonlinear equations
are classified after linearization). From the viewpoint of physical applications the
independent variables are characterized as “time” and “space”. In the following
definition this distinction is not made, ie. x = (x1,...,2,)’ denotes just a
vector of n independent variables where one of them may be time.

The general linear second-order scalar PDE has one of the two forms

Lu == 0, (a;(x)0su) + Z@xi(bi(x)u) +e(x)u=f inU (4.1)

1,j=1
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or

n n
Lu= - a;(@)0,0pu+ Y bi(x)deutcl@u=f U, (42
ij=1 i=1
where L is called a linear differential operator and U is some domain. The speci-
ficiation of boundary conditions to obtain a well-posed problem is intentionally
omitted as it depends on the given coefficent functions.

We say that the PDE is in divergence form if it is given by (4.1)). This is the
form that arises when deriving the equation from a conservation principle. This
also explains the minus sign in the second-order terms which reminds us that
some flow in direction of the negative gradient is modelled. If the coefficients
are continuously differentiable we can rewrite the form into the form
and vice versa using the product rule. Doing so results in new coefficients b;(x)
and ¢(z) but the coefficients a;;(x) remain the same. Moreover, since 0,0, u =
Oz, 0, u we may assume without loss of generality that

aij(x):aji(x) (i,jzl,...,n,xEU).

Either form (4.1]) or (4.2) may be more appropriate for different purposes. In
the following we will consider only form (4.2)), tacitly assuming that both forms
are equivalent.

Definition 4.1. For every point x € U define the real symmetric n X n matrix
(A(x))i; = a;j(z) and the column vector b(x) = (b1(z),...,b,(z))". Then the
partial differential operator L (or Equation (4.2)) is called

a) elliptic in x if all eigenvalues of A(z) are nonzero and have the same sign,

b) hyperbolic in z if all eigenvalues are nonzero, n — 1 eigenvalues have the same
sign and the remaining eigenvalue has the opposite sign,

¢) parabolic in x if one eigenvalue is zero, the remaining eigenvalues have the
same sign and the n x (n 4 1) matrix (A(z), b(x)) has full rank.

The operator (or the equation) is called elliptic (hyperbolic, parabolic) if it is
elliptic (hyperbolic, parabolic) in every point x € U, O

The names elliptic, hyperbolic and parabolic are taken from the special case
n = 2 where a level set of the quadratic form g(x1, o) = allx%+2algx1x2+aggaz%
is either an ellipse, a hyperbola or a parabola. In the case n = 2 the classification
is complete, i.e. every linear second-order PDE is either elliptic, hyperbolic or
parabolic or it is not a PDE (this case is excluded by the rank condition in the
parabolic case). For n > 2 there are PDEs that are neither elliptic, parabolic
or hyperbolic. Moreover, there are useful PDEs that have different types in
different parts of the domain. Note also that the type of the operator depends
only on the coefficients of the second-order terms, the so-called leading part.

53



CHAPTER 4. TYPE CLASSIFICATION AND MODEL PROBLEMS

Characteristics In the initial value problem for a second-order ordinary dif-
ferential equation the solution w and its derivative du/dt are prescribed at some
to in order to determine the solution at later times t > t;. We can transfer the
idea of an initial value problem to partial differential equations in the follow-
ing way: Given u on a surface I' in R" together with its derivative in direction
normal to the surface, can we determine the second derivative in normal di-
rection, and with it the solution in the neighborhood of the surface, from the
given data and the PDE ? This problem is generally called the Cauchy
problem for ([1.2)). Points & € T’ where the Cauchy problem can not be solved
are called characteristic points and if it is not solvable in any point of a given
surface the surface itself is called a characteristic surface. On a characteristic
surface the solution of the PDE or its normal derivative may not be continuous
although the coefficients (and the surface) are smooth. Therefore the existence
of characteristic surfaces for a differential operator gives important information.

In order to answer this question about characteristic points and surfaces we
assume the surface I' to be smooth and denote by ¢;(z), ..., ¢,(x) a system of
orthonormal vectors in x € I" such that ¢;(z),...,g,_1(x) are tangential to the
surface and ¢,(x) points in direction normal to the surface. Since I' is smooth
and u as well as its normal derivative 0,, are given on all of I' also J,u and
0y,04,u for 1 < i < n are given. So the task is to compute the single derivative
8q2nu from the given data and the PDE.

In order to do that we introduce the coordinate transformation z(s) = Q(y)s+
y for an arbitrary y € I and Q(y) = [¢1(y), ..., ¢.(y)] the column matrix of
tangential and normal vectors. We now want to derive a PDE for the new
function

v(s) = u(z(s)) = u(Qy)s +y)
locally around y € I'. Employing the chain rule we obtain for the gradient and
the Hessian

0s,0(s) = ]Tvxu(x(s)) = V(s) = Q' Vu(z(s))
05,05,0(s) = q; Vau(w(s))a; = Viu(s) = Q' Viu(x(s)Q.

Note that 07 v(s) = ¢} Viu(z(s))qn = ¢} V(g Vau(z(s))) = 0; u(x(s)) is the
second derivative in normal direction. Since () is orthogonal we get

Vau(z(s)) = QViu(s) Viu(z(s)) = QViv(s)Q"
which we insert into the PDE:
—A(z(5)) : (QVu(5)Q") + b(x(s)) - (QVu(s)) + c(a(s)) = f((s)).

Here we used the notation A : B = 7', (A);;(B)i;. Using the identity

A (QBQT) = (QTAQ) : B, see appendix , we obtain the transformed
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PDE for v(s):
—(Q"A(2(5)Q) : Viu(s) + (Q"0((5)))" - Vau(s) + c(a(s)) = f(a(s)).

Writing out components in the leading order part we find
n
— q,TLAqnﬁiv — Z qiTquagiasjv + Q") -V +c=Ff. (4.3)
i,j=1(i)
From this we see that the missing derivative 93 v(s) = 9; u(x(s)) can be com-
puted from the given data if and only if

gy Agy # 0. (4.4)
The matrix A is always symmetric and therefore diagonalizable, i.e. it has
n real eigenvalues \q,...,\, together with a set of orthonormal eigenvectors

r1,..., . With the column matrix R = [ry,...,7,] we have RTAR = A =
diag(A1, ..., An). We now discuss the condition (4.4) depending on the type of
equation:

i) The PDE is of elliptic type. Then all eigenvalues of A are either
positive or negative, i.e. ¢l Ag, # 0 for any g, # 0. Therefore the de-
sired derivative 92 u(x(s)) can always be computed for any surface I'. We
conclude that an elliptic PDE does not have characteristic surfaces. This
also means that the solution and its gradient are smooth as long as the
coefficients of the equation are smooth enough.

ii) The PDE (4.2)) is of parabolic type. Then A has one zero eigenvalue and
all others are nonzero and have the same sign. Without loss of generality
let A\, = 0 with corresponding eigenvector r,. Now

QnAQn =0 & qg.=a,m,

for any «,, meaning that Q?u(x(s)) can not be computed at a point on
the surface when the normal to points in direction of the eigenvector r,,.
Characteristic surfaces have normal direction r,(y) in every y € I'. In fact
this does not explain why all nonzero eigenvalues need to have the same
sign.

iii) The PDE (4.2)) is of hyperbolic type. Then A has n — 1 eigenvalues of the
same sign and one with the opposite sign. Without loss of generality let A,
. . . n—1
be this eigenvalue. Decomposing g, = a1, + Y., a;r; we get
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Note that the radicand is always nonnegative due to the sign condition in
the definition of hyperbolicity. Now

n—1
Ai
——OéiTn-F E o;r;
i=1

are all the surface normal directions for which the derivative 92 u(z(s))
can not be computed. For any choice of aq,...,a,_1 we get two possible
directions. Since ¢, is a direction it can be scaled arbitrarily. Therefore in
the case n = 2 we can fix a; = 1 and there are exactly two directions:

[ A
n =171t/ —— 7.
q 1 N T

If n > 2, there is an n — 2 dimensional set of directions.

Characteristic surfaces are closely related to the Cauchy-Kovalevskaya theo-
rem, see [Renardy and Rogers, 1993, §2.2], which asserts the local existence of
solutions of a system of PDEs in the neighborhood of noncharacteristic surfaces.
It is not of much practical use because the data and the surface are required to
be analytic and it is indifferent to well-posed and ill-posed problems. Although
it turns out that the choice of boundary and initial conditions that lead to a
well-posed problem strongly depends on the type of the equation this question
can not be answered with the techniques given so far. In the following we will
give boundary and initial conditions that lead to well-posed problems for the dif-
ferent types with proofs given later in the text or in the literature. Ill-posedness
of certain problems will be shown by the way of counter examples.

Elliptic Equations The condition for ellipticity results in A(x) being either
positive or negative definite. Since the sign can be changed arbitrarily by mul-
tiplying the equation by —1 the convention is to require that A(x) is positive
definite (then A(z) models a permeability tensor). From we learn that el-
liptic equations model e.g. the stationary flow of heat in a solid or fluid material.
The “simplest” elliptic equation is obtained by setting A=1,b =0, ¢ = 0:

~Au=f inQ (4.5)

and is called Poisson equation. If also f = 0 the equation is called Laplace
equation or potential equation. In §1| we have seen that the Poisson equation
describes e.g. the gravitational potential.

Now we turn to the question of boundary conditions on 9€2. The analysis of
the Cauchy problem above suggests that the solution in the neighborhood of
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the boundary can be determined from v and d,u given on the boundary, where
n denotes by convention the direction of the unit outer normal to 02. The
following counter example shows that such boundary data may not lead to a
well-posed problem.

Example 4.2. |[Rannacher, 2006, §1.2]. Consider n = 2 and Q = {(z,y) €
R? : z > 0}. On the curve T' = {(0,y) € R?} we prescribe the Cauchy data
u(0,y) = u)(y) = 0 and d,u(0,y) = uy = 0. Clearly the function u(x,y) = 0
solves the Laplace equation Au = 0 with this boundary data. Now we chose
e > (0 and set the boundary data to

ul(y) =0, uc(y) = esin(y/e).
One verifies that
1
uc(x,7) = € sinh(z/€) sin(y/e), sinh(z) = 5(62 —e )

solves Au = 0 in  and satisfies the given boundary data. Now we have on
the one hand lim. ,ou! = uj = 0 but on the other hand for any fixed point
(z,y) € Q: lim,_,guc(x,y) — oo. Therefore it is not possible to bound u.(x, y)

by the data uniformly in € and the problem is not well posed. l
y u It turns out that on every point of the boundary only
one of the following conditions
u u u=g (Dirichlet), (4.6a)
Ot =g (Neumann), (4.6b)
Ohu+au=g (Robin), (4.6¢)
u x

can be prescribed. That these prescriptions actually lead

to well-posed problems for the general elliptic equation
will be shown later as part of the convergence theory. Note also, that the Neu-
mann condition requires a compatibility condition with the right hand side f in
order to be solvable and the solution is only unique up to a constant. The bound-
ary conditions can be mixed, i.e. on different parts of the boundary, different
conditions can be given.

Parabolic Equations In the parabolic case one eigenvalue is zero. We assume
that this eigenvalue is A, and rename the variable z,, to t. The “simplest”
parabolic equation is obtained by setting A = (AOI 8) with some constant A > 0,
b=(0,...,0,1)T and ¢ = 0 which leads to the equation

n—1
O — A Z Pou=0u—NAu=f inU. (4.7)

=1
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Note that second derivatives are taken only with respect to the “spatial” variables
X1,...,Tp_1. From we learn that this equation models instationary heat
flow in a homogeneous solid body with heat conductivity A. The equation with
A=1land f=0

Ou=Au inU (4.8)
is generally referred to as heat equation in the mathematical literature.
t Parabolic equations are typically solved in a
to+ T r space-time cylinder U = Q x ¥ with Q the
T spatial domain and ¥ = (tg,tg+ 1) a time in-
ulr rlu terval. For the boundary conditions we iden-
tify the boundaries I' = {(x,t) € U : z €
T, oteXt Tyg={(x,t) e U : x € Q,t =ty}
to v T = and I'r = {(x,t) e U : o € Q,t =ty + T}.

This is illustrated for one spatial dimension in
the figure to the left. Since —A is an elliptic operator on the n — 1 spatial vari-
ables the same boundary conditions as in the elliptic case (with ¢ now depending
on time as well), i.e. those in (4.6]), can be applied on I". The surfaces I'y and I'r
are characteristic since the normal direction (0,...,0,1) points in direction of
the eigenvector corresponding to the zero eigenvalue. But the equation is only
first order in that direction, so the prescription of the solution on either I'y or
I'r is sufficient. We now show by way of a counter example that a prescription
of uw on 'y (“at the end of the time interval”) may lead to an ill-posed problem.

Example 4.3. [Braess, 2003]. Consider n =2, U = Q x ¥ = (0,1) x [-1,0).
We prescribe the condition «(0,¢) = u(1,¢) = 0 on I and the condition

u(z,0) = %sin(lmx) (k € N)

for ¢ = 0 which corresponds to I'y above. One verifies that

1 2.2
u(z,t) = Ee_k ™ sin(kmx)

solves the heat equation dyu = 9?u in U and satisfies the boundary data. We
observe that for k — 0o: sup,cq |u(z,0)] — 0 but sup(, yep [u(z,t)] — oo.
On the other hand u(z,t) = 0 solves the heat equation for u(z,0) = 0. So
again the solution does not depend continuously on the data. Observe, however,
that changing U to U = (0,1) x (0,1] and the same data at ¢ = 0 which now
corresponds to 'y (!) in the notation introduced above. we get |u(z,t)| — 0 for
k — oo. U

From the example we motivate that conditions on I' and I'y do lead to a
well-posed problem. On I'r no condition is necessary. The conditions on I' are
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referred to as boundary conditions while the condition on I'y is referred to as
initial condition.

Hyperbolic Equations In the hyperbolic case n — 1 eigenvalues have the
same sign and one eigenvalue has the opposite sign. We assume without loss of
generality that A\, < 0, \; > 0, 1 <7 < n — 1 and rename the variable z,, to
t. The “simplest” hyperbolic equation is obtained by setting A = (’*’81 _01) with
some constant Kk > 0, b = 0 and ¢ = 0 which leads to the equation
n—1
OFu — K* Z Pu=0u—rAu=f inU. (4.9)
i=1
As in the heat equation the Laplace operator acts only on the “spatial” variables
X1,...,Tp_1. From we learn that this equation models the propagation of
sound waves in a gas with x the speed of sound. The equation with k = 1 and

f=0

Ou=Au inU (4.10)
is generally referred to as wave equation in the mathematical literature.
t Hyperbolic equations are typically solved in a
to+ T r space-time cylinder U = Q x X with € the spa-
T

tial domain and 3 = (tg,to + 7') a time inter-
val. For the boundary conditions we identify

‘b H the boundaries I' = {(z,t) € U : = € 0, t €
T, X4 Do ={(z,t) e U : z € Q,t = tp} and
to Iy ={(z,t) €U : x € Q,t =ty+ T}. This

u,Ou T=T1 7 o 0
is illustrated for one spatial dimension in the
figure to the left. In the hyperbolic case no boundary surface is characteristic.
Since the operator —Auwu is elliptic an elliptic operator with respect to the n — 1
spatial variables the same boundary conditions as in the elliptic case, with
g now depending as well on time, can be applied on I'. On I'y, it turns out, the
prescription of the initial conditions u and 0yu does lead to a well-posed problem.
If such a condition is prescribed on I'y no condition on I'r can be given.
However, in contrast to the parabolic case, the role of I'y and I'y can be
reversed without leading to an ill-posed problem. This can be seen as follows:
Suppose ut(x,t) is a solution of the wave equation in Ut = Q x (0, 7] with
initial data prescribed at ¢ = 0. Then the function v (z,t) = u*(z, —t) is a
solution of the wave equation in U~ = § x [T, 0) with “final data” prescribed
at t = 0 and boundary data v (z,t) = u™(x,—t),z € 0Q,t € [-T,0). So when
the problem in U™ is well posed also the “reflected problem” in U~ is well-posed.
We now turn to the question whether supplying u on I'y and I'r instead of
u, Oyu on either I'y or I'p leads to a well-posed problem. The following counter
example shows that this is in general not the case.
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Example 4.4. [Hackbusch, |1986, §1.4]. Consider U = Qx ¥ = (0,1) x (0, 1/7).
We prescribe the data u(z,0) = u(0,t) = u(1,t) = 0 and u(z, 1/7) = sin(knx)
for £ € N. One verifies that
, sin(kmt)
t) = sin(krr)——
u(zx,t) = sin(knrz) —

solves the wave equation in U and satisfies the given data. Now for & — co we
have |u(z,1/7)| < 1 but sup{l/sinv : v € N} = oo. Again, the solution does
not depend continuously on the data. ]

In the following, we consider therefore the wave equation with boundary con-
ditions (4.6)) on I' and initial conditions u, d;u on I'y.

Extensions Sometimes the partial differential operator L(€) depends on a pa-
rameter € > 0. Then the PDE is called singularly perturbed if the type of L(0)
is different from the type L(e€) for € > 0. As an example consider the equation

ou—eAu+b-Vu=0.

For any € > 0 the equation is second-order parabolic but for € = 0 the equation
is first-order (hyperbolic).

We now turn to the type classification of nonlinear partial differential equa-
tions. The most general form of a scalar second-order nonlinear PDE in n
variables is

F(92 u, 05,001, ... 02 u, 0y, ..., O u,u, @) =0 (x e U)

with F' a function in n(n — 1)/2 + 2n 4 1 variables which we may name
Z = (lea 2125+ -3 Rnmy Rl + + 5 2y ZO)T

A linearization of the PDE around the state u(z) is obtained by decomposing
u(z) = u(z) + u(z) and applying Taylor expansion:

n n
F(Ru,... oux)=> Y 0. Fo,0pi+ Y 0.F0,i+0,Fi+F=0.
j=1 i>j i=1
This is a linear PDE in @ with coefficients a;j(z) = 9., F(93.4, ..., u,z). The
type classification is then applied to this linear a PDE for a given state u.
As an example consider the porous medium equation

Ou — AuP = O — V - (puf'Vu) =0 (4.11)

with p > 1 and where we assume that boundary and initial conditions are
such that u > 0 is ensured. This equation is called degenerate parabolic as
it is parabolic at points where u(x) > 0 and it degenerates into an ordinary
differential equation at points where u(x) = 0.
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4.3. First-order Hyperbolic Systems

Method of Characteristics We will consider the linear scalar conservation
law

Ou+V-(vu)=0 inR"xR" (4.12)

with initial conditions
u(z,0) = u’(x) on R". (4.13)

Here v : R” x Rt — R" is a given time-dependent velocity field assumed
sufficiently smooth. The extension to a bounded domain €2 is straightforward.
The nonlinear case is treated in [Evans, 2010, § 3.2|. The following Theorem
gives an explicit solution formula for this equation.

Proposition 4.5. Let u € C1(R" x RY) solve (4.12)) for a smooth velocity field
v € [CHR"™ x RY)|". For any point 2° € R" define the characteristic curve

(&(t), 1) by
dz R .
%(t) =v(z(t),t), t >0, #(0) = 2° . (4.14)

Then the solution of (4.12)) at any point along the curve (4.14]) is given by

t

(@), 1) = w2 exp | — / (V- 0)(@(s),s)ds | . (4.15)

0

Proof. Differentiating u along the curve gives

d%u@(s), s) = Ou(i(s), 8) + ) Onu(i(s), @‘Z (s)
= Jyu(z(s),s) + Vu(z(s), s) - v(:%A(s) s)

= Owu(z(s),s) + V - (v(z(s), s)u(z(s),s)) — (V- v(z(s), s))u(z(s), s)

where we have used the definition of the characteristic curve and the product
rule V- (vu) = v-Vu+ (V-v)u. The first two terms vanish since u solves (4.12)
and we are left with the linear ordinary differential equation

d
EU(@(S), s) = —(V - v(2(s), s))u(2(s), s) (4.16)
which has the solution stated in the Theorem. L]
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u(z,0) u(zx, 1) u(z, 2)

_ L

-2-101 2 * -2-10 1 2 2 -2-10 1 2 <

Figure 4.1.: Solution of the equation d,u + 0,u = 0 with a step initial condition.

The characteristic curves defined in the Theorem are the paths followed by
particles in the flow. A special case is given when v is divergence free, V-v = 0.
Then Theorem states that the solution is constant along any characteris-
tic curve. In particular v = const is a divergence free velocity field and the
corresponding characteristic curves (2(t),t) = (2% + vt,t) are straight lines in
space-time. The solution at any point is then given by u(x,t) = u’(x — vt).

As a further specialization consider now the special initial data u®(z) = ¢(y-z)
where y is an arbitrary vector of modulus 1 and ¢ is a strictly monotone scalar
function. Since Ve(y - x) = ¢'(y - x)y the level sets of u°(z) are hyperplanes
in R™ which are perpendicular to the given direction y. For this special initial
data the solution of with v = const is given by u(z,t) = ¢(y - (x — vt)) =
¢(y-x—ty-v). Thus the level contours move with velocity y-v in the direction y.
This explains the fact that solutions of support the propagation of waves
(without a formal definition of a wave). More specifically, solutions of the form
o(y - x —ty-v) are called plane waves and they play a role in the generalization
to systems of equations.

Using the explicit solution formula from Theorem we can analyze the reg-
ularity of the solution. Clearly, when the velocity field is smooth enough (e.g.
Lipschitz continuous in z) and the initial data u" is continuously differentiable
then also u(z,t) will be continuously differentiable. However, the solution for-
mula makes also sense when the initial data is discontinuous (which might be a
perfectly good approximation for a density or a concentration)!

Example 4.6. Consider the one-dimensional case with v = 1 and the step initial

condition
2 <0
o ={ 1150

According to the method of characteristics we get the discontinuous solution
u(x,t) = u®(z — t) illustrated in Figure [4.1| for the times t = 0, 1, 2. O.

This example motivates that requiring in general a solution of a kth order PDE
to be k times continuously differentiable might be too restrictive. The question is
then to give such “generalized” solutions lacking the required regularity a precise
mathematical sense.
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One-dimensional Systems We now turn, as an intermediate step, to the
case of a vector-valued function u(x,t) = (uy(x,t), ..., uy(x,t))? in one spatial
dimension and consider the system of equations

Ou+ Bou=0 inR"xR" (4.17)

where B is a constant m X m matrix. One idea to solve this equation is to
require B to be real diagonalizable, i.e. B has m real eigenvalues A1, ..., A, and a
corresponding set of eigenvectors rq, ..., r,, that form a basis of R™. In that case
there exists an orthogonal matrix Q with QBQT = D, D = diag(A1,..., \n).
Using the transformation w = Qu we can transform the system into the
equivalent system

Ow + DO,w =0 in R" x Rt

In the transformed system all components decouple and each component can
be solved independently using the method of characteristics. Note that the
velocities are the eigenvalues A\, which might be different for each component.
Each component of the solution of the original system u = Q7w is then a linear
combination of these “simple” waves w;.

We can also ask whether a system of the form (4.17)) can have plane wave
solutions. To find them we make the ansatz

u(z,t) = ¢(yx — ot)

where the “direction” y is now reduced to a scalar, ¢ : R — R™ is now a vector-

valued function in one argument and the scalar factor o is to be determined.
Inserting this ansatz into the PDE (4.17)) results in

do do do

— — —0) + A— — = (—ol +yA)— — =

7 (yr — ot)(—0) 7 (yr —ot)y = (—ol +y )ds (yr —ot) =0

This equation can not be satisfied by any profile function ¢ in contrast to the

scalar case. However, if we assume A to be diagonalizable we can require that

% is equal to an eigenvector:
d
d_f:rk = gb(S):ST’k—i—(bk (]le,,m)

Then our equation reduces to
(—o+y\)r =0 = o=X (k=1,...,m).

Thus we can conclude that equation (4.17)) supports m plane wave solutions that
have the form

uk(xat) - (yx_y)‘kt)Tk+¢k (k: 17"-7m)
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with arbitrary ¢ provided A is diagonalizable. Since y has the meaning of a
direction we may assume y = 1 and so the possible velocities 0 = \; are just
the eigenvalues of A.

It turns out that the diagonalizability of A is not just a nice mathematical
structure that allows one to solve the system but that such systems are
also practically relevant!

Multi-dimensional Systems We now turn to the linear system of m equa-
tions in n space dimensions of the form

Ou+» Bjoyu=f inR"xR' (4.18)

j=1
with the initial condition
u(z,0) = u’(z) on R" (4.19)

where u : R" x Rf — R™ is the unknown function and B; : R" x Rf — R™*™
[ R" x RT — R™ are given functions that may depend on position and time.

This system can not be transformed into a decoupled system for the individual
components by a transformation w = Qu because the matrices B; are, in general,
not simultaneously diagonalizable. However, we can still ask for the existence
of plane wave solutions. In analogy we make the ansatz u(x,t) = ¢(y - x — ot)
where y € R" is now a given direction, ¢ is a vector-valued function in one
variable and the B; are assumed to be constant matrices. Inserting this ansatz

into the PDE (4.18)) yields
(—0‘] + Zijj> E(y X — Ut) =0
j=1

If we now assume that the matrix B(y) = > ’_, y;B; is diagonalizable for any
y € R™ with m eigenvalues \;(y) and corresponding eigenvectors 7y (y)we can

set again % = r(y) and the system reduces to

(=0 + M(y) mr(y) =0

Consequently we will have the m plane wave solutions of the form

up(z,t) = (y - & = A(y))rK(y) + ok (k=1,....m)

with arbitrary ¢,. This motivates now the following definition.
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Definition 4.7 (Hyperbolic linear first-order systems). The system of equations
(4.18) is called hyperbolic if for each x,y € R™ and ¢ > 0 the m x m matrix

B(z, t;y) Zyj (4.20)

is real diagonalizable, i.e. it has m real eigenvalues Ai(x,t;y),..., \n(z,t;y)
and its corresponding eigenvectors r1(x, t;y), . .., rn(x, t;y) form a basis of R™.
In addition there are two special cases:

i) The system is called symmetric hyperbolic if B;(x,t) is symmetric for every
reR" t>0and j=1,...,m

ii) The system is called strictly hyperbolic if for z,y € R", y # 0 and t > 0
the matrix B(x,t;y) has m distinct real eigenvalues. 0

Example 4.8 (Linear Acoustics). We consider the system of linear acoustics in

three space dimensions given in Equation (2.28)). Setting u = (p, ¥y, 02, U3) this
system can be written as

O+ Y BjOyu=0

j=1
with
0 2500 0 0c250 0 00cp
B= (o) B (00 ) s g
0 0 00 0000 1/p00 0
For any y € R? we therefore have
, 0 yic®p 1P ysc?p
_ |l w/p O 0 0
B(y)—;ijj_ y2/ﬁ 0 0 0
w/p 0 0 0

With the transformation matrix T" = diag(pc, 1, 1, 1) we see that B(y) is similar
to the symmetric matrix

0 yic yc ysc

1 | yic O 0 O
T"BWT=|.. 0 0o o
ysc 0 0 O
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and therefore is diagonalizable with eigenvalues

A2 = Eclly|| and N34 = 0.

Since y is a direction vector we may assume ||y|| = 1 and therefore the system
supports two wave solutions with velocities +¢ (explaining that ¢ is the speed
of sound). O

Definition can be extended to the slightly more general system

Bydu+ Y Bjoyu=0 inR"xR* (4.21)

J=1

where By is a constant symmetric positive definite matrix. This system is also
called hyperbolic provided the matrix B(x,t;y) defined in is diagonaliz-
able. This can be shown as follows. By assumption there exists an orthogonal
matrix @ such that QBQT = D = diag(u1, ..., ftm), px > 0. With the trans-
formation w = DY?Qu the system (4.21)) is equivalent to

Ow+» D"?QB,Q"D 0, w=0  inR"xR",
j=1

For this transformed system and any y € R" we have

Z ijl/ZQBjQTDfl/Q — D1/2Q <Z ijj> QTDfl/Q
Jj=1 j=1
= D'?QB(x,t;y)Q" D',

so the diagonalizability of B(x,t;y) also implies the hyperbolicity of the trans-
formed system.

First- and Second-order Hyperbolic Equations We now establish a con-
nection between first-order hyperbolic systems and second-order scalar hyper-
bolic equations. We only consider the case b = 0, ¢ = 0 in . With the
vector-valued function v = (vy, ..., vn, Vuy1)? = (Op,, ..., 0p u, Opu)T we ob-
tain the system of n + 1 equations

n n
E aij&gvj — E aijﬁtvn—f—l =0 (Z = 1, ce ,n),
J=1 J=1

atUnJrl - Z Z Clz‘jaxjvz‘ = f

j=1 i=1
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Here the first n equations are a consequence of the n identities 0,0, u = 0,,0:u
and the fact that the rows of A(x,t) are linearly independent. The last equation
is our second-order hyperbolic PDE. Now this system can be written as first-
order system of the form (4.21]) with the matrices

a ... ay, O 0 ... 0 —ay
Ani .. Qpp 0O 0 ... 0 —ay
0 ... 0 1 —Q15 ... —Apy 0

The positive definiteness of A(z,t) ensures the positive definiteness of By and
since the B; are symmetric any combination Z;‘:l y;B; is diagonalizable. Thus
we have shown that a scalar second-order hyperbolic PDE can be written as
a (symmetric) hyperbolic first-order system. This also implies that (appropri-
ately generalized) solutions of a scalar second-order hyperbolic PDE may be
discontinuous.

Nonlinear Hyperbolic Conservation Laws Definition 4.7 can be extended
to the case of a nonlinear conservation law (2.24)) (such as the Euler equations)
as follows. We rewrite the conservation law using the chain rule (assuming F' to
be sufficiently smooth):

Ou + Z O, Fj(u) = Opu + Z VF;(u)0,,u
j=1 j=1

(VFj denotes the Jacobian matrix). Then the nonlinear system is called hyper-
bolic if the matrix

Bz, t;y) = ZijFj(u(Jfat))

is diagonalizable for any y € R™ and possible state u(z,t).

4.4. Model Problems

In order to summarize this chapter we give a list of problems (including boundary
and initial conditions) which will serve as model problems in the rest of the text
and which we will be able to solve numerically in the course of the lecture. In
the following 2 C R" is a (spatial) domain, ¥ = (0,7 is a time interval and
w:Q— Rorwu: x> — R denotes the unknown scalar function.
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a) Transport problem (first-order hyperbolic).

Ou+V-(vu)=f in
u=g on'={x €0 : v(x) n(x) <0}

b) Laplace equation with Dirichlet boundary conditions (second-order elliptic).
—Au =0 in
u=yg on 0f).
¢) Poisson equation with Neumann boundary conditions (second-order elliptic).

—Au=f in Q2
—Vu-n=g on 0f).

In order for a solution to exist the compatibility condition fﬂ fdr= | 90 9ds
is required. The solution is unique up to a constant.

d) Heat equation (second-order parabolic).

ou—Au=f in Qx X
u=gyq on 002 X X
u = Uy on 2 x {0}.

e) Wave equation (second-order hyperbolic).

OPu — Au=f nQxX
u=yg on 0 x X
u = ug, O = uy on 2 x {0}.

f) Convection-diffusion-reaction equation

Ou+V - (vu — DVu)+cu=f in ) x ¥
u=g on 02 x X
U = Uy on 2 x {0}.
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Chapter 5.

Elements of Functional Analysis

5.1. Motivation

In this chapter we study the existence and uniqueness of linear variational prob-
lems that arise from elliptic partial differential equations.
As a motivation consider the elliptic boundary value problem

—V - (KVu)+cu=f in Q, (5.1a)
u=20 on Of). (5.1b)

Multiplying both sides with a suitable test function (variation) v, v = 0 on 02
(because no variation is needed on the Dirichlet boundary, see Section and
integrating we obtain through integration by parts:

—/V-(KVu)ercuvda::/(KVu)-Vv+cuvdx:/fvd:c
0 QO 0

where we have observed that the boundary term vanishes due to v = 0 on 9f2.
Defining the so-called bilinear and linear forms

a(u,v) = | (KVu)- Vv + cuv dz, [(v) = [ fuvdx,
[ [

we obtain a problem of the abstract form

Find u € U : a(u,v) =1(v) YveV| (5.2)

where U and V' are appropriate function spaces for the solution v and the test
functions (variations) v. The purpose of this chapter is to define the appropriate
function spaces and to give necessary and sufficient conditions for the existence
of a unique solution of problem ([5.2)).

Provided the solution of is in C?(Q) N CYQ) the integration by parts
can be reversed and the solution satisfies also (5.1). Since it will turn out
that problem has a solution under weaker assumptions on the data and
coefficients it is called the weak formulation and correspondingly is called
strong formulation.
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The abstract setting (5.2)) is not restricted to scalar problems. As an example
for a system consider the Stokes problem

—Au+Vp=s in €2,
v-u:g an,
u=20 on 0f).

Scalar multiplication with a vector-valued test function v € V, and integration
by parts applied to the momentum equation results in

/(ZVui-VUZ) —p(V-v)dx:/S-vdx Yo € V.
i=1

Q Q

Multiplication with a test function ¢ € V), in the mass conservation equation
and integration results in

/(V-u)qd:vz/qux Vg eV,

Q Q

Combining both variational equations results in a problem in the abstract form
(5.2) with U = U, x Uy, V =V, x V,, and the bilinear and linear forms

a((u,p), (v,q)) = / (Z Vu; - sz-) —p(V-v) +q(V - u)dx,

[((v,q)) = /s v+ ggdx.

Q

5.2. Banach Spaces

In the following V', W are vector spaces (also called linear spaces) over the
field R, i.e. a set that is closed under addition and scalar multiplication. (The
generalization to the field C is possible but not needed here).

Definition 5.1 (Norm). A mapping ||.||v : V — R is called a norm if it satisfies
the following three properties:

i) ||v]] = 0 if and only if v = 0 (definiteness).
ii) Ve e R,Vv € V : ||ev|ly = |¢|||v]ly (homogeneity).

iii) Yo,w € V i |lv+wl|lyv < ||v|lv + ||w||y (triangle inequality).
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A mapping that only satisfies ii) and iii) is called a semi-norm. O

The pair (V,||.||v) is called a normed (vector) space. Examples for normed
spaces are

N[

a) R" with the Euclidean norm ||z|| = (30 27)2.

b) Let Q@ C R" be a bounded domain. C*(€2) denotes the vector space of
functions u with continuous partial derivatives 0“u up to order k. Since €2
is open these functions may be unbounded. If all 0“u up to order k are
bounded in €2 and uniformly continuous then there exists a unique, bounded,
continuous extension to the closure Q. The space C*(Q) of all functions with
bounded, continuous partial derivatives up to order k is a normed vector
space with the norm

PR — [6%
[ull cr@) = 1A%, sup |0%u(z)].
Sometimes we will write ||ull = ||lullcrg)-

The norm defines a topology (i.e. the notion of open sets) on V. A subset
X C V is called open, if

Vee X,3¢>0: B(x) C X

where B.(z) = {y € V : ||z — y|]lv < €} is the open ball with radius e around
.

Norms are important in connection with limit processes. We say that a se-
quence (vg)geny C V' converges to v € V if and only if limy_, ||vx — v||y = 0.
Convergence is denoted by vy — v or v = limy_,o vr. A consequence of the
triangle inequality is the inverse triangle inequality

[o]] = fJw][| < Jlv —w]| Yv,weV
which implies the continuity of the norm
(v =) = (vl = o)

Definition 5.2 (Equivalent norms). Two norms ||.|| and |||.|[| on V are called
equivalent if
allvilv <lvllv <e: vy vveV.

with two constants ¢y, cy > 0. ]

In finite-dimensional spaces all norms are equivalent
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Definition 5.3 (Cauchy sequence). A sequence {v; : k € N} with
sup{||vn, — vnllv : n,m >k} -0 for k— oc.
is called Cauchy sequence. ]
A space V is called complete, if every Cauchy sequence has a limit in V.

Definition 5.4 (Banach space). A complete, normed vector space is called
Banach space. Il

Examples for Banach spaces are
a) R, C with modulus |.| as a norm are complete, Q is not.
b) (R™,||.]]) is Banach space.
¢) Q C R” bounded domain, (C°(€2),|.||s) is Banach space.

Banach spaces can be constructed via the process of completion: Let (X, ||.|/x)
be a normed vector space that is not complete. Then (V = X, ||.||y/) is called the
completion of X. Every element v € V is limit of a Cauchy sequence {x;} C X
and [|v||y = limy_o ||zk||x. Especially, for z € X NV we have ||z||x = ||z]v.
Conversely, X is called dense in (V,|.||y) if X CV and X = V.

5.3. Hilbert Spaces

Definition 5.5 (Scalar Product). A mapping (.,.)y : V x V — R is called
scalar product if

i) (v,v)y > 0 if and only if v # 0 (definiteness).
i) (v 4w, 2)y = a(v, 2)y + (w, 2)y Yo,w,z € V, Ya € R (linearity).
iii) (v,w)y = (w,v)y Yo,w € V (symmetry). O
For any scalar product (.,.)y on a space V,
[vlly = /(o o)
defines a norm, the so-called induced norm, on V.

Definition 5.6 (Hilbert Space). A Hilbert space is a vector space with scalar
product that is complete with respect to the norm induced by the scalar product.
O
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By definition, a Hilbert space is also a Banach space but not necessarily vice
versa.

Lemma 5.7 (Cauchy Schwarz Inequality). In a Hilbert space the following
inequality holds true:

Vo,weV:  |(v,w)v] < [lollv]wl]lv.
Since
el — o, wpy = Lol | v |
’ 2 [ollv llwllv Iy
equality holds true if and only if v and w are colinear, see [Ern and Guermond,
2004, A.6] O

We call v,w € V orthogonal if (v,w)y = 0. Given X C V we denote by
X+t ={weV:(wv)y=0,Vve X} the space orthogonal to X with respect
to V. X' is a closed subspace of V.

5.4. Linear Mappings in Banach Spaces

Definition 5.8. Let V, W be normed spaces. Then £(V; W) denotes the set of
all linear and continuous mappings from V to W. An element A € L(V; W) is
called operator. O

We recall that a mapping A : V. — W is called linear if the following two
conditions hold:

i) A(U1 + Ug) = A(Ul) + A(Ug), Yvi,v9 € V.
ii) A(av) = aA(v), Vv € V,Va € R.

Instead of A(v) we often write Av when A is a linear operator. With

Av %4
IAllcwar = sup 120
vevaro |[V|lv

a norm is declared on £(V;W). The condition v # 0 when taking the supre-
mum is implicitly understood in the following. The norm ||Al|zq,p of the
operator A exists (i.e. the operator is bounded) if and only if A is continuous,
see [Hackbusch| 1986, Excercise 6.1.5].

LV W), |-l eevawy) is a normed vector space. Since % < || Al z(v;w) for
any v # 0, the inequality

[Av]w < [[Allcqmllvllv

73



CHAPTER 5. ELEMENTS OF FUNCTIONAL ANALYSIS

holds for all v € V.

If V is a normed space and W is a Banach space then £(V; W) is a Banach
space, see |[Ern and Guermond, 2004, Prop. A.10].

The following proposition shows that the continuity of the operator implies
convergence of the image of a convergent sequence.

Proposition 5.9. Let V, W be Banach spaces, A € L(V; W) a bounded linear
operator and vy — v a convergent sequence in V. Then Avy converges to Av.

Proof. {vy : k € N} is Cauchy sequence. ||Av,—Avy, |lw < [| Al o) |vn—vml|v
shows that {Av; : k£ € N} is a Cauchy sequence in W. Since W is complete
this sequence has the limit w = limy_,o Avg. It remains to show that w = Aw,
which follows from ||Av —W ||y = limy o || Av — Avg||w < [ Al 200 [0 — vk |lv
and v, — . ]

Often an operator is defined only on a dense subspace. The following propo-
sition states how the operator can be extended to the whole space.

Proposition 5.10. Let Vj be a dense subspace of the normed space V' and W
is Banach space.

i) A bounded linear operator Ay € L(Vp; W) defined on the subspace V{ has
a unique extension A € L(V; W) with Av = Ayv for all v € Vj.

ii) For any sequence vy — v, (vp € Vg, v € V) there holds Av = limy_,, Agug.

i) [ Allzeviwy = 1 Aoll ey
Proof. [Hackbusch, 1986, Satz 6.1.11] O

Definition 5.11. Let V, W be Banach spaces. A € L(V; W) is called compact
if for every bounded sequence {v, : n € N} C V there exists a subsequence
{vn, : k € N} such that Av,, converges in WW. O

After these more general definitions and properties we turn to some special
operators.

Definition 5.12 (Dual Space). Let V' be a normed vector space. V' = L(V;R)
is called the dual space of V. An element A € V' is called a continuous (or
bounded) linear form. Instead of Av we will write (A, v)y/y. O]

Since R is a Banach space, V' is also Banach space with the canonical norm

A A
|Allyr = sup 2L = sup VY
vev |Vlv wev (v]lv
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Theorem 5.13 (Riesz Representation Theorem). Let (V,(.,.)y) be a Hilbert
space. Then for every v' € V' there exists a unique u € V' such that

Vw eV : (W w)yy = (u,w)y.

The map 7 : V! — V mapping v' € V' to the corresponding u € V' is linear and
an isometry, i.e. ||[7v'||y = ||v'||y. For a constructive proof of the Riesz Theorem
see [Brenner and Scott|, (1994, §2.4]. The property that 7 is an isometry will be

important below and can be easily seen as follows: For any u,w € V, w # 0
(ww)y  ~ [ulv]w]v

it follows from the Cauchy-Schwarz inequality that Twlly ol — = ||y

Equality holds only for v and w colinear and therefore sup,,cy (ﬁtwlﬁ)v" = ||u]|v.
: (v w)y, g

But this means that |[v/[|ly: = sup,cy —m—" = Subyey (THUwIQIUV)V = [|r'|lv. O

Definition 5.14 (Dual Operator). Let V, W be normed vector spaces and A €
L(V;W). Then AT : W’ — V' given by

Yv eV, Yuw' e W' <ATU}/, U>V’,V = <w', AU>W/7W

is called dual operator. The dual operator is a generalization of matrix transpo-
sition in R". ]

Definition 5.15 (Bilinear Forms). Let Z1, Zs be normed spaces. Then £(Z; X
Z5;R) is the vector space of continuous bilinear forms on Zy X Z. With the
norm

a(z1, 22)
IlaHZhZz - sup
21€241,220€ 22 HZIHZl HZ2H22

L(Zy x Z5;R) is a Banach space. O
The following observation associates a special operator with a bilinear form

that will later play an important role in connection with the variational formu-
lation of partial differential equations.

Proposition 5.16. Let 71, Zs be Banach spaces and a € L(Z; X Zy;R) a
bilinear form. The map A : Z; — Z} given by

Vzl - Zl,\V/ZQ - ZQ : <A21,ZQ>ZQ,ZQ = CL(Zl, 22)

is an element of £(Zy; Z}) and HAHL(Zl;Zg) = ||al| z,.2,-
Proof. For fixed z1 € Z7, [(22) = a(z1, 22) is a continuous linear map. Moreover,

| Azl z (Az1, 22) 73,2,
”AH/:(Zl;Zg) = sup ————= = sup sup
21€2, Hlezl 21€271 22€ 2 HleZl"Z?HZz
a(z1, 22)
= sup sup = |lal|z,.z,

21€21 22€ 43 H21HZ1 H22HZ2

shows that the norms of the operator A and the bilinear form a coincide. O
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Definition 5.17 (Double Dual). Let V' be a Banach space. The dual space of
V' is called the double dual of V and is denoted by V”. V" is also a Banach
space. O

Proposition 5.18. Let V be a Banach space. Define the map Jy : V — V" as

Vu - V, V’U/ - V, . <JVu, U/>V”,V’ = <fU/, u>V’,V~
Then Jy is an isometry, i.e. ||Jyullys = [|ul|v.
Proof. See |[Ern and Guermond|, 2004, Prop. A.24]. O]

[sometric maps in normed spaces are always injective, since when u; # us we
have HJVu1 — JquH = va(ul — UQ)H = Hu1 — UQH 7é 0, l.e. Jvu1 75 Jvug.
But isometric maps need not be surjective in general. The isometry Jy being
surjective defines a special kind of Banach space.

Definition 5.19. A Banach space is called reflezive it Jy is an isomorphism. [J

5.5. Abstract Existence Theory

With the definitions of function spaces and linear mappings in place we can now
turn back to the abstract problem ({5.2)). The following theorem states existence
and uniqueness of the solution.

Theorem 5.20 (Banach-Necas-Babuska). Let U be a Banach space and V' a

reflexive Banach space, a € L(U x V,R) and [ € V’. Then Problem ([5.2)) is well
posed if and only if

Y >0:  infsup—BY S (BNB1)
well ey [[ullulv]lv
and
YoeV: Vu e U : a(u,v) =0) = (v=0). (BNB2)
Moreover, the following a-priori estimate holds:
, 1
Q
Proof. See |Ern and Guermond} 2004, Theorem 2.6]. O

For the proof of this theorem we refer to the literature. Instead we provide
only a motivation of the result here.

a) As in Proposition we define the map A : U — V' via the bilinear form:
Vu € UVYv € V i (Au,v)y v = a(u,v), so Au € V' is the continuous linear
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form that is obtained from a(u,v) by fixing the argument u. Then Problem
(5.2)) can be understood as a linear operator equation

Find u € U : Au = 1. (5.3)

Thus, Problem ([5.2)) has a unique solution if and only if the corresponding
operator A is invertible, i.e. it is injective and surjective.

b) In order to characterize injective and surjective operators we go back to
the R". Soset Y =R™, Z =R" and B € L(Y; Z). We recall the definitions

e range(B) ={z€ Z: By = z for some y € Y'}.
o ker(B) ={y €Y : By =0}.
Then the following holds true:

e B is injective if and only if ker(B) = {0}. Proof. Suppose B is injective.
Then there exist y; # yo such that for any y # 0 we have 0 # y =
y1 —y2 = By = B(y1 —y2) = By; — Bys # 0. So 0 is the only element in
ker(B). Now suppose ker(B) = 0. Then for y; # y» we have By; — Bys =
B(y1 — y2) # 0 so B is injective.

e range(B)* = ker(BT) where .* is the orthogonal complement with respect
to the Euclidean scalar product and BT denotes the transposed matrix.
Proof. z € range(B)* < (z,v) = 0 Vv € range(B) < (2,By) = 0 Vy €
Y& (BT2,y)=0Vy €Y & B2 =0« z € ker(B7T).

e B is surjective if and only if ker(BT) = {0}. Proof. B is surjective <
range(B) = Z < range(B)t = {0} & ker(BT) = {0}.

The first and third equivalence illustrate that the invertability of B can be
characterized by its kernel and range (respectively the kernel of BT). In general
Banach spaces the role of the transposed is taken over by the dual operator given
in Definition [5.14

c) Now we go back to the operator A from a). Clearly, if ker(A) = {0}
then || Aul|y+/||ully > 0 for any u # 0. In infinite-dimensional spaces the latter
condition is not sufficient to imply that A is injective. The precise condition is

A is injective A range(A) closed < da>0,Vue Uu#0: HﬁuthUV/ >
|[Ern and Guermond|, 2004, Lemma A.39]. With this result we obtain
inf [ Auly = inf sup Au,vpvy (Definition of ||.||y)
weUu0 |ully  welu0 yeyyzo ||ullu]v]lv
= inf sup _alw,0) > . (Definition of A)

uelUu70 yeV,p4£0 [ullullvllv —
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Thus (BNB1) ensures the injectivity of A.
d) The condition (BNB2) ensures the surjectivity of A, see |[Ern and Guer-
mond|, 2004, A.2.2, A.2.3]|.

Theorem gives necessary and sufficient conditions for the existence and
uniqueness of a solution of Problem (5.2)). We now consider a theorem that only
gives a sufficient condition for existence and uniqueness. An advantage of this
theorem will be that the assumptions on the bilinear form a are easier to check.
In this theorem the spaces U and V' are the same, i.e. U =V,

Theorem 5.21 (Lax-Milgram). Let V be a Hilbert space, a € L(V x V,R) and
[ € V'. Then Problem (5.2)) is well posed provided a is coercive, i.e. it satisfies
the condition

da>0,VueV: a(u,u) > allull3. (5.4)

Moreover, the following a-priori estimate holds:
, 1
Vie V' HUHV < EHZHV’

Proof. We show that (5.4) implies (BNB1) and (BNB2). For 0 # w € V
coercivity implies:

a(w,w) < sup a(w,v).
lwllv: = wev [lvllv

allwlly <

Since 0 # w € V was chosen arbitrarily this implies

inf supM >«
weV ey [Jwllv o]y

which is (BNB1). Now assume that v € V is chosen such that Vw € V :
a(w,v) = 0. Using again coercivity we have a|[v||} < a(v,v) = 0 implying
v =0, ie (BNB2). O

Remark 5.22. a) Lax-Milgram implies BNB but not vice-versa. Coercivity is
only a sufficient condition for existence and uniqueness.

b) The condition U = V' is inherent in the condition of coercivity.

c¢) Coercivity also implies that V' is a Hilbert space. The symmetrized bilinear
form @(u,v) = a(u,v) + a(v,u) is a scalar product on V' and implies the
norm ||v|lz = +/a@(v,v). This norm is equivalent to the norm |.||y in V
which follows from coercivity and continuity of a. Even if V' is only assumed
to be a Banach space, (V,a(.,.)) is a Hilbert space and ||.||z induces the same
topology as ||.||y due to the equivalence of the norms.
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d) The expression ellipticity of the bilinear form is used synonymously with
coercivity.

e) The symmetry of the bilinear form a is not required for the proof of the
Lax-Milgram theorem although in some books it is proven only under this
assumption. ]

We have proven the Lax-Milgram theorem by reducing it to the BNB-thoerem
which we did not prove. We will now present a stand-alone proof of the Lax-
Milgram theorem, taken from [Brenner and Scott], 1994, Theorem 2.7.7].

As stated in Equation (5.3) we can write the variational problem as an op-
erator equation with an operator A € L(V;V’). Due to the Riesz representa-
tion theorem there is a linear and isometric map 7 € L£(V’, V) such that
o(v) = (p,v)yry = (T¢,v)y for any ¢ € V'. Therefore we have the following
reformulations of the variational problem:

FindueV: a(u,v) =I(v) Yo €V  (Variational formulation)
& FindueV: Au =1 (Operator formulation)
& FindueV: TAu = Tl (T is bijective).

Now the last equation is solved using the Banach fixed point theorem. To that
end consider the map 7': V' — V given as

Tv=v— p(tAv — 7l), pER, p#D0.

If T is a contraction, i.e. ||[Tvy — Tws||ly < q|lvr — vol|y with 0 < ¢ < 1, then
the fixed point theorem states that there exists a unique fixed point © € V' such
that Tu = u, i.e. TAu — 71 = 0 since p # 0.

We now show that p can always be chosen such that 7' is a contraction.

| Tvy — T} = |1 — p(TAvy — 71) — (vg — p(TAvy — 71) |3 (Def. of T)
= [lv1 — vz — p(TAv) — TAv) |},
= [|v = prAv|y (v =01 —vy)
= (v — pTAv,v — pTAV)y
= ||v||3 — 2p(v, TAV)y + p*(TAv, TAv)y

= |lvl|} — 2p({Av, v)vr v + p*(Av, TAV)yy (Def. of 7)

= |lvl|} — 2pa(v,v) + p*a(v, T Av) (Def. of A)

< [vlly: = 2pallvlly + p*llallvy lvllv [T Avlly (coerc., cont.)
< (1 =2pa + pllalfy) vl (7 isom.)

= q"lv1 — oy
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Now it remains to show that p can always be chosen such that ¢ < 1. From

¢* =1-2pa+ p’llalfy =1 - pa—pllalfy) <1 < ppllallfy —2a) <0

200 9
UV

The stability estimate follows from coercivity:

we conclude that

a(u,u) (L uyyy {l,v)vv

lullv lully = wev lvllv

afully < = |||y

We now turn to the special case when the bilinear form is symmetric. Then
the variational problem is equivalent to a minimization problem as is shown in
the following theorem.

Theorem 5.23 (Characterization Theorem). Let V' be a normed vector space
(completeness is not necessary), a a symmetric and coercive bilinear form and [
a linear functional. Then the following two assertions are equivalent:

i) u is a minimizer of the functional J(v) = ja(v,v) — I(v).
ii) w solves the variational problem a(u,v) = Il(v) Yv € V.

Moreover, if the minimizer exists then it is unique.
Proof. |Braess, 2003, Satz 2.2|. For arbitrary u,v € V and t € R we have

1
J(u+tv) = Ea(u + tv,u + tv) — l(u + tv)

1
= §(a(u, u) 4 2ta(u,v) + t*a(v,v)) — l(u) — ti(v)
t2
= J(u) + ta(u,v) — l(v)] + Ea(v, v).
i) = ii). Let u € V be a minimizer of J(v) and set ¢,(t) = J(u + tv). Since u
is a minimizer we have 22(0) = 0 for all v € V. This implies

d;iv (1) . = [a(u,v) — l(v)] + ta(v,v) tzo = a(u,v) — I(v) =0 Yo e V.

it) = i). Now a(u,v) = l(v) Vv € V. This implies (set t = 1 above) for any
v#0

J(u+v)=J(u) +%a(v,v) > J(u)
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since a is coercive and v # 0. This shows that u is a minimizer of J(v). The
last argument also shows that the minimizer is unique when it exists. Suppose
that u; # usp are both minimizers, then we have J(u1) = J(ug + (u1 — ug)) =
J(u2) + 2a(ur — us, uy — ug) > J(ug) which is a contradiction. O

Note, that the previous theorem does not claim that a minimizer always exists.
It only states that both formulations are equivalent when a minimizer exists.

5.6. Lebesgue Spaces

We now turn to the question: What are the appropriate function spaces to be
used for solving the variational problem ([5.2)) with either the Banach-Necas-
Babuska Theorem or the Lax-Milgram Theorem? Both theorems require estab-
lishing certain properties of the bilinear form a which in the case of a scalar
elliptic boundary value problem is given by a(u,v) = [(KVu) - Vvdz. The
function spaces in the theorems need to be either Banach spaces or Hilbert
spaces. Assuming homogeneous Dirichlet boundary conditions a candidate for a
suitable function space would be V = {v € CY(Q) : v|sg = 0}. Equipped with
the norm [[v]]y = maxy<i sup,cq |0%v(z)| V is a Banach space provided €2 is
bounded.

The Lax-Milgram Theorem requires V' to be a Hilbert space. This is not the
case and therefore the theorem is not applicable.

So let us turn to the Banach-Necas-Babuska Theorem. A first observation is
that functions of the form u(x) = ||z — y||” with 0 < 8 < 1 and y € 9% are not
in (V, ||.||v) since the derivative is unbounded. However, functions of this form
do occur as solutions of the Poisson problem in domains with reentrant corners
as has been illustrated in the example in Figure [3.2]

Accepting that the theory can not cover some interesting cases one could
still try to verify the inf-sup condition. To make things more simple consider
the one-dimensional case 2 = (—1/2,1/2) and the two-point boundary value
problem

2
—% = fin €, u(-1/2)=u(1/2)=0.
a) In this case we have ||ully = max(sup,cq |u(x)|,sup,eq |v'(x)]). For any
x € () we have

ule) = u(w) (=12 = [ W(§)de <supl(©)] [ 1dv < suplu'(e)
§eq £eQ
~1/2 —1/2
and therefore sup,cq |u(x)| < sup,eq|v/(z)] and ||ully = sup,cq |v/(z)].
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Note that sup,cq |¢/(z)| is a norm on V' due to the homogeneous Dirichlet
boundary conditions.

For any v € V' consider now

1/2

sup alu, v) =  sup /u’v/d:p.
veV HUHV veV,|vflv=1 .

The integral is maximized for the function v, defined by

, 1 u/(x) >0
U*(@:{—l w(x) <0

v, (obviously) can have a discontinuous derivative but it can be approximated
arbitrarily close with functions from V' which have the property |[v||y = 1.
Thus we can conclude

1/2
sup alu,v) _ / u'| dz.
vev [[vllv
~1/2
Now finally the inf-sup condition reads
1/2
: a(u,v) : :
inf sup ———— = inf [u| dx.
ueV ey ||ullv[lvfly  ueviulv=1 /
~1/2

Consider the sequence of functions up(z) = (1 — (22)%*)/(4k) with k €
N. On Q = (—1/2,1/2) we have |Jux|ly = 1 and we get for the integral

S el de = 2 [ (2a) da = 2 [(22)%)(ak)]* = 1/(2k). So the

inf-sup condition does not hold.

These considerations show that the classical Banach spaces C*(2) equipped
with the supremum norm are not suitable in connection with the arising bilinear
forms containing integrals of function values and derivatives.

We are instead interested in Banach and Hilbert spaces where the norm is

defined via an integral over the function. A problem of the classical Riemann
integral is that a sequence of integrable functions may not converge to a limit
function that is again integrable as is shown by the following example.

Example 5.24. [Brenner and Scott, 1994, §1.1] The function log(x) has an
improper integral on the interval [0,1]. Now let {r, : n € Ny} be a set of

82



5.6. LEBESGUE SPACES

numbers that are dense in [0,1], e.g. QN [0,1]. Then define the sequence of
functions fi(x) = Zizo 27 "log |x —r,|. Every fi is Riemann-integrable and we

have
1

1
fe(@)dz| <2 [ |logz|da.
frswa <2

0

Since limy_, ’ fol fr(x) dx‘ exists we would like to conclude that also the integral

of the limit function f(z) = > "2 "log|x — r,]| exists. This, however, is not
the case: on any interval (a,b) the function f is infinite at some point and
therefore the Riemann integral is not defined. L

As a consequence the Riemann integral needs to be replaced by a more general
notion of integral given by Lebesgue. In the following fQ x) dx denotes the
Lebesgue integral of the function f (the symbol is the same because the Lebesgue
integral coincides with the Riemann integral if it exists).

Definition 5.25. With the Lebesgue integral being defined consider the scalar
product

(u,v)o0 = /u(:z:)v(x) dx (5.5)
9)
and the corresponding norm

2

/UQ(IC) de | . (5.6)

Q

We may omit the subscript ) if the domain is not ambiguous. The normed
linear space L?(Q2) then is the completion of C°(Q)) with respect to the norm
]

For every v € L?(Q) therefore exists a sequence (vp)reny C C°(Q) which is
a Cauchy sequence w.r.t. |.||o.o and which converges to v “almost everywhere”
in the sense of Lebesgue. In L*(Q) two functions f and g are identified if they
differ at most on a set of zero measure. In one space dimension, e.g., a set of
measure zero can consist of countably infinitely many points. In 2D even lines
and in 3D surfaces are sets of measure zero.

Definition 5.26. For 1 < p < 0o set

lallison / u(@)? da

S =
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The normed linear space LP()) is obtained as the completion of C°(Q) with
respect to the norm ||.||zr(q). For p = oo we call L*(2) the space of Lebesgue
measurable and essentially bounded functions equipped with the norm

||| L) = esssup,cq [u(x)| = inf{M >0 : |u(z)| < M almost everywhere}.
O

Proposition 5.27. For 1 < p < oo, LP(Q2) is a Banach space. For p = 2, L?(Q)
is a Hilbert space.
Proof. A proof can be found in |[Adams, [197§]. O

Alternatively, the space L? can be defined via the completion of the set of
infinitely differentiable functions with compact support:

C2(Q) = {v € C(Q) : supp(v) = [z € QL v(x) £ 0} C Q} (5.7)
as is stated by the following theorem:

Proposition 5.28. The set C§°(f2) is dense in L*(2). See |[Hackbusch, [1986,
Lemma 6.2.2]. O

Example 5.29. In this example we consider when functions of the form f(z) =
|z||* a < 0 are in L?. These functions do occur as solution of the Poisson
equation in domains with reentrant corners.

a) n=1,1e Q= (0,1). In order to show that f(z) = 2* € L*(Q) we have to
show that f is the limit of a Cauchy sequence in C'(Q2). Therefore consider
the functions fr € C°(Q), k € N:

xOé

(%)"

For m < n we have 1/n < 1/m and we obtain

1
0 %

IAIA

Jelx) = {

<
<z

! L/m 20+1
an - fm”g - /(fn - fm)2 dr < / 552& dr + (%)
0 0

372a+1 1/m 1 2a+1
:[204"'1]0 +<E> .

The improper integral exists for 2a+1 > 0 i.e. a > —1/2, and we get

vy — UmH(Q) <

20+ 2 [ 1
m

2a+1
— — 0 for m — oo,
200 + 1
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i.e. (vy) is a Cauchy sequence and hence z in L?(Q) provided a@ > —1/2.
The estimate is sharp since for fixed m and n — oo the estimate is arbitrarily
close. Moreover, we observe that in this example the existence of the improper
integral is equivalent to the convergence of the Cauchy sequence.

n=2 Q={zreR*: |z <1} Transform the integral [, ||z|** dz to
polar coordinates through g : [0,1) X [—7,7) — Q given by

ro = (1500 ) Tutma = (G0 ) 6y

rsin ¢ sing 7 cos ¢

and |det Vu(r, ¢)| = r. Transforming the integral then yields

/||x\|20‘da:—//\m (r, 6l drde = // P drdg = o {2:?22]

-7 0 -7 0

This integral exists for 2a 4+ 2 > 0, i.e. a > —1.

n=3 Q={reR: ||z|| <1}. The Transformation to spherical coordi-
nates  : [0,1) x [—m,7)? — Q is now given by

r COS ¢ cos 0
pu(r,¢,0) = | rsingcosf |,

rsind

5.9
cos¢pcosf) —rsingcost) —rcos@sinb (5.9)
Vu(r,¢) = | singcosf rcos¢pcosf —rsin¢sinf
sin ¢ 0 r cos 6

and | det Vu(r, ¢,0)| = r?| cos d] resulting in the transformed integral

/HazHQO‘dQ:—///r20‘7’2|0039\d7’d¢d9

—m —m 0

which is finite for 2a +3 > 0, i.e. a > —3/2.

One can show that in n dimensions the singularity function ||z is in L?
provided o« > —n /2. O

5.7. Sobolev Spaces

Our applications require derivatives of functions. Derivatives of L?-functions are
defined as follows.
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Definition 5.30. A function f € L?() has a weak partial derivative g € L*(Q)
with respect to x; if

(97 ¢)O,Q - _(f7 8$1'¢)0,Q v¢ € CSO(Q)

As in the classical case we write ¢ = 0,,f. It can be shown that if f has a
classical derivative then it is also a weak derivative. Moreover, the definition
can be iterated to define derivatives 0% f of arbitrary order k = |a/. ]

Example 5.31. [Brenner and Scott} 1994] 1.2.5] Consider the function f(x) =
1 —|z| on Q = (—1,1). f has no classical derivative at x = 0. We show that f
has the weak derivative
1 <0
g(x) = { :

—1 >0

Since g € L?(2) the value at z = 0 is not relevant.
In order to show that ¢ is the weak derivative of f we need to verify that

1

/ g()p(z) dx = — / f@)d @) e e CF((~1,1).

-1

So,
1 0 1
/ J(2) () dz = / J(2) () da + / F(@)d' (@) d
(+1)6(x) d + [f6]", / r)dz + [ 4]}
—1 0

__ / g(2)d(x) dx + (f8)(0-) — (f)(0+)

TV
-1 = 0 since f, ¢ continuous

Which is the result. Note that the continuity of f is crucial and that the argu-
ment would fail for f discontinuous at x = 0. O]

Definition 5.32. All functions v € L*(2) with weak square integrable deriva-
tives up to order 1 form the function space H'(2) equipped with the scalar
product

(u,v)10= /uv + Vu-Vodr (5.10)
0
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and the norm

N

lullio =1/ (u,u)1 0= /u2 + HVuHQda: ) (5.11)
Q

HY(Q) c L*(Q) is called Sobolev space of order 1 and the symbol H is chosen
in honor of David Hilbert. Alternatively, H 1(Q) can also be defined as the
completion of C(Q) with respect to the norm ||.||1.q. O

Definition 5.33. The completion of C§°(€2) with respect to the norm ||.|[1 ¢
is called HJ(€2). Functions in H}(Q) are zero on 99 “almost everywhere” and
HZ () is a proper subspace of H(). O

Proposition 5.34. H1(Q2) and H}(Q) are Hilbert spaces. O

Example 5 35. In this example we consider singularity functions in H'. From
example [5.29 we learned that it suffices in this case to check the existence of the
improper 1ntegral.

a) Let Q ={x € R" : ||z| < 1} for n > 1 and set f(x) = ||z||* Then

n 2 n 51
0:,f(x) = O lx]|* = O, (Z x?) =a (Z x?) = au]|*
=1 i=1

and therefore V f(z) = ax||z]|*2. For the H'-norm we get by transforma-
tion to (generalized) polar coordinates in n dimensions:

Hfl\igz/Hfd\m+042Hw|\2a‘4!|x\|2dw

/ // (r*® + 2r2 L drdf, . .. d6,_,

-7 0

/ // 2a+n— 1 2 2a+n 3d7“d91 ~d9n—1~

—m 0

This integral exists if 2aa+n —3 > —1, i.e.

a>1-n/2=

NI Ol
S 3 3
I
W N =
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b) Now consider f(z) = In||z||. Then

n % 1 n B a’;i
st =aumial=aun (348) - (54) <
1=1

i=1

SIS

and therefore V f(x) = x||z|~? (note that this formally coincides with o = 0
in case a).

We then get
120 = / (I [l2]])? + o] - 2 de = / (In fl])? + ||z 2 da
Q Q
m T 1
:/...//((lnr)2+r_2)r”_1drd01...d@n_l
—T -7 0
T T 1
= / . //(ln r)? "t e drddy ... dB, .
—T -1 0

The integral of the first term exists for n > 1 while the second term requires
n—3>—1,1ie. n>2.

It turns out that H'-functions in n = 1 do not have singularities (o > 1/2)
and are always continuous (Sobolov embedding theorem below). This is not the
case for n = 2 where one can give examples of singular functions in H', see
|[Rannacher|, 2006, Beispiel 1.1]. We observe that the functions In ||z|| for n = 2
as well as m for n = 3, which are classical solutions of the Poisson equation for

point sources (Dirac delta function on the right hand side) are not in H1(Q). O
Sobolev spaces are extended to arbitrary order in the following definition.
Definition 5.36. For k& > 1 the completion of C*(Q) with respect to the norm

[ullk.o =1/ (u, u)ra (5.12)

induced by the scalar product
(wo)n= 3 / (0°u)(0%v) da (5.13)
0<|a|<k ¢

is called Sobolev space of order k and is denoted by H*(Q2). The completion of
C&°(€) with respect to the norm ||.||r.q is denoted by HEF().

1

o= 3 [0 5

lal=Fk ¢
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denotes the so-called H*-seminorm. L]

The spaces H*(Q) and HY(Q) are Hilbert spaces and we have the following
inclusions:
L*(Q) > HYQ) > H*Q)
U U
HIQ) 5 )

Example 5.37. With respect to singularity functions of the form f(z) = ||z||*
in H*(Q), Q = {x € R" : ||z]| < 1}, one should verify that f € H*(2) provided
a>k—n/2 O

Remark 5.38. There are additional function spaces of importance in numerical
analysis which we do not handle in detail:

a) H°(Q2), s € R", are Sobolev spaces of real order which can be defined e.g.
via Fourier transformation, see [Hackbusch) [1986]. For s € N they coincide
with the spaces introduced above. One property of these spaces is that they
include precisely functions ||z||* provided a > s — n/2.

b) H™%(Q2) = (H*(Q)) = L(H?*(2);R) denotes the dual space of H*(2) for any
s € RY.

c) W]f(Q), 1 < p < o are the Sobolev spaces based on LP equipped with the
norm

L

Hvag(Q) = Z HaavHim) l<p<oo
0<[a|<k
[v][wee(e) = Jmax, [0%0|| o< p=00

5.8. Properties of Sobolev Spaces

Proposition 5.39 (Friedrich inequality I). Let €2 be enclosed in a n-dimensional
cube with side length s. Then the following inequality holds:

lvllo.e < slv)ia Vv € Hy(Q). (5.14)

Proof. Since Cg°(Q) is dense in H}(Q) it suffices to show the result for C§o-
functions. The completeness of the function spaces then ensures the result for all
v € H}(2). The main ingredient is the central theorem of calculus in connection
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with the fact that C3°-functions are zero at the boundary (and can be extended
by zero to all of R"):

v(r) =v(xy,...,zn) —v(0,29,...,2,) = /81v(t,x2, e, Ty) dE.

Applying the Cauchy-Schwarz inequality then gives

Ty

(@) = /1810(t,3:2,...,xn) dt
0

< /12dt/|81v(t,:c2,...,xn)|2dt
0 0

S
<s /|81v(t,x2,...,xn)|2dt.

0

Note that the last integral is independent of x;. Using this results we obtain

/lU \2d3:—/ /lU )P daxy ..

a:n—O
/ / /|(91vtxg,...,a:n)|2dtdx1...dxn
x,=0
/ / /|31vtx2,...,xn)|2dt/1dx1 dzs . ..dx,
z,=0 To=01t= xr1=0
:Sz/lﬁlv(x)|2d:v
Q
<s

In the last step the remaining terms [, > i, |9;v(2)|?* dz have been added. O

The proof of the Friedrich inequality shows that the zero boundary conditions
are not needed on the whole boundary. In fact more general results are given
below.

Definition 5.40. We state two properties on the regularity of a domain 2:
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1) © C R", bounded, is a Lipschitz domain if for every point zy € 0f) there
exists € > 0 and a map p, : Be(xo) — B1(0) such that

1) fia, is bijective and both pg, and p! are Lipschitz-continuous,
i) e, (092) = {(x1,...,2p-1,2,) € B1(0) : x, = 0}and
i) pig, (2N Be(wo)) = {(x1,...,2p-1,2,) € B1(0) : z, > 0}.

2) Q satisfies a cone condition, if a cone of finite size and with a finite opening
angle can be positioned at any point on the boundary 90¢2 such that the cone
is completely inside €2. [

Proposition 5.41 (Friedrich inequality II). Let €2 be a bounded Lipschitz do-
main and let I' € 09 be part of the boundary with non-vanishing (n — 1)-

dimensional measure. Then there exist constants cy,co > 0 only depending on
2 and I' such that

llso < clvlio+elvlir Vo€ HY(Q). (5.15)
See [Toselli and Widlund,, 2005, Lemma A.14]. O

This second version of the Friedrich inequality bounds the L?-norm on the
whole domain by the derivatives within the domain and the L?-norm on part
of the boundary. That the Lo-norm of an H!-function on part of the boundary
does make sense is not obvious and is established by the trace theorem given
below.

Instead of the values at the boundary one can also use the average of the
function.

Proposition 5.42 (Poincaré inequality). Let 2 be a bounded Lipschitz domain,
then there exist constants c1, co > 0 only depending on {2 such that

2

[olla < clvlig+ /vdx Yo € H(Q). (5.16)
0
See [Toselli and Widlund,, 2005, Lemma A.13]. O

Remark 5.43. The naming of the inequalities given above is ambiguous. Often,
Proposition is called Poincaré-Friedrich inequality, e.g. in [Braess, 2003].
Inequalities bounding the Ls-norm of a function by its derivatives are referred
to as Poincaré type inequalities. ]

As an application of the Friedrich and Poincaré inequalities we prove
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Corollary 5.44. In H}(Q) and H(Q) = {v € H'(Q) : [,vdz = 0} the semi-
norm |.|1 .o is a norm which is equivalent to ||.||1.q-
Proof.  From either Proposition [5.41| or Proposition [5.42 we have [[v[fq <

s2|v|iQ and therefore H’UH%Q = [[v][§q + vlig < (1 + s°)|vfi o Trivially, we
have |v]f o < |[v]l§ o + [v[ig = [[v]If o and therefore
1
ﬁ”v Lo < uhe < vl (5.17)
which was to be shown. L

Theorem 5.45 (Trace theorem). Let 2 be bounded, have piecewise smooth
boundary and satisfy a cone condition. Then there exists a continuous linear
map

v HY(Q) — L*(09),
called the “trace operator”, with the following properties:

i) (yv)(z) = v(x) almost everywhere on 0f.

l0.00 < c|lv]1.0-

i) [lyv
Proof. See |Braess, 2003, Satz 3.1] O

The trace theorem ensures that evaluation of H' functions on the boundary
makes sense. The following theorem shows that H* functions are continuous
and bounded if k is large enough.

Theorem 5.46 (Embedding theorem). Let €2 be a bounded Lipschitz domain in
R". For k > n/2 we have that H*(Q) c C°(Q) and, moreover, the embedding

is continuous, i.e. there exists a constant ¢ such that ||v||z0 < csup,q |ul.
Proof. See|Adams, 1978, Lemma 5.17, p. 10§] H

A consequence of Theorem is that pointwise evaluation of H' functions
is well defined in one space dimension and pointwise evaluations of H? functions
is well defined for n =1, 2, 3.
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Chapter 6.

Well-posedness of Scalar Elliptic Partial
Differential Equations

With the theory of the last chapter we are now in a position to prove the well-
posedness of the weak fromulation of linear scalar elliptic partial differential
equations with a variety of boundary conditions

6.1. Dirichlet Problem
We begin with the Dirichlet problem

—V - (KVu) =f in €, (6.1a)
u=g on 0f. (6.1b)

According to Section [5.1] the problem has the corresponding weak formulation
Find u € U : a(u,v) =1lv) YveV (6.2)
with

a(u,v) = /(KVU) -Vudz, [(v) = /fv dx. (6.3)
0

Q

Definition 6.1. Let Q2 C R". Problem (6.1) and the matrix K (x) are called
uniformly elliptic if there exists a constant ky € R, ky > 0 such that

TR (2)€ > koll€)* Vx € Q,VE e R,

Since K (x) is symmetric positive definite, ky can be chosen as the infimum over
the smallest eigenvalue of K (x) in €. O

Proposition 6.2. Assume that

i) problem ([6.1)) is uniformly elliptic

ii) the coeflicient matrix K (x) is bounded: Vo € Q,1 < i,57 < n: |kj(z)| <
M

)
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iii) f e L*N) and
iv) there exists u, € H'(Q) such that yu, = g (for this to hold one requires
u € H*(0Q) with s > 1/2).
Then the problem
Find u € u, + Hy(9) : a(u,v) =1(v) Vv € Hy(Q)

with a, [ from has a unique solution.

Proof. Let us first reformulate the problem. Using assumption iv) we can write
u = ug + up with ug € Hj(Q2). Then, due to linearity, we have a(u,v) =
a(ug + ugp, v) = a(ug, v) + a(up,v) and the problem reads

Find uy € Hg(Q) : a(ug, v) = 1(v) — a(ug,v) = lh(v) Vv € Hy(Q).
Now the Lax-Milgram Theorem can be applied with V' = H}(Q) after its as-

sumptions have been verified.
Continuity of a.

la(u,v)| = Z /kijﬁjuﬁiv dr| < Z/|kw| |0jul |0;v|dx (tria. ineq.)

<M Z / |0;ul |0v| dz (K bounded)
i.j=1%

2

<MY /|8ju\2dx/|(9iv\2dx (C.S)
Q Q

1,7=1

N|—

1
)

:MZ /|(9ju\2dx Z /\8iv|2d:): (reorganize)
=1 \q i=1 \§

2

<M Z/|(9ju\2d:c n? Z/|8¢U\2dx n

NO[—=

N|—

(C.S. in R")

= Mnlulygfv]io < Mnlluliolv]1e-
Coercivity of a. From the uniform ellipticity we conclude
(K(z)Vu(z)) - Vo(z) > k||Vo(@)||*? VzeQ
and therefore

ko\v\ig = /kOVv -Vodr < /(K(m)Vv(w)) -Vo(x)dr = a(v,v).
0 0
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Using Corollary we conclude

ko
ﬁ” vlltg

where s is the diameter of the domain €. Finally, the continuity of the linear
form [

a(v,v) > kolvfi g >

ol =| [ fvds| < 5loalvlon < Ifloslvlha
Q

follows from the Cauchy-Schwarz inequality in L? and |[v]jo.q < ||v]l1.0-
Uniqueness of u. The choice of u, is not unique. So assume that for two different

choices ul, u? we obtain two different solutions u! = u; + uf and u? = ug + ul.

g0 %y
Then we have:

a(u',v) = 1(v) Vv € Hy (),
a(u?, v) = 1(v) Vv € Hy ()
and consequently a(ut —u?v) = 0 Vo € H} (). Since ullsg = g = u?|sq we

have u! — u? € HO( ) and we conclude with coercivity that allu! — u?||;q <
a(ut — u?,ul — u?) = 0 and therefore u! = u?. O

6.2. Neumann Problem

Let us now consider the pure Neumann problem

—V - (KVu)+cu=f in €, (6.4a)

—(KVu)-n=yj on 0} (6.4Db)

with the function ¢(x) uniformly positive, i.e. Vo € Q : ¢(x) > ¢g > 0. (The
case c(x) = 0 will be treated below).

Multiplying with a test function v € C1(Q) N C°(Q) and integrating over €
we obtain

/(—V (KVu) + cu)vdx

:/(KVU)-Vv+cuvdx+/—(KVu)-nvds

QO o0
=/(KVu)-VU+cuvdx+/jvds
Q o0
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Now the weak formulation reads
Find u € U : a(u,v) =1lv) YveV (6.5)
with
a(u,v) = /(KVU) - Vv + cuv d, [(v) = /fv — /jv dx. (6.6)
Q Q o9

Here the functions u and v are not constrained at the boundary, it will turn out
that U = V = H(Q) is the appropriate function space. The boundary condition
(?7?) is built into the linear form [ and j = 0 would result in the same linear
form as in the Dirichlet problem. Therefore the Neumann boundary condition is
called the natural boundary condition in the context of the weak formulation. In
contrast, the Dirichlet boundary condition is called essential boundary condition
as it needs to be built into the function space itself (there are also ways to enforce
Dirichlet boundary conditions weakly which is not treated here).

Proposition 6.3. Assume that
i) K(x) is uniformly elliptic and bounded,
ii) ¢(z) is uniformly positive and bounded and
iii) fe L*N) as well as j € L*(99Q).
Then the problem
Find u € H' () : a(u,v) =1(v) Vv € HY(Q)

with a, [ from has a unique solution.
Proof. The proof of continuity of a is the same as in Proposition [6.2] except the
additional term

allollon < Cllu

|1,Q ’UHLQ-

/cuvdx §C/|u| lv|dx < Cllu
0 0

Showing the coercivity, we cannot use the Friedrich inequality since v € H* ().
Here, the uniform positivity of ¢(z) with constant ¢ is crucial. Using

C()HUH(QJ,Q = 00/112 dr < /c(x)v2 dx

Q Q

96



6.2. NEUMANN PROBLEM

and ko|v %Q < [o(K'Vv) - Vo dz following from uniform ellipticity (see proof of
Proposition we obtain

1
[olliq = lvlga + Iv)ig < m/(KW}) Vo + c(z)v* dz = a(v,v)
0

and we obtain coercivity with o = min(cy, ko).
The continuity of the linear form [ now requires the trace theorem to
estimate the boundary term:

[(v)] = /fv— /jvdm < [[flloellvlive + llillosellvollosn

Q o0
= [[fllogllvllLe + llillosacllvlle = (I f]

0.0 + cll7llo.o0)llv]10
where ¢ is the constant from the trace theorem. U]

Let us now consider the case ¢(xz) = 0. If u(x) is a solution of [6.4] then
u(x) 4+ C' is also a solution for any C' € R. This ambiguity needs to be fixed by
selecting the right function space.

Proposition 6.4. Assume that
i) K(z) is uniformly elliptic and bounded,
ii) ¢(z) =0 and
i) f e L*(Q), j € L*(0Q) with [, fdx = [,,7jds.
Then with V = {v € H'(Q) : J,vdx =0} the problem
Find u € V': a(u,v) =1v) YveV

with a, [ from has a unique solution.
Proof. The compatibility condition on the data iii) is a consequence of Gaufs’

theorem:
/fd:c—Q/V-(KVu)dsc—/(KVU)-nds—/jds.

Q [)9] 9]

Continuity of a was already established in proposition [6.2 Coercivity uses
kolv %Q < a(v,v) (shown in proposition 6.2 and the Poincaré inequality propo-
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sition H.42k

olig = lvl6a+vlia

< eilofi g+ e / vde | HoPo=(1+e)lolg
Q

< (14 c1)ky ta(v,v).

Therefore coercivity holds with a = ko/(1 + ¢;) with ¢; the constant from
Poincaré’s inequality. [

6.3. Mixed Problem

We now turn to the mixed problem

V- (KVu)+cu=f in Q, (6.7a)
u=g on I'p with non-vanishing measure, (6.7b)
—(KVu) -n=j on 'y =00\ I'p, (6.7¢)

with the function ¢(z) > 0 for all z € Q. The weak formulation then reads
Findu e U : a(u,v) =1l(v) YveV (6.8)

with

/KVu Vv + cuv dex, l(v):/fv—/jvdx. (6.9)
0 0 r

The only change compared to is that the integration of the boundary term
is only with respect to the Neumann boundary I'y. The functions u and v are
now assumed to be zero at the Dirichlet boundary I'p C 0f2.

Proposition 6.5. Assume that

i) K(z) is uniformly elliptic and bounded,

1)

ii) ¢(x) >0 for all x € Q,

iii) fe L*(Q),je L*Ty),
)

iv) T'p has nonvanishing measure and there exists u, € H'(2) such that ypu, =
g (vpv being the trace of v on I'p).
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Then with Vp = {v € HY(Q) : vpv = 0}, the problem
Find v € u, + Vp : a(u,v) = Il(v) Vv e Vp

with a, [ from has a unique solution.

Proof. As in the pure Dirichlet case the solution is written as u = u, + uy with
ug € Vp. Then the coercivity of @ on Vp can be established using the second
variant of Friedrich’s inequality proposition [5.41] For the continuity of the linear
form [ a generalization of the trace theorem to part of the boundary is
required. [l

6.4. Convection-Diffusion Problem

As a further example let us consider the stationary convection-diffusion problem

V- (bu— KVu)=f in Q, (6.10a)
u=yg on I'p with non-vanishing measure, (6.10b)
—(KVu) -n=j on 'y =00\ I'p, (6.10c)

with b(x) : @ — R" a given velocity field. We subdivide the boundary into the
following parts:

0y ={x €0 : b(x) n(x) >0} outflow boundary,
0y ={x €9 : b(x)-n(x) =0} characteristic boundary,
0. ={zxe€d : b(x) n(x) <0} inflow boundary.

Assuming that V - b = 0 the conservative and non-conservative forms of the
equation are equivalent

V-(bu—KVu)=b-Vu—V-(KVu) = f.

and the weak formulation of (6.10)) then reads: Find u € u, + Vp such that

/(KVu)-Vv—|—(b-Vu)vdx:/fvda:—/jvds Vv € Vp. (6.11)
0

Q I'n
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Let us define the bilinear forms and the usual linear form of this problem:

a(u,v) = /(KVU) -Vv+ (b-Vu)vde, (6.12a)
Q

c(u,v) = /(b -Vu)vdez, (6.12b)
/fv dx — /gv ds. (6.12¢)

Proposition 6.6. Assume that

i) K(x) is uniformly elliptic and bounded,

1)
ii) b is bounded and V - b(x) = 0 for all z € €,
i) e 12(9), j € IX(T),
iv) Ty NoQ_ = (inflow boundary must be Dirichlet),
v) I'p has nonvanishing measure and there exists u, € H'(Q2) s. t. ypu, = g.
Then with Vp = {v € HY(Q) : vpv = 0}, the problem
Find v € u, + Vp : a(u,v) = l(v) Vv € Vp

with a, from (6.12)) has a unique solution.
Proof. This proof follows the one in [Elman et al., [2005]. The crucial part is to
show the coercivity of a. For the convective part of the bilinear form we obtain:

c(u,v) = /(Ub) -Vudzx

Q
/V (vb)u dx + /uvb nds (integration by parts)
I'n
= — /(v \Y% ;)b—FVU -b)udx + /uvb -nds (product rule)
Q - Iy
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From this it follows that
c(u,v) + c(v,u) = /uvb ‘nds
'y

and therefore

c(v,v) = %(c(v,v) + c(v,v)) = %/UQM ds >0

T'y 20

since we required I'y not to be part of the inflow boundary. Coercivity then
follows in the usual way from

kolvlfq < /(KVu) -Voudr < /(KVu) -Voudzx + c¢(v,v) = a(v,v).
0 0
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Chapter 7.

Conforming Finite Element Methods

7.1. Abstract Galerkin Method

In order to solve an elliptic PDE numerically the idea is to solve its weak for-
mulation in finite-dimensional function spaces.

Suppose the function space underlying the weak formulation is V' and let
Vi, C V be of finite dimension. (h denotes a parameter later to be identified as
the “mesh size”). If the function spaces are chosen appropriately, a minimum
requirement is that dimVj, — oo as h — 0 unless u € V), for some h, then we
will later prove that

1nf Hu—vh\|—>0 as h—0.

(S

Provided the bilinear form is coercive in V', the Lax-Milgram theorem ensures
also the solvability of the problem in the subspace V},

Find uj, € Vj, : a(up,v) =1(v) Yv € V.

We now consider how the variational problem in V}, can be solved practically.
Since V}, has finite dimension dim V}, = N, we can find a basis

h h
Dy ={pl, ... 0N, } -
Inserting the basis representation
Np

h
up = E 2,

j=1
yields a linear system of equations:

a(up,v) =1(v) Yv eV,

Np
& a (Z%@"}M?) = l(g}) Vi=1,...,N,

Ny

& Zzga ol = 1))

o Az=b  (A)y=alel,¢f), (b)i =)
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for the coefficient vector z € R™. The matrix A is symmetric if the bilinear
form a is symmetric:

(A)ij = G(Sﬁja%) = a(p;, 903') = (A)ji

and it is positive definite since the bilinear form is coercive:

Ve#£0: 2TAz= Z 2 (2:(%1%;C zk> = Z 2 <Z a(pr, pi) zk>

i=1 k=1 i=1 k=1
Nh, Nh,
=a g 2Pk, g zipi | = a(v,v) >0.
k=1 i=1
——
v v

Remark 7.1. a) In the engineering literature A is called stiffness matriz and
b is called load vector.

b) In the more general case u € Up,v € V3, U, # Vj the method is called
Petrov-Galerkin method. U]

The Galerkin method requires finite dimensional subspaces of Sobolev spaces.
Such spaces are called conforming and are characterized in the following lemma.

Lemma 7.2. Assume k£ > 1 and let € be a bounded domain. A piecewise
C*>-function v : Q@ — R is in H*(Q) if and only if v € C*1(Q).

Proof |Braess, 2003, Satz 5.2|. It is sufficient to consider £ = 1, the result for
k > 1 follows by induction. Moreover, we restrict ourselves to Q C R2.

“<" Assume v € C(Q2) and let T = {t; : j =1,...,m} be a decomposition
of € into open subdomains such that

U%Z:ﬁ and tiﬂt]‘:@ VZ#]

i=1

For i = 1,2 define w; € L*(Q) as

wi(z) = Ozv(x) x €t; for some j (¢; is open),
N1 arbitrary  else.

We show that w; is a weak derivative of v (the argument is the same as in
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example [5.31)). For any ¢ € C§° we have

m m
/wigpdx:Z/ﬁxivgod:c:Z —/v&vigod:c—l—/vgonids
2 =17 I o,
:_Z/vﬁxgpdac—l—zz / (vo)]s —(vgp)|tl] n; ds
J= 1 t J= 1 l>] 8t ﬂatl =0 because v and ¢ continuous
= —/v@xicp dx .
Q

Here the integral over 0t; N 0t; is only taken if Jt; N Ot; is a one-dimensional
measure (i.e. an edge in the decomposition). If 0t; N Ot is a single point, it is
not considered. The minus sign in the boundary integral comes from the fact
that n; is the i-th component of the outer unit normal.

“=” Now assume v € H'(Q). This means that v has a weak derivative
w; = 0,,v. The argument above shows that this is only possible if v is continuous
since ¢ is arbitrary. ]

7.2. One-dimensional Finite Element Spaces

Let Q = (a,b) be subdivided into

a=x0<11<...<2;=2"0

(not necessarily equidistant) and set for 7 =0,...,m — 1
tj = (2, 2j41), hlt;) = j1 — xj and h = maxh(t) .
Theset T ={t;: 7 =0,...,m—1} is in general called a mesh or a triangulation

and each individual ¢ € T is called an element or a cell.

For convergence we will need to consider sequences of meshes {7, : v € N}
such that h, — 0. The size of t € 7T, is denoted by h,(t).

By

k
P,ﬁ{ueCoo ; Zc,x}

we denote the k + 1-dimensional vector space of polynomials of at most degree
k in R and for a given triangulation 7 we denote by

P(T)=4{ueC’Q):u;eP, VteT} (7.1)
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the space of piecewise polynomials of degree at most k. According to Lemma,
we have Pp(T) C H'(Q).

In the space Py(T) is characterized without reference to a basis. In the
following we show how to construct a basis of P(7) that is needed to carry out
the Galerkin procedure.

Example 7.3. A polynomial of degree k is defined uniquely by prescribing
values at k + 1 distinct points. Global continuity of the piecewise polynomial
function is ensured by including at least the points x;,7 = 0,...,m. This is
illustrated for m =3 and £k =1, 2, 3:

x
k=1 I/\ 12 = dim Pp(7T) =m+ 1
\/x

Zo Iy 3
ﬂ )
k=2 N+ A dim P,(7T) =2m +1
i) I T3
T2
k=3 I e e L dim P(T) = 3m + 1
) I T3

For arbitrary k the dimension of P,(7) is km + 1. Note also that the k — 1
additional points within each element need not be chosen equidistantly (as it is
done in the following proposition). O]

Proposition 7.4. The functions ¢;, 0 < < km, given by

1 i=
pi € Po(T), i) =0 = { 0 elsej

7 mod k

with 2% = x; + 27 (2 (k)41 — ) for 0 < j < km are a basis of P(T)
(j/k denotes integer division without remainder). The ; are called Lagrange
basis functions.

Proof. The property ¢;(x}) = d;; ensures that the ¢; are linearly independent:
Since ¢; is 1 at «} and all ¢;, j # i are 0 at 2}, ; cannot be a linear combination
of the ¢;, j # 4. On the other hand ¢; € P,(7) by construction. Since
dim Py(T) = km + 1 the p; are a basis. O

Affine Construction Let us recall the definition of the Lagrange polynomials.
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7.2. ONE-DIMENSIONAL FINITE ELEMENT SPACES

Definition 7.5. For a given set of k 4+ 1 points s = (sg, $1,...,5k), S;i #
s; for i # j, the Lagrange polynomials L{(z) are given by

Hj;éi(x )
Hﬁéi(si —85)

Note that L$(s;) = d;; and therefore the L{ are a basis of Pj. O

Li(x) = 0<i<k.

The following construction, known as affine finite elements, gives an efficient
way to construct the basis polynomials ;. By © = [0, 1] we denote the reference
element. For every t; = (x;,x;11) € T we define the bijective map

Q= 1, fi, (&) = 2 + Zh(t;) .

For 8 = (0,1/k,2/k,...,1), the L{(%) are the Lagrange polynomials for an
equidistant subdivision of the reference element and for each ¢; € 7 and s =
(21,2 + h(t)) /k, x4+ 2h(t;) /k, ..., 2141) the L are Lagrange polynomials for
an equidistant subdivision of ;.

We observe that that

Vi e O, Vi € T : L (uy (2)) = Li(#)

since

Hj;éi(xl + 2h(t) — (z1 + jh(t)/k)) _ Hj;éz'(i' —Jj/k)

[ L@ +ih(t)/k — (z1+ jh(t)/k)) a [1;z(i/k —3/k) .
This means that the Lagrange polynomials on the individual elements can be
generated from the Lagrange polynomials on the reference element and the trans-
formations pi,.
With the characteristic function

1 zet,;
th(x) = { 0 else !

we can write the basis functions ¢; in the form

0i() = > > SinraLi (1 () xe, () - (7.2)

ﬁjET =0

Formally, the function ¢; is only defined in the interior of each ¢; € T (due
to x¢,). However, for x € 0t N Ot' # () the limit lim,_,, ;(y) yields the same
value for y € t and y € t'. Therefore there exists a unique extension of ¢; to all
points in .

The map g : T x {0,...,k} with g(¢;,]) = jk + [ is called the local-to-global
map. It determines that local basis function [ in element ¢; contributes to the
global basis function ¢y, 1)
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Remark 7.6. The positions s on the reference element need not be equidistant.
The construction can be generalized to arbitrary positions within 2. This may
be advantageous in connection with certain quadrature formulae. 0

Definition 7.7. The map Z[T] : C°(Q) — P.(T) given by

km km
TTI(0) = Y vlahe = Y0

is called Lagrange interpolation operator.
The linear forms {7o,...,Vem} C L(C°(Q);R) given by ~;(v) = v(x}) are

called global degrees of freedom. ]

When {7, : v € N} is a sequence of triangulations with h, — 0 we write
Piny ©in, Lip as short hand notation for Py(7,), ¢; € Py(T,) and Z;[T,] with
h, = h.

These ideas are now extended to the case n > 1. The construction is essen-
tially the same, only more technical.

7.3. Mesh Construction in Arbitrary Dimensions

In the following, €2 is a bounded domain in R" with Lipschitz-continuous bound-
ary.

Definition 7.8 (Polyhedron). In R? a polyhedron (or polygon) is a domain with
a boundary that is a finite set of straight line segments. In dimension n > 2
a polyhedron is a domain with a boundary that is a finite set of polyhedra in

Rnfl. U]

Definition 7.9 (Mesh). Let 2 be a domain in R”. A mesh in its most general
form is a finite set 7 = {to,...,t,_1} of bounded domains ¢; with Lipschitz
boundary that form a partitioning of £2:

m—1
QZUE, tiﬂtj:(/)w;éj.
=0

The domains t; are called elements (or cells). Moreover, for all t € T we set
h(t) := diamt = max, yefl|z — y|| and h = maxer h(t) is called mesh size. [

Often we write 7, to indicate that A is the mesh size in 7. In order to study the
convergence of functions v, — v € H' () we consider sequences of successively
refined meshes {7, : v € N} with mesh size h, = maxet, h,(t) — 0.
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Typically, we will consider meshes that are less general than those possible
in Defintion [7.9] A typical assumption is that all mesh elements t; € Tj are
generated by a geometric transformation from a reference element €2, i.e.

A

Vi=0,...,m—1:1 = u,(Q),

where py, is a Cl-diffeomorphism (u is bijective and pu, u~1 are C'-functions).

The reference element € is typically either the reference simplex

Sn—{(xl,...,xn)ER" : O<:1:Z-<1,O<Z:U7;<1}

1=1

or the reference cube
Qn:{(xl,...,xn):()gxi S 1} .

If O = S, the mesh is called simplicial, if Q) = Qn the mesh is called cuboid.

A

Definition 7.10. A mesh is called affine if ; = p,(2) and all transformations
are affine, i.e. pu,(v) = Brox + z,. If Q = 5, (@), the mesh is called affine
simplicial (cuboid). O

The smoothness of p; implies that the corners of the reference element Q) and
the transformed element ¢ are numbered in a compatible way. In addition, one
often requires that det Vyu; = det B; > 0.

If a mesh is affine simplicial or affine cuboid the domain {2 needs to be a poly-
hedron. Therefore this is assumed in the following. The treatment of domains
with curved boundaries requires transformations p; which are e.g. polynomials
of degree greater than 1. Conforming spaces are most easily defined on the
following type of mesh.

Definition 7.11 (Geometrically conforming mesh). Let 7 be an affine simplicial
(or cuboid) mesh. T is called geometrically conforming if the intersection of two
elements ¢, € T is either empty or a common face, i.e. a simplex (or cube) of
smaller dimension. Ll

The following figure gives an example for a conforming triangular mesh (left)
and a nonconforming triangular mesh (right):
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For the error estimates we need assumptions on the quality of a mesh.

Definition 7.12. Let 7 be an affine mesh and p(t) the diameter of the largest
ball that can be inscribed in t € T. A sequence of meshes {7, : v € N} is called

a) uniform if there exists a number k1 > 0 independent of v such that

huy
hu ()

YVveN, VteT,:

b) shape-regular if there exists a number k9 > 0 independent of v such that

>

v(t

v(1)

~—

YVveN, VteT,:

< Ko

S

Both conditions are independent. ]

If the mesh is uniform, we have h,/k; < hy(t) < h, for all t € T,, i.e. all
elements have the same diameter up to a constant. If the mesh is shape-regular
then h,(t) /K < py(t) < hy(t) for all t € T, which means that the interior angles
of the element can not degenerate.

A mesh refinement algorithm generates a sequence of successively refined
meshes 7, v = 2,3, ..., with mesh size h, from a given initial mesh 7;.

There are several possibilities to do this, depending on the type of element

Cuboid Mesh Refinement

n=1 n=2 n=3
e nd

The meshes are conforming and uniform. Moreover, each element of the re-
fined mesh is congruent to an element of 7;.

110



7.3. MESH CONSTRUCTION IN ARBITRARY DIMENSIONS

Regular Subdivision of Simplices

=1

S
S
I
o

T

&

T2

L1
a0

T3

It turns out that for n < 3 the regular refinement of a tetrahedron does not
result in all refined tetrahedra being congruent to the initial one. But it can
be shown that the refinement can be done such that the number of equivalence
classes is finite |[Bey, 2000].

Bisection Refinement

ﬂ%ﬂ
E%g
s

The selection of the edge to be refined is not unique. Possible choices are:

e longest edge bisection [Béansch, [1991]

e (opposite) nearest vertex bisection [Mitchell and McClain| 2011]

Initial Mesh Generation Generating the initial mesh for a given domain 2
is called the mesh generation problem. There are two approaches in general use:

e advancing front method: add one element at a time

e Declauney triangulation: First place the vertices, then connect those by
simplices
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This problem is very hard, especially for complex geometries. Moreover, cube
meshes are harder to generate than simplicial meshes. For details see [Ern and
Guermond|, 2004].

7.4. P, Finite Elements

The space of polynomials of degree at most k in n space dimensions is

Py ={uc C®R") :u(x) = Y  caz"}. (7.3)

0<|a|<k

In the case n = 2 we have

(k+1)(k+2)

dimP? =
1m I 5

As in the one-dimensional case the finite element space of piecewise polynomials
of degree k on a conforming, simplicial mesh 7T is given by

P(T)={uecC'Q) :ucP!VtecT}. (7.4)

A Lagrange basis for Py(7) can be defined as follows. For the ease of drawing
we illustrate only the case n = 2 but the construction can easily be extended to
arbitrary dimension.

a) k=1. Let zg,...,vy_1 € Q denote the vertices of the conforming, simplicial
mesh and define the basis functions ¢;, i =0,..., N — 1 via ¢;(x;) = d;;.

On each t € T a polynomial p; € P?
L is defined by the 3 values at its vertices.
Fach ¢; and therefore alsou = ) z;p; is
conforming since p; is linear on an edge
and it is defined uniquely by the two val-
ues at its end points. p; on an edge does
not depend on the value of the vertex
opposite of the edge!

b) k = 2. Additionally introduce the edge midpoints zy,...,xNy1g_1 and con-
sider ¢;(z;) = d0;5, 0 <i < N+ E.

On each t € T, p € P35 is deter-
mined uniquely by the 6 point values.
On an edge p; is quadratic and is de-
fined uniquely by the values of the three
points lying on the edge.
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¢) General k (figure illustrates the case k = 4).

Each edge is subdivided into £ equidis-
tant intervals by introducing £—1 points
on an edge. Within each ¢t € T these
points are connected by lines parallel to
the edges resulting in dim P2 points as-
sociated with each triangle. On each
t € T, pr € P} is defined uniquely by the
prescription of values at these points.

On each edge p; is a polynomial of degree k in one variable. Let a,b € Q be
the two end points, then z(§) = a+£&(b—a) parametrizes the edge. Inserting
this into p; results in:

px(€)) = Y calz()"

0<|a|<k

= Y calar + &b — a1))™ (a2 + E(b2 — as))™
0<|a|<k

= ) calaf .4 (b — a) €M) (a5 + .+ (by — a2)"%™)
0<||<k

k
= Z G (after reorganization of the sum).
i=0

A polynomial of degree k is determined uniquely by k& + 1 values, so the p;
defined by local Lagrange interpolation form a continuous function w.

Figure illustrates the global P, basis functions for £ = 1,2,3,4 in two
space dimensions. Note how some of the basis functions for £ > 1 may exhibit
undershoots (go below zero).

Let us now turn to the corresponding affine construction. As in the one-
dimensional case the global basis function ¢; can be constructed from a basis on
the reference simplex S,.. We illustrate the case n = 2.

The basis functions ¢; ;, 0 <@+ j < k are then given by

i—1 j—1 1
; {—a/k n—B/k vk —§&—n
cig&m=1]- II- I1 S
a:()\/l//kZa/kjﬂ:()g/k:ﬁ/kj,}/zz_ﬁ]_’_ly/k_Z‘/,k_]/k;
=0 for £=a/k =0 for n=L/k =0 for &+n=v/k

and correspondingly @; j(Z1,m) = (i j),1,m) for Ty = (I/k,m/k), 0 < 1+m < k.
In addition, one can check that on an edge all basis functions not associated
with a point on the edge are identically zero.
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Figure 7.1.: Illustration of Pj finite element functions in two space dimensions
for k =1,2,3,4 (top to bottom).
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The transformation yy : S, — 7 for a simplex ¢ = {a,..., 2%} is given by
n
) = 2+ ) &l = 2h) = Bié + 4 (7.5)
i=1
where By = 2} — 2, ... a2l — z!] is the n x n matrix built column-wise by the

vectors at — xf).
Then any u € P? can be written in the form

dimP2—1
u@) =Y Y Zen@i(u (@)x(x) (7.6)
teT 1=0

where ¢, 0 < | < dimP? are the basis polynomials on the reference simplex,
g:Tx{0,...,dimP?—1} — {0,...,dim V;,—1 } maps local degrees of freedom
to global degrees of freedom and z is the vector of global degrees of freedom.

7.5. Q. Finite Elements

Finite element spaces on cubes are based on the polynomials

Qr={ue C*R") :u(x) = Z Cox} (7.7)
0<|a] o<k
with || = max; o, o € Ny and dimQ} = (k + 1)".

If all cubes in the mesh 7 are axi-parallel the space Qiz(7) = {u € C°(Q) :
ul; € QF Vt € T} can be defined as before. However this construction fails for
general cube elements as can be shown by example.

Consider n = 2,k = 1. Then w(x,y) = a;zy + byx + ¢;y + di. On a straight
edge given by (z,y) = (a + €8, 7 + £0) u; takes the values

u(o 4+ 8,7 +£0) = ar(a + EB) (7 + £0) + by(a + £B) + (v + £6) + d,
= at65§2 + ...

So in general, u; is quadratic on an edge and therefore its values on an edge are
not determined uniquely by the two values at the end points.

This problem is solved by the affine construction which is crucial in the case
of general cube elements. First define the Lagrange basis Q} on the reference

cube Q,,:

I (6 —i/k)

~ ':0,'7&01‘
2a(&) = [ = . 0< ol <k
=TI (ai/k=j/k)
j:O7j7é05i
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For the points Zg = (S1/k, ..., Bn/k), 0 < Bl < k, we have @n(T5) = dqs.
Also note that ¢, = 0 on every face if z, is not on that face.
For n = 2, k = 1 we obtain for example:

© 0.1)  (1,1)

P0,0)(£1,62) = (1 = &1)(1 — &)
@(1,0)(51,52) = & (1-&)
Son(€,&) =1 -§&) &
(0’ O) (17 0) 61 @(1,1)(517 52) = 61 52

For any cube t € T given by the corners {z, : 0 < |a| < 1} the function

> Gal®)za (7.8)

0<]a|<1

defines a map Q,, — ¢ (the (B, are the Lagrange basis functions for Q7). In the
following we assume that this map is bijective on t. Note that the faces of the
reference cube are mapped to the faces of ¢ and vice versa.

Now the space of piecewise polynomials of degree k on a general cube mesh
T is defined as

Qu(T) ={ueC'Q):uly=top ", t,€Q}, t€T}. (7.9)
We show that Q) is conforming. On %, u; is given by
u(@) = a(py () & w(w(®) =a(2)  for o= ().

On a face f, 4 is defined uniquely by the (k 4+ 1)"~! values on that face and
by construction the values on the transformed face f = p(f) are those of ;.
Again, we have the representation

dim Q-1
=3 > @il (@)a(z) . (7.10)
teT =0

7.6. Construction of the Finite Element Stiffness Matrix

We demonstrate how to construct the stiffness matrix and right hand side for
the following problem:

up € Vi o alup,v) =1v)  Yv e, (7.11)
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with

qwm:/@ﬁmyvmm,um:/}@mx

Q

and the simplest case of homogeneous Dirichlet boundary conditions. Using the

basis representation Vj, = span{p}, ..., ¢% |} (7.11) is equivalent to the linear
system

Az =0
with
(A)ij = ale}, o), (b); = U(]) .

How can the entries of A and b be efficiently computed on a given mesh 737
Exploiting (7.6]) or (7.10)), every global basis function ¢; has a local representa-
tion:

= Z_: Sg(eay.aPr(p ()X () -

teT =0

(L is the number of basis functions on the reference element). So we have

(A)ij = [ (KVy;) - Vo, dx
/

L-1
=3 3 Sty [ KVl o) - Vsl () do

teT 1,m=0 1

=> Z Ogit,0), g(tm)g/(K(Vzutl(x))Tst@m(utl(fli))) (Vapty ' (2)) Vadi(pi ' (@) d

teT 1,m=0

:ZENMMWW/MWM@Wm%mymMH>wm>mmew

t 1,m=0 .
€T Im a

_Zzétl tm)jAt)

teT I,m=0

(7.12)

where we have first transformed the gradient to the reference element and then
transformed the integral to the reference element. The L x L matrix A; is called
local (or element-wise) stiffness matriz.

In order to show the transformation of the gradient, let p : Q) — 7 be the
transformation and u : ¢ — R and @ : Q2 — R two functions linked by

u(@) = a(p; ' (2)) -
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Application of the chain rule results in
_ T ., _ _ T ., _
Vau(z) = (Vapy (@) Vialp ' (2) = (Vi ' (2))) Vol ' (2))

because I = Vi, = Vo (py(2)) = (Vapr ()" (Vapu(py ' (2)))"
Note that the computation in (7.12)) involves

e the gradients of the basis functions on the reference element which can be
precomputed and

e the Jacobian of the transformation which is in general different for each
element.

In computer implementations the global stiffness matrix A is computed by
looping over all elements ¢ € T and computing all entries of A; at once. With
the rectangular L x Nj, matrix R; defined by

(Ri)ii = Og(t).i
we can write A as a sum of the local stiffness matrices

A - Z R;Ath .
teT

The matrix A is sparse due to the locality of the basis functions. Element ¢
only contributes to the entry (A);; if supp ¢; Nsupp¢; Nt # . The number
of entries per row in the matrix A is bounded by a constant depending on the
polynomial degree and the maximum number of elements sharing a vertex.

For the load vector we get through similar arguments

/f%d:c—ZZm /f (x)) do

teT 1=0
L-1
:Z Sy(t) / Gi(2) |det Vi (2)| di
teT 1=0 5
L—1
= 5g(t7l),i(bt)l
teT =0

and

b= Rb.

teT
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Residual Formulation The formulation of the finite element method in DUNE
is based on the so-called residual formulation. With the residual form r(u,v) =
a(u,v) — I(v) the discrete problem reads:

Find u, € Vj: r(up,v) =0 Yo eV,.

With the map R : R — R given by

Ny
(R(2))i=r <Z 2j%j, %‘)

j=1
the discrete problem is equivalent to the algebraic problem
R(z)=0.

An advantage of the residual formulation is that it can be readily used for non-
linear PDEs. In that case the algebraic problem is solved, e.g., by Newton’s
method. In case of a linear PDE we have R(z) = Az — b and Newton’s method
converges in one step with the Jacobian matrix VR(z) = A.

7.7. Case Studies

In this section we illustrate the convergence behavior of the finite element method,
le.
|lu—uplljo—0  for h—0

for two different test problems. As norms we investigate j = 0 (the L?-norm) and
j =1 (the Hl-norm). We will prove in the next chapter that the convergence is
of the form

lu —uplljo < CH°

where the exponent 5 depends on the polynomial degree, the norm in which the
error is measured and the regularity of the solution. The exponent [ is called
the convergence rate of the method (with respect to a given norm).

Fully Regular Problem The first test problem uses a solution that is in
H*(Q) for any k > 1.

Example 7.13 (Full Regularity Problem). We consider the Poisson problem in
two space dimensions

~Au=0 inQ=(0,2)
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R-Axis 10 2.0

Figure 7.2.: Solution and simplicial coarse mesh for the full regularity example.

with the exact solution
2y
2+ x)2 + 2

which is taken from [Elman et al., 2005, Example 1.1.3] The exact solution is
taken as Dirichlet boundary data. Figure [7.2] shows the coarsest unstructured
simplicial mesh generated with GmshEl, |Geuzaine and Remacle, 2009], used in
the computations and the solution as a color plot.

Table gives the error in the L2-norm and the H'-seminorm for polynomial
degree k = 1,...,5 on different meshes. We observe that the convergence rate
is 3 =Fk+1in L? and 8 = k in the H'-seminorm. We will prove that these
convergence factors are optimal.

Figure shows plots of the L*error ||u — uylloq in the solution on the
coarsest mesh using P, P», P; and P,. It can be seen that the error has the
same overall structure and is just scaled (note the legend!).

Figure 7.4 shows the errors ||u — up|loo and ||V (u — up)|jo.q with respect to
(inverse) mesh size h=! for different polynomial degrees k = 1,..., 5.

Figure[7.5] compares the errors |[u—up||o,0 and ||V (u—wuy)|jo,o with respect to
the number of degrees of freedom for P;, P>, ()1 and (). For a given number of
degrees of freedom the plot shows that the (), solution is slightly more accurate
than the P solution. ]

U(ZC, y) - (

Reentrant Corner Problem In this subsection we consider a problem where
the solution is less regular.

thttp://geuz.org/gmsh/
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u-u_h u-u_h
-0.004 —9.002 0 Q 92 0.004 -0.0002  -0.0001 OHHHC\]'\O\PP\] 0.000

-0.00534 0.00503 -0.00028 0.000206

_56_07 \_\2\6_07 O INEN] Hsle\‘_\ \7 5e>0

-1.2e-05 le-05 -6.3e-07 5.15e-07

Figure 7.3.: L?-error in the solution on the coarsest mesh using polynomial de-
gree k =1,2,3,4 (top to bottom , left to right).

121



CHAPTER 7. CONFORMING FINITE ELEMENT METHODS

0.01 . —

0.001 |

AN
O WNPF ]

0.0001 |

S~
~
.o
S
~ao
~<
~

le-05

S
~ao
~~
S
~ao
~
~

1le-06 |-

~ao
.o
~
~
~ao
o

le-07 | El..,‘.‘

.o
S
~
~
.o
S
S~

L2 error

1e-08 |- %%%nmw “"“*uu\ ]
1e-09 ~ '““%%‘ “""n*\. _
le-11 | N T

le-12 “w-

le-13 : — :
1 10 100

0.1

0.01

0.001 |

0.0001 |

le-05

1le-06

le-07 |

H1 seminorm error

1le-08 |-

1le-09 |

le-10 |

le-11 |

le-12 ' —_— ' _—
1 10 100

1/h
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Figure 7.5.: Comparison of ||u—upl|o.q (top) and ||V (u—up)||oq (bottom) using
P, P, and (Q1,(). Note that errors are shown with respect to the
number of degrees of freedom.
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Table 7.1.: Convergence rates for the example with full regularity using P; finite

124

elements.
N | lu —uplloo L-rate | [u—uyi o H'-rate
k=1
o8 | 1.8313e-03 4.5348e-02
205 | 4.6209e-04 1.9866 | 2.2805e-02 0.99173
769 | 1.1610e-04 1.9928 | 1.1423e-02 0.99734
2977 | 2.9084e-05 1.9970 | 5.7149e-03 0.99919
11713 | 7.2765e-06  1.9989 | 2.8579¢-03 0.99976
46465 | 1.8196e-06  1.9996 | 1.4290e-03 0.99993
k=2
205 | 8.9060e-05 2.4620e-03
769 | 1.1318e-05 2.9762 | 6.2027¢-04  1.9889
2977 | 1.4212e-06 2.9934 | 1.5556e-04  1.9955
11713 | 1.7793e-07  2.9978 | 3.8943e-05  1.9980
46465 | 2.2255e-08  2.9991 | 9.7419e-06  1.9991
kL =
442 | 3.1084e-06 1.2183e-04
1693 | 1.9638e-07 3.9845 | 1.5378e-05  2.9859
6625 | 1.2346e-08 3.9915 | 1.9268e-06  2.9967
26209 | 7.7398e-10  3.9956 | 2.4097e-07  2.9993
104257 | 4.8446e-11  3.9979 | 3.0124e-08  2.9999
k=
769 | 1.0864e-07 5.8722e-06
2977 | 3.3959e-09  4.9996 | 3.7145e-07  3.9826
11713 | 1.0548e-10  5.0087 | 2.3283e-08  3.9958
46465 | 3.2843e-12  5.0053 | 1.4561e-09  3.9991
185089 | 6.4845e-13  2.3405 | 9.1024e-11  3.9997
k=
1186 | 3.7143e-09 2.7910e-07
4621 | 5.6760e-11  6.0321 | 8.8259¢-09  4.9829
18241 | 8.6560e-13  6.0350 | 2.7575e-10  5.0003
72481 | 3.9778e-13 1.1217 | 8.6568e-12  4.9934




7.7. CASE STUDIES

Example 7.14 (Reentrant Corner Problem). We consider the Poisson problem
in two space dimensions

~Au=0 inQ=(-1,1)2\[0,1) x (~1,0]

with the exact solution in polar coordinates
2
u(r,0) = ri sin (59) :

The exact solution is taken as Dirichlet boundary data. Figure [7.6| shows a
color plot of the solution with contour lines and Figure [7.7] shows the two initial
meshes generated with Gmsh used in the computations.

The exact solution has the regularity u € H H%) see [Hackbusch) (1986, Exam-
ple 9.7.2]. Table|[7.2|shows that the convergence rate in H' is 1+2/3 -1 = 2/3
and in L? it is 2(1 4+ 2/3 — 1) = 4/3.

Figure[7.8 shows the L?-error on a fixed mesh with varying polynomial degree.
It illustrates that the error is concentrated near the reentrant corner. Moreover,
the error is reduced at a greater rate away from the corner with increasing
polynomial degree. This suggests that the local convergence depends on the
local regularity of the problem.

Figure shows the error in L? and H' norms plotted against the mesh size
for various polynomial degrees. Clearly, the convergence rate is independent of
the polynomial degree. Here the uniform initial mesh has been used.

Figure shows the error in L? and H! norms now plotted against the num-
ber of degrees of freedom for various polynomial degrees using the uniform mesh
and the locally refined mesh. Theses results show that with higher polynomial
degree the solution is still more accurate for the same number of degrees of
freedom. The second observation is that the locally refined mesh is much more
efficient in terms of error per degrees of freedom. Together with the observation
from this suggests that the most efficient method would be a small mesh
size in the vicinity of the singularity and a high polynomial degree away from
it. The goal of hp-methods is to automatically choose the appropriate mesh size
and polynomial degree to reach a prescribed error tolerance with the minimum
number of degrees of freedom. [
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u_h
1.250921

1.2
0.8

0.4

0
-2.22e-30

Figure 7.6.: Solution of the L-domain example.

Figure 7.7.: Uniform mesh of the L-shaped domain and mesh with local refine-
ment towards the reentrant corner.
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Figure 7.8.: L2-error in the solution on the coarsest mesh using polynomial de-
gree k = 1,2,3,4 (top to bottom , left to right). Note that scaling
is the same in all plots!
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Figure 7.9.: Comparison
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of ||u — unlloq (top) and ||V (u — up)||oq (bottom).
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Figure 7.10.: Errors ||u—usl|oq (top) and ||V (u—us)|joo (bottom) with respect
to degrees of freedom.
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130

Table 7.2.: Convergence rates for the L-domain example.

N | lu —uplloo L-rate | [u—uy|i o H'-rate
k = 1, uniform mesh
334 | 4.8614e-03 1.0345e-01
1259 | 1.9469e-03  1.3202 | 6.5916e-02 0.65024
4885 | 7.7909e-04 1.3213 | 4.1791e-02 0.65743
19241 | 3.1151e-04 1.3225 | 2.6431e-02 0.66099
76369 | 1.2438e-04 1.3245 | 1.6692e-02 0.66307
304289 | 4.9596e-05 1.3265 | 1.0532e-02 0.66439
k =1, adapted mesh
250 | 1.4174e-03 5.9661e-02
919 | 3.8599¢-04 1.8766 | 3.1300e-02 0.93063
3517 | 1.0591e-04 1.8657 | 1.6561e-02 0.91836
13753 | 3.0263e-05 1.8072 | 8.9265e-03 0.89164
54385 | 9.1965e-06 1.7184 | 4.9287¢-03 0.85688
216289 | 2.9978e-06 1.6172 | 2.7940e-03 0.81891




Chapter 8.
Finite Element Convergence Theory

Now we turn to the question how good u; € Vj, approximates v € V.

Observation 8.1 (Galerkin Orthogonality). Let V3, C V' and let u, uy denote
the solution of the problems

ueV: a(u,v) = Il(v) YoeV (8.1)
up €Vy a(up,v) = 1(v) Yo eV, . (8.2)

Then we have

a(u —up,v) =0 Yo € V. (8.3)
Proof. Substract (8.1]) from (8.2)). H

Property (8.3) is called Galerkin orthogonality. Though very simple to proof
this property is an important ingredient in many proofs.

Lemma 8.2 (Céa). Let V;, C V and let u, u; denote the solution of problems
(8.1) and ({8.2)), respectively. Then we have
Ju— il <& inf lu—
U—u — inf |lu —wv
RV = o vREVY RilV
where «, C are the coercivity and stability constants of the bilinear form a.

Proof. For any vy, € Vj, we have

allu —upl|} < alu — up, v —up) = alu — up,u — vy + vy — up)
= a(u — up,u —vp) + alu — up, vy — up)

=0 because‘,of Galerkin

< Cllu — up||v||u — vpllv

C
& Jlu—unllv = —llu—vallv
=l <€ inf [fu— o
hl|lV > o eV h||V
since vy, € Vj, was arbitrary. ]

The Lemma of Céa reduces the error estimate ||u — wuy||y to the question of
approximation of u in the space V},.
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Nonhomogeneous Dirichlet Boundary Conditions This case needs some
extra care. Consider the setting of section[6.1]and set W = H*(Q), V = H}(Q),
ie. V. C W, and denote by V;, C W}, the corresponding finite element spaces
Vi, cVand W, C W.

By Z;, : W — W}, we denote the Lagrange interpolation operator. For any
w € C%(Q) N H'(Q) the Lagrange interpolation is given by

N
Thw = Zw(ai)%
i=1

where ¢; is the nodal basis function corresponding to the point a; € Q.

Furthermore we need to assume that the boundary condition ¢ is such that
there exists a sufficiently smooth extension u, € C°(Q) N H () of the boundary
condition to the interior. Then we define the boundary interpolation

g = > glai)v(es)

al-GaQ

where 7 is the trace operator. Clearly, we then have for any w € C*(Q)NH(Q):

v(Zpw) 7(2@0@, ) Zwal Zwal I v (w)

a; €082

since a; & 02 = p;laq = 0.

Now we are in a position to state the discrete problem with inhomogeneous
Dirichlet boundary conditions: For an arbitrary extension u, € C°(Q) N H(Q)
choose its finite element interpolation ug, = Z,u, and find

up € Ugy + Vi a(up,v) = (v) Yv € V.

This problem is well-posed due to the Lax-Milgram Theorem by setting u;, =
g + gy, Moreover, due to y(up) = v(ugn) +v(uon) = ¥(Znuy) = Iy (uy) =
I,?Q g the boundary conditions are satisfied. Interestingly, Galerkin orthogonality
is still valid (only Vj, C V) is required:

u€u, +V: a(u,v) =1(v) YoeV,
up € ugy + Vi a(up,v) =1(v) Yo eV, ,
from which we conclude a(u — up,v) = 0 for all v € V},.

Finally, we can state a relation corresponding to the Céa-Lemma in the case
of inhomogenous Dirichlet conditions.
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Lemma 8.3. With the notation from above there holds

C
|lu — upll10 < <1 + E) |lu — Zhul|10. (8.4)

Proof. From Galerkin orthogonality we obtain by adding and subtracting Z,u:
a(Zpu — up,v) = a(Zyu — u,v) Yv € V.
Using coercivity we get

al|Zhu — upllf g < a(Znu — wn, Tyu — up) = a(Tpu — u, Tyu — up)
< Cl[Znu = ull10l|Znu — unllLo

which is equivalent to
C
| Zhu — upll10 < EHIhU —ul|10-

Finally, we conclude using the triangle inequality

lu — unllio = |lu— Zhu + Zhu — up|l1.0
< |lu = Zyullr.0 + [ Zhu — up

1.0

C
< lu = Zypul[1,0 + EHIW —ul|10

= (1 + g) Hu—Zhu
«

Note that in the case of inhomogeneous Dirichlet boundary conditions we have
to make explicit use of the Lagrange interpolation operator in contrast to the
homogeneous case.

1,0-

]

8.1. Bramble Hilbert Lemma

We now study the approximation error

el
U}ILIGIVhHU vnlly

where V}, C V is some finite dimensional subspace of a Sobolev space V. In order
to obtain estimates in terms of some power of the mesh size h, additional regu-
larity, i.e. w € W with W C V has to be assumed. In our concrete application
a typical setting would be

P(T)) cVCHY Q) DW =H™(Q) .
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Proposition 8.4. Let 2 C R" be a subdomain with Lipschitz boundary satis-
fying a cone condition. Moreover, for m € N, m > § and let Z,,,_; : H"(Q) —

" _1 be the Lagrange interpolation operator corresponding to certain points
S1y...,8n € Q, N =dim P . Then there exists a constant ¢ = ¢(€2, s1, ..., Sn)
such that

v — Zonqullm < clulnm Yu e H™(N) . (8.5)

Proof. See |Braess, 2003, Hilfssatz 6.2].
First observe that Lagrange interpolation is well-defined for m > § due to the
Sobolev embedding theorem [5.46, Then define the special norm

N
[olll = ol + D (sl -
1=1

We would like to prove that there exists ¢ € R such that
[0]lm < clf|]]] Vo e H"(Q) . (8.6)

The proof is by contradiction. Assume that does not hold. Then there
exists a sequence {vy : k € N} such that

[orllm =1, {lloxll] < ke N (8.7)

1
k?

(since then loelll % < [[vkllm = l[vel]].)

[okl|lm — =

Clearly, H™(Q) ¢ H™1(Q) and this embedding is compact (Rellich-Kondra-
chov theorem [Adams, 1978, chapter VI]). This means that a subsequence {vy, }
can be selected that converges to (a possibly different) v € H™ (). Without

loss of generality let us assume that {v;} already is that subsequence, i.e. v =
limg oo v, € H™1(Q2). Then

loe = vl = lve — vl + ok = il
A\ 7
— 0 since {vg} — v ir‘lrﬂ’””*1 is Cauchy seq. —0 since [vg—vi]m <|[|ve—vill|

<[Moxl[[+[[el[| < §+7-0 for Lk—o00

So {vx} is a Cauchy sequence in H™(£2) and so we even have v € H™(£2). Due

to the continuity of the norms ||.|| and |||.||| we conclude from (8.7 that
[v]lm = 1 and llvf[l =0

From ||[v]]| = [v]m + S5y |u(s:)| = 0 it follows that

a) |v|, =0=veP | and

134



8.2. APPROXIMATION RESULTS

b) v(si):()W:l,...,NilvEO.
This is a contradiction to ||v|],,, = 1. O

Lemma 8.5 (Bramble-Hilbert). 2 < R” fulfills the conditions from Proposi-
tion 8.4 For m > % let L : H™(2) — Y be a bounded linear operator into the

normed vector space Y with the canonical norm || L| = sup, ”H ”HY Further-

more, assume that P ; C ker L. Then there exists a constant ¢ € R, ¢ > 0
such that

| Lv|ly < c|v|m Yo € H™(Q).
Proof. [Braess, 2003, Lemma 6.3].

[Lvlly = [[Lv = Loy (L
= [[L(v = Zn10)|ly (
< [ L||Ilv = Zyn-12||m (L bounded linear operator)
< c|[L|||v]m (Proposition [8.

with ¢ the constant from Proposition [8.4] O

Z—qv = 0 since Z,,, v € P )
linearity)

In our application we will set L = I — 7}, (I the identity) for some polynomial
degree k. For any v € P} we then have Lv = [v —Zjv = v —v = 0, i.e. P} €
ker L. Assuming that n < 3, Bramble-Hilbert holds withm =k+1>2 < k >
1, i.e. the smallest possible choice would be P? and H?().

8.2. Approximation Results

We first consider the special case of a uniform grid in
n = 2 with the special form shown to the left.

Proposition 8.6. For Q = (0,1)? consider the uniform, conforming triangula-
tions Ty, h = %, v € N where each t € 7Tj, is generated by a mapping pu; from

the reference triangle S, of the form
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For k € N, k > min(1,n/2), let P._1(75) be the conforming finite element space
of piecewise polynomials of degree k — 1 and Z; the corresponding Lagrange in-
terpolation operator for the mesh 7;,. Then for any u € H*(Q) the interpolation
error measured in the H™(Q)-norm, 0 < m < 1, can be bounded by

v — Tpul|ma < ch* "ulra  Yue H¥Q).
Proof.

a) The transformation gy has the form py (%) = hdi@ + by, so & = p; ' (z) =
htd Mz —by).

b) Transformation of derivatives. For v € H*(Q) and any t € Ty, set 0(%) =
v(pe(2)). By the chain rule one gets for any multiindex |a| < k:

0°0(2) = hlld™ o (1 (2)) .
¢) On a single triangle ¢ € T;, we obtain for 0 <[ < k:

07, =D /(5%(@))%

jal=1 4

= Z / P2 |dy [P (0% (e ()% dit (insert transformation rule)

h?l\dﬁlz / (Ol (7 ()2 |V (&) dx

|O“ l t h—n|dt|—n

= th_”|v|l’t : (since |dy|* ™" = 1)
With the same argument one obtains for v(z) = o(u; ' (z))

— K QZ‘U‘ZSQ

d) With these preparations we obtain for the interpolation error on a single
element t € Tj, for any 0 <1 <m
lu — Zyul}, = h 2 — 1'3211|l2§2 (Transformation to S)
< W24 — I§2zl||12g2 (extend to full norm)
< B Aealf o (Bramble-Hilbert, L : H*(Sy) — H'(S,))
S hn—2lch2k—n|u|z’t (

— ch2(k-0) \u\%t .

2—>t>

Note ¢ depends on 2, k, but not on [. This argument is known as a “scaling
argument’.
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e) H™-norm on a single triangle

m
lu = Zoullf =D lu— Tl
1=0

m
< Z ch?** |U|it
1=0

= C‘u‘zthQ(k—m) Z p2(m=10) (hQ(kfl) _ h2(kfm+mfl))
(=0

<clm+ D25 (1+R .+ R <m+1,h< L
f) Now on the whole domain

lu = Thullbg = llu— T,
teTh

< cptm) Z \U\it

teTh
= Ch2(k_m)‘u‘%,9
Taking the square root proves the result. [l

In the case of a general triangulation 7, of a polyhedral domain 2 C R” only
steps b) and c) of the proof above get more complicated and technical (the factor

dLa| will be replaced), but Proposition 8.6/ remains true with a different constant
C.

Tensor Products We prepare the general approximation result with a few
technical lemmata.

Definition 8.7 (Tensor product). Given m vectors yr € R™, 1 < k < m (the
dimension ny may be different for each vector), then

m m

y=®yk€RN, N:an

with

()i i = H(yk)ik

k=1

is called the tensor product of the yi. The indices of components of y are from
the set Z = {1,...,n1} x ... x {1,...,n,} (which is the Cartesian product of
the individual index sets). O
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Example: Given two vectors x € R”, y € R™, then x ® y € R and
(z ®y)ij = 7;y;. In other words, the entries of the matrix zy” are written into
a single vector.

For the Euclidean norm of a tensor product we have

m 2 m
Que| = 2. |11
k=1 |lgrw (21, im)€T k=1

_ Z(yl)gl (Z - i (12)5, - -- (ym)?m>

i1=1 io=1 Q=1

(z S )w

io=1 tm=1

m
P lyall® = T Tl
k=1

nm,

Z Z‘yl%l." )2

11=1 =1

I”

= Hyl ) Hy2

Taking the square root we obtain

m

®yk

k=1

m
= 11 llwll-
k=1

We now use tensor products to represent derivatives. For v € H(2) we define
the first order differential operator

RN

n

Llyl = (y)i0k,

i=1
taking linear combinations of partial derivatives. So we have

n

Liylo(z) = > (1)i0nv(x).

1=1

Especially for y = e; (the ¢th unit vector) we get Lle;Jv(x) = 0,,v(x). We now
extend this to higher order derivatives.

Definition 8.8 (Derivatives as Multilinear Form). For yy, ..., y, € R"

m
L[y:[?)ym — H (Z yk Zk Zk> .
k=1 1k 1
is called a multilinear form (we have set 0;, = 0, for ease of writing). O
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Example: For m =n = 2 and v € H?(Q2) we have

Lly1, yolv(x) = (y1)101 + (y1)202) ((42)101 + (y2)202) v(z)
= (y)1(y21070(x) + (1)1 (y2)201020 ()
+ (11)2(y2)102010(x) + (y1)2(y2)2050(x) -

For y,. = e;, we get Lle;,...,e; |Jv(x) = 0;,...0;, v(x). So we are able to
represent arbitrary higher order derivatives with multilinear forms (although
the representation is not unique).

We then have the following important estimate:

(5o

v(z)
k=1 \ix=1

= | ((y1)101 + ... + (y1)n0n) -
(Y101 + -+ (Y )nOn) v())]

Ly, ..., ym]v(x)| =

= | Z (yl)il ce (ym)inﬁh@@ ce (9va(:6) (88)

IA

| D™ v ()| (Cauchy-Schwarz in R")

= | D"o()I| T ] llusl
k=1

where D™v(z) denotes the vector (ordered set) of all n™ partial derivatives
0“v(x) with |a| = m where the different permutations of a multiindex (aq, . . . , )
are distinguished.

The Chain Rule for Affine Transformations For p; : S, — t, () =
Biz +b;andv:Q — R, v:5, = Rset 0(z) = v(u(z)). The chain rule then
yields

éﬂ?(i) v(pe(2)) Z@w (T (‘9,u“ Z@lv wt(2)) By;

Putting all components together we obtain

V:0(2) = BTV, 0(u()) .
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In order to extend this to higher order derivatives we use the multi-linear forms:

i’[ylv S 7ym] = H (Z(yk)lkélk> = H Z (Z Blklkalk>

k=1 \ip=1 k=1 |ip=1 =1
chain rule applied to aik
] L 1 (8.9
m
= H E o, E B (k)i | = LBy, - .., Bym)
k=1 | l=1 Zk 1
=(Byx )1,

Together with [8.§ we obtain the following the estimate:

Liy1,...,ym]o(2)| = |L[By1, ..., Bym)o(m(2))|

_ (H |Byk||> D" (@) 510

k=1

<[B]™ (H ka|> D™ 0 (e ()] -

k=1

Now we can prove the following transformation formulae.

Proposition 8.9. Let y; : S, =50 0C R", be an affine linear transformation
with Jacobian B; and v(z) = v(ut( )) for v € H™(t) and © € H™(S,). Then
we have

(R anBth|detBt’_%|U|m,t ; (8.11a)
(0] < ™| B |det B2 [0],,, ¢ - (8.11b)
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Proof. The proof is a generalization of Proposition [8.6]b).

|Um§n:/ S (0°0(8) Pdi

|al=m

/ > |Lleay, - €q,)0(2)dE (multilinear form)

|lal=m

/ PR LA EN R HMH lewl?di (use estimate ET0)

|al=m

= HBtHzmnm/ D@l di (> 1<a™

-~

S Li1mimer |95y - Bi v (1a(2)) 2 ja=m
< B [ 37 0 o(u(a)) P (# permut. < n™)
i lal=m
= || B||* " n*™ Z 0% (p(p(2)))|?|det B, Hdx  (transform to t)
ja]=m

= | Bel"" ™" |det By| o,

Taking the square root proves the result. The second estimate (8.11b) is shown
in the same way. ]

Shape Regular Affine Transformations Let u; : B,z + b; be the affine
linear transformation from a reference simplex Sn to an element ¢t € T},.

We now prove estimates of the spectral norms (associated matrix norm for
the Euclidean norm) ||B|| and |B~!||. Let p(t) and h(t) denote the diameter
of largest ball inscribed in ¢ and the maximum distance of any two points in
t, respectively. p(S,) and h(S,) denote the same quantities for the reference
simplex.

Then we have

Bi Bi+b — (By+b
1Bl —sup B2l _ gy, 1BEER (Bt b
w0 21 jgi=pisi) 1z — 9
B) — (9 h(t
_ g @) @l A
le-gl=p(8)  P(5h) p(S,)
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With the same argument we obtain

1574 = sup L2
w0 |17]
B Yz —b)—B(y—

— s |B~ (z —by) (y — )l
lz—y||=p(t) p(t)

— s e () — i ()]
lz—y||=p(?) p(t)

_ h(Sa) _ r2h(S,)

~ op(t) T ht)

where the last step uses the shape regularity of the mesh (Def. b). Thus
we obtain for the condition number

con — 1 h(t) wah(S,) =K h(S,)
LB) = I1BINBTN < o8 — %,

which only depends on the reference element S, and the mesh.

Approximation Result Now we extend Proposition to the general case.

Theorem 8.10. Let {7,} be a family of affine and shape regular triangulations
of 2 with h, — 0 and shape regularity constant k9. For k € N, k > min(1,n/2)
and continuous finite element functions of of degree k — 1 the interpolation error
in the H™-norm, 0 < m < 1, can be bounded by

Hu —IhUHm’Q < Chk_m‘u‘k@ Yu € Hk(Q)

and the constant C' depends only on the shape regularity of the mesh and the
space dimension.

Proof. The proof is identical to that in Proposition except step d) where we
now use the general transformation formula on an individual element ¢:

u — Zyuly < 0| By |det Byl 2| — i 4 (use (B11D))
<n'[|B; [ |det By|7 || — Zyal| 4 (LI <111
< en!|| B Y| | det By 3|a (Bramble Hilbert)
(use

_ 1 1
< en'|| B |det By 2| Byl *|det Be| 2 [ule  (use (B8.11a))
= en (BN B D Bl s

<ot (33 (m&») e

= C(Q, k, 1,0, Sy i) B Juljg
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]

Remark 8.11. Shape regularity of the mesh is required for the constant to
remain bounded as h,, — 0. There is a refined analysis that shows that:

e bound on smallest angle from below is a sufficient condition.
e bound on largest angle away from 7 is a necessary condition.

See Babuska and Aziz| [1976]. O

Proposition 8.12 (Inverse Estimate). Let {7,} be a family of affine and shape
regular triangulations with corresponding finite element spaces Py(7,). There
exists a constant ¢ (depending on k9,1, m, .. .), such that

lonlle < chyHlloallo  Yow € P(T,).
Proof. |Braess, 2003, Thm. 6.8]. O

In the standard interpolation error estimates the m-norm is estimated by the
k-norm with m < k. In the inverse estimate the 1-norm is estimated by the
0-norm, but this is only possible for finite element functions!

8.3. Error Estimates

Regularity The interpolation error estimate in Theorem requires the so-
lution of the variational problem to be in H¥(Q2) with the polynomial degree
k—12>1,ie k > 2 This cannot be deduced from the existence result (the
Lax-Milgram Theorem) alone.

Definition 8.13. For H}(2) CV C H'(Q) let a: V x V — R be a coercive
bilinear form on V. The variational problem

uweV:alu,v)=(f,v)n YveV

is called H-regular for s > 1 if for every f € H* 2 there exists a (unique)
solution u € H*(£2) and a constant ¢ = ¢(€2, a, s) such that

lulls.o < el flls-2msa -

]

For s = 1 this is our existence result. If s > 1 one speaks of higher regularity:.

The existence of solutions with higher regularity depends on the form of €2 and
the coefficients of the PDE.
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x;O

Figure 8.1.: Example of a low regularity of problem with mixed-type boundary
conditions in a convex domain.

Theorem 8.14. Let V = Hj(Q) and a(u,v) = [,(AVu) - Vodz a coercive
bilinear form on V' with sufficiently smooth coefficients (e.g. (A)ns Lipschitz
continuous). Then the following holds true:

a) If Q is convex the Dirichlet problem is H?-regular.

b) Assume s > 2. If ) has a C*-boundary then the Dirichlet problem is
H*-regular.

See |Braess|, 2003, Theorem 7.2]. O]

Remark 8.15 (|Braess, 2003, §7c|). The following example illustrates that Neu-
mann (mixed) boundary conditions may lead to low regularity even for convex
domains. Consider the domain shown in Figure 8.1 €; is a convex domain with
N {(x,y) : x =0} =Ty and Qy = {(z,y) : (—x,y) € Q1}. The combined
domain 2 = Q1 UI'y U€)s is a non-convex domain and the solution is in general
not H?-regular. Let now u be a solution of —Au = 0 in Q, u = ¢g on 9 with
correspondingly low regularity. Then u; = u|q, is the solution of the problem

u=yq on 0 \ I'y
0
8_Z =0 on 'y .
So u; on € is in general not H2-regular although ; is convex. ]

A Priori Estimates We are now in a position to state the error estimates.

Theorem 8.16. Let €2 be a polyhedral domain and {7,} a family of affine,
shape regular triangulations. Assume that the solution v € V' C H(Q) of the
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variational problem is H*-regular (k > 5). Then we have the following a priori
error estimate for the solution u, € Vj, = P,_1(T) of the discrete variational
problem:

I = unllno < CREH|f iz -

Proof.
C . )
|lu —uplhio < — inf ||lu—wulh0 (Céa)

X vpEV)
C :

< —|lu — Zhul|1.0 (Use Lagrange interpolant)
o)

< ChFYulpg (Interpolation error estimate)

< CH* 7 fllk-20 (Regularity) .

Here C' is a generic constant, i.e. it may have different values at different oc-
curences. O

Remark 8.17. In particular
i) The use of polynomial degree kK — 1 > 1 requires regularity s = k > 2.

ii) Away from singularities (reentrant corners, discontinuous coefficients) the
solution of elliptic problems is typically very regular and high polynomial
degree is efficient

iii) Especially for H%regularity (k = 2) and polynomial degree k — 1 = 1, we
get

lw = unllro < Chllflloe
i.e. convergence is O(h).

iv) Polynomial degree k > s — 1 (i.e. without sufficient regularity) does not

hurt.
v) The constant C' depends on continuity and coercivity of the bilinear form
as well as shape regularity x9 among others. [l
Since [Ju — up|li g = [lu — unl[§q + |V (u — us)|[§q the 1-norm measures also

the gradient of the error. Can we estimate also ||u — upl|o.o alone?

Theorem 8.18. Under the same assumptions as in Theorem with k£ = 2
the following estimate holds:

lu = unllon < CH|| fllog -
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Proof. |Braess, 2003| §7|. The situation is as follows:
Vi, CV=H}Q) Cc L) =H.
For any g € H define the so-called dual problem:

0y €V ta(w,@y) = (g,w)o0 Yw eV

(only for unsymmetric a this is a different problem). Using the error u — uy, as

a test function in the dual problem we obtain:

(9, u — un)o.o = alu — un, ¢g)
= a(u — up, pg) — alu — up, vp)
=0 for v,V
= a(u — up, P, — vp)
< Cllu—unllallgy - wnllio

(¢4 solution of dual problem)
(Galerkin orthogonality)

(linearity)
(continuity)

< Cllu—up|1,0 inf |[@; —vall1,o (vs was arbitrary) .
vREVY

Note: On the right hand side ||[u—wup|[1,0 = O(h), inf,,cv, ||y —vnll1.0 = O(h).
The norm ||wlgq of any w € L*(€2) can be characterized as

[wlloo = sup

(go w)O,Q

0£geL?() 19ll0.0

since due to Cauchy-Schwarz

g,wW)o,Q
(9, 0o < llglloallwlon < 2202 < uog
lgll0.0
and
w, W )o,n
@ — ||wHO,Q .
Toloo

Using this we obtain

(97 u — U’h)O,Q

|lu —uplloo = sup

0£geL2(9) HQHOQ
inf, B
S CHU . /U/h”LQ Sup {ln nEVh ||g0g UhHl,Q
0£geL2(Q) gllo.0
ch Q
< Cllu—=wupllio sup {M}
0£geL?() 9] 0,9
< Cllu = upll1,0h
< ch?| fllos
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This way of proof is called a duality argument as it involves the solution of the
dual problem. ]

Remark 8.19. The proof also shows
lu = unllo < Chllu — unl[1,0

(just omit the last step). 0

8.4. Loss of Coercivity

The Lemma of Céa states that
C .
|u —upll10 < — inf |lu— w10,
o v eV

where u € V' C H'() is the solution of the variational problem, u;, € V;, C V is
the solution of the discrete variational problem, C'is the constant from continuity
and « is the constant from coercivity.

If the ratio C'/«v is large then the error in the finite element solution u; may
be large even if the discrete space V), has good approximation properties. This
situation is called loss of coercivity. We now explore two situations where this
is the case.

Four Corner Problem In the first case we consider the equation
—V - (A(x)Vu)=f inQ
with isotropic, heterogeneous diffusion coefficient A(x) = k(z)I. Assuming that

supk(z) =1 and inf k(z) = ¢
zeQ) zefd

the analysis of continuity and coercivity gives

1 2
_ T (8.12)

€

€
1482

=

SHES!

C =1, o

where s is the constant from Friedrichs inequality which essentially is s = L
with L the diameter of the domain. This results states that a heterogeneous
diffusion coefficient leads to loss of coercivity.

Example 8.20. In particular consider now the problem

~V - (k(z)Vu) =0  in R?
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Figure 8.2.: Domain and diffusion coefficient distribution.

where the diffusion coefficient k(x) contains a so-called cross point which is
illustrated in Figure 8.2] i.e.

k(l’): { ki xix9 >0 .

ko else
a) Exploiting the symmetry of the solution in polar coordinates
u(r,0) = —u(r,0 —m)
the solution needs only to be determined in €2; » where it is given by
u;(r,0) = r*(a; sin(ad) + b; cos(ah))

with (assuming 0 < &y < ko)

2 2V k1kso
a = — arctan ,

s kQ — ]{71
a; = —k—Q(ag cos(am) — by sin(am)),

1
by = —(agsin(an) + by cos(am)),
b ko sin(am) cos(am/2) + ki cos(am) sin(am/2) + ko sin(arm/2)
27 Pkysin(ar) sin(ar/2) — ks cos(ar) cos(arm/2) — kg cos(am/2)’

by = 1.

For the case k1 < ko we observe that o & (4/m)+/k1/ke. While for the reen-
trant corner problem the singularity always has o > 1/2, here the exponent
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a can be become arbitrarily close to zero and the solution has an extremely
low regularity of H'*V#i/k,

Taking the exact solution as Dirichlet boundary data on the domain €2 =
(—1,1)? we obtain the results shown in Table [8.1] The table shows the L2-
norm as well as the energy norm |[v||g = \/a(v,v) and the corresponding
rates computed on an adaptively refined mesh with up to 20 levels of refine-
ment resulting in more than 2.7 million elements. Moreover, the left half of
the table shows results for the lowest order conforming finite elements while
the results in the right half are for a more elaborate method which is called
symmetric weighted interior penalty discontinuous Galerkin finite element
method (SWIPDG). The rates are close to the predicted rates. Looking at
absolute errors one can see that both methods give relatively good results for
a coefficient ratio of 1/10 but converge very slowly for the ratio 1/1000. Note
however, that in this case the error in the energy norm with the SWIPDG
method on the level 0 mesh with 8 elements is more smaller than the error
of the standard conforming method on level 20!

Let us now consider the so-called flow cell setup with boundary conditions

0
u=latzrx;=—-1, u=-1atz =1, and—u:Oelse.

on

Figure [8.3 shows the solution for two different values of k1/ks = 1/20 and
ki1/ko = 1/10000 for the standard P; Galerkin finite element method and the
SWIPDG finite element method.

For these boundary condition the solution is not known analytically. How-
ever, one can show that the average flux

j(€) = %/k(&n)ﬁxﬂ(ﬁ,n) dn

along any line & = const is given by

J(&) = v kika,

see [Keller, 1964; Mendelson|, [1975]. Observe that due to Gauk’ theorem the
flux through any vertical line is the same.

Table shows the average flux for two different values of k; / ks, two different
lowest-order finite element methods and different mesh refinements indicated
by the number of degrees of freedom N. For the larger ratio ki /ky = 1/10
the flux converges reasonably well with a rate of 0.8 and relative errors of
10~3 and below can be obtained with about 10% degrees of freedom.
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Table 8.1.: Convergence of two different finite element methods for the model

problem with analytic solution.

ko ks = 1/10

conforming FEM SWIPDG
Ul Jlu—uplo rate | |lu—upllE rate | |lu— unllo rate | |lu— upllE rate
0 5.19E-1 - 1.47 - 2.05E-1 - 8.66E-1 -
5 2.71E-2 8.11E-1 3.28E-1 | 3.99E-1 1.08E-2 8.07E-1 2.42E-1 3.88E-1
10 1.82E-3 7.65E-1 8.65E-2 | 3.81E-1 7.75E-4 7.34E-1 6.53E-2 3.75E-1
15 1.32E-4 7.51E-1 2.35E-2 | 3.73E-1 6.45E-5 7.07E-1 1.81E-2 3.65E-1
20 1.10E-5 | 6.83E-1 6.67E-3 | 3.55E-1 6.66E-6 | 6.16E-1 5.33E-3 | 3.43E-1

ki/ke =1/50

conforming FEM SWIPDG
Ul Jlu—uplo rate | |lu—upllE rate | |lu— unllo rate | ||lu— upllE rate
0 5.21E-01 - 1.25 - 1.21E-1 - 4.01E-1 -
5 8.29E-02 | 4.41E-01 4.47E-1 | 2.29E-1 3.04E-3 1.14 2.28E-1 | 1.78E-01
10 2.11E-02 | 3.77TE-01 2.22E-1 | 1.92E-1 3.86E-4 | 3.62E-01 1.23E-1 | 1.78E-01
15 5.92E-03 | 3.63E-01 1.17E-1 | 1.83E-1 1.17E-4 | 4.34E-01 6.63E-2 | 1.80E-01
20 1.70E-03 | 3.60E-01 6.23E-2 | 1.80E-1 2.72E-5 | 4.08E-01 3.56E-2 | 1.80E-01

Tor /s = 17100

conforming FEM SWIPDG
Ul |lw—unllo rate | |lu—up|lE rate | [Ju — upllo rate | ||u— up|g rate
0 5.45E-1 - 1.26 - 1.27E-1 - 3.11E-1 -
) 1.10E-1 3.65E-1 5.01E-1 | 1.96E-1 1.32E-2 | 4.16E-01 2.12E-1 1.26E-1
10 3.74E-2 2.89E-1 2.82E-1 | 1.52E-1 5.26E-3 | 2.51E-01 1.38E-1 1.27E-1
15 1.45E-2 2.67E-1 1.73E-1 | 1.37TE-1 2.20E-3 | 2.54E-01 8.84E-2 1.28E-1
20 5.83E-3 2.59E-1 1.09E-1 | 1.31E-1 9.15E-4 | 2.54E-01 5.68E-2 1.27E-1

k1 ks = 171000

conforming FEM SWIPDG
Ul |lw—unllo rate | |lu — up|E rate | [Ju — upllo rate | ||u— up|g rate
0 6.04E-1 - 1.34 - 1.41E-1 - 1.30E-1 -
5 1.74E-1 2.54E-1 6.52E-1 | 1.40E-1 2.74E-2 1.85E-1 1.40E-1 | -1.56E-3
10 8.91E-2 1.66E-1 4.48E-1 | 9.43E-2 2.15E-2 6.13E-2 1.37E-1 1.19E-2
15 5.42E-2 1.31E-1 3.37E-1 | 7.53E-2 1.72E-2 6.55E-2 1.29E-1 2.31E-2
20 3.58E-2 1.14E-1 2.66E-1 | 6.46E-2 1.36E-2 6.87E-2 1.18E-1 2.74E-2
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Table 8.2.: Evaluation of the average flux for two finite element methods and
two different k;/ky ratios.

ky/ko =1/10
conforming FEM SWIPDG
N gn | 13 —Jnl/d rate N Jn | 13 —3nl/3 rate
179 | 3.31035154E-01 | 4.68E-02 - 972 | 3.20180997E-01 | 1.24E-02 -
681 | 3.24314950E-01 | 2.56E-02 0.873 3888 | 3.18136766E-01 | 6.04E-03 1.050

2657 | 3.20781044E-01 | 1.44E-02 0.829 | 15552 | 3.17242561E-01 | 3.19E-03 0.912
10497 | 3.18834185E-01 | 8.25E-03 0.805 | 62208 | 3.16791943E-01 | 1.78E-03 0.847
41729 | 3.17731742E-01 |  4.74-03 0.793 | 248832 | 3.16548101E-01 | 1.01E-03 0.817

166401 | 3.17098936E-01 | 2.75E-03 0.788 | 995328 | 3.16411466E-01 | 5.82E-04 0.802

664577 | 3.16733359E-01 | 1.60E-03 0.785 | 3981312 | 3.16333634E-01 | 3.35E-04 0.795

ko1 ks = 1/1000

conforming FEM SWIPDG
N gn | 13— gnl/d rate N Jn | 13 —Jnl/d rate
179 | 1.63862045E-01 4.17 - 972 | 1.04923502E-02 0.667 -
681 | 1.42964281E-01 3.51 | 2.48E-01 3888 | 1.11906625E-02 0.645 | 4.86E-02
2657 | 1.27369212E-01 3.03 | 2.18E-01 15552 | 1.19371940E-02 0.623 | 5.37E-02
10497 | 1.15161562E-01 2.64 | 1.97E-01 62208 | 1.26778950E-02 0.598 | 5.53E-02
41729 | 1.05289827E-01 2.33 | 1.81E-01 248832 | 1.34063023E-02 0.575 | 5.66E-02
166401 | 9.71270673E-02 2.07 | 1.69E-01 995328 | 1.41194863E-02 0.553 | 5.76E-02
664577 | 9.02652109E-02 1.85 | 1.60E-01 | 3981312 | 1.48160358E-02 0.531 | 5.86E-02

For the smaller ratio k1 /ks = 1/1000 the convergence is down to 0.06 and the
relative error obtained with the standard finite element method on a mesh
with 664577 unknowns is still 185% (!). The discontinuous Galerkin method
starts with an error of 66% on the coarsest mesh with 972 unknowns but the
error decreases only to 53% using 3981312 degrees of freedom. l

The particular difficulty with the example presented is that the loss of coer-
civity goes hand in hand with a loss of regularity. However, in general these two
properties are not related: The reentrant corner problem from example has
reduced regularity without loss of coercivity while the convection example [8.21
below has high regularity with loss of coercivity.

Convection-Diffusion Problem As second example we consider the station-
ary convection-diffusion equation with homogeneous isotropic diffusion coeffi-
cient € and constant (divergence free) velocity field b:

—eAu+b-Vu=f in €.
An analysis of continuity and coercivity gives in this case

€ C  (e+spID(1+5%)

:1+52 « €

C = e+ slb], a
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Figure 8.3.: Solution of the four corner problem: ki/ky = 51072 (top row),
Standard Galerkin method with P, elements (top left), symmetric
interior penalty Galerkin method with P; (top right), ki /ko = 1 -
10~* (bottom row), standard Galerkin method with P elements
(bottom left), symmetric interior penalty Galerkin method with P,
(bottom right)
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We rewrite this as

g = (14 Pe)(1 + s?)

with the Peclet number

sl

€

Pe = (8.13)

The Peclet number measures the relative strength of diffusion and convection.
This relative strength depends on the length scale which is measured by the
constant s from Friedrichs inequality (The factor 1 + s* comes in for different
reasons, it is also present in the pure diffusion equation, compare . The
standard argument would be a dimension analysis, see [Elman et al.| 2005 §3.1].)
A Peclet number Pe > 1 indicates that the problem is convection dominated.

Example 8.21. We consider the two-point boundary value problem
—ev' +u' =0 in(0,1)
with boundary conditions
u=1at x1 =0, u=0atxr =1.

It has the exact solution

sy = L el =1/
1 —exp(—1/¢)

shown in Figure [8.4] for various values of €. The limit problem «' = 0 for € = 0 is
first order hyperbolic and has the solution u(x) = 1. According to the method
of characteristics a boundary condition can be given at x = 0 but no boundary
condition can be given at x = 1. The limit problem is incompatible with the
boundary condition at x = 1 for the problem with ¢ > 0 which results in a
so-called exponential boundary layer. This boundary layer has a width of O(e).
According to the definition given above, the Peclet number of this problem is
Pe = 1/e and there is loss of coercivity for small e. However, in comparison
to the elliptic example with piecewise constant permeabilities the solution is
perfectly smooth, i.e. it has a high regularity. Note also, that the exact solution
satisfies a maximum principle.

Figure [8.5] shows numerical results for this problem using the standard P,
Galerkin finite element method (shown in blue) and the discontinuous Galerkin
finite element method (DG). On coarse meshes the results for the standard
finite element method are very bad in the whole domain and small variations in
the boundary condition result in large changes in the numerical solution (loss
of stability). As the mesh is refined the oscillations are reduced and they are
concentrated near the exponential boundary layer. When the mesh size reaches

153



CHAPTER 8. FINITE ELEMENT CONVERGENCE THEORY
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Figure 8.4.: Exact solution of the one-dimensional convection-diffusion problem

the value 2¢ the oscillations vanish and the numerical solution obeys a maximum
principle.

The discontinuous Galerkin scheme on the other hand shows only compar-
atively small oscillation which are always located close to the boundary layer.
Moreover, the DG scheme obeys the Dirichlet boundary conditions only weakly,
depending on the mesh size. As the mesh is refined the scheme “senses” the
boundary condition and when h = € the boundary conditions and the maximum
principle are satisfied. [

Example 8.22. We consider the two-dimensional convection-diffusion problem
—eAu+b-Vu=0  in (0,1)

with boundary conditions

u=0at x; =1, u=1ifz3 <1/2 and o < 1/4,
0

u=0if xr1 =0 and x3 > 1/4, a—u:()atxgzl.
n

Figure shows numerical results for ¢ = 107* and b = (1,3/2)T using Q;
standard Galerkin finite elements (left column) and the P, DG method (right
column) on a uniform quadrilateral mesh. The discontinuities in the Dirichlet
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=
=
=
L=
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0.5

08

0.6

0.24

Figure 8.5.: One-dimensional convection-diffusion problem with ¢ = 1072 and
b = 1 solved with standard P; Galerkin and symmetric interior

penalty discontinuous Galerkin method using P;. From top to bot-
tom h = 1/16, 1/64 and 1/512.
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Figure 8.6.: Solution of the two-dimensional convection-diffusion problem in
with € = 107* and b = 1 solved with standard @; Galerkin
(left column) and symmetric interior penalty discontinuous Galerkin
method using P; on structured quadrilateral mesh (right column).
Mesh size (top to bottom): h =1/32, 1/128 and 1/512.
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boundary condition at (0,1/4) and (1/2,0) result in so-called characteristic in-
terior layers. In the limit problem € = 0 the discontinuity would be transported
along the characteristic. If € > 0 the solution is continuous and the discontinuity
is smeared over a layer of width O(y/€). Near the boundary {1} x (3/4,1) an
exponential boundary layer is formed since the solution of the limit problem is
incompatible to the Dirichlet boundary condition. Moreover, the true solution
obeys a maximum principle.

The standard Galerkin scheme shows qualitatively the same behaviour as in
the one-dimensional case. For coarse meshes the solution quality is poor in the
whole domain. As the mesh is refined the oscillations concentrate near the ex-
ponential boundary layer. The internal characteristic layer poses no problem
as soon as h &~ O(y/€). The DG scheme on the other hand provides a reason-
able accurate solution also on coarse meshes. In both schemes the exponential
boundary layer is not resolved and the maximum principle is not satisfied as the
mesh is still too coarse. [

157






Chapter 9.

Adaptive Finite Element Methods

9.1. Introduction

Accepting a finite element solution without controlling the discretization error
may have disastrous consequences as is e.g. illustrated in the failure of the Sleip-
ner Al offshore platform. The collapse of this platform during final construction
phase has been attributed to an underestimation of the stresses in numerical
simulations.
The goal of this chapter therefore is to devise a practical method to ensure
that
|lu — uy|| < TOL (9.1)

with u, € Vj, the computed finite element solution, dim V}, as small as possible,
|.]| an appropriate norm and TOL a user given tolerance.

The a-priori estimates proven in the last chapter are not suitable to ensure
for practical computations since the constant C' involved and the regularity
of the exact solution are not known. In the following we will derive so-called
a-posteriori error estimates of the form

[ = unl < nlun) (Z i (un, > (9:2)

teTh

where the global error estimate 7 is computed from local error contributions
n(up) that depend on the computed solution wuy, on ¢ (or a small patch around
t). Based on the global error estimate 7 is used for error control by ensuring
n < TOL and the local estimators 7, are used within a heuristic algorithm for
local mesh refinement.

There are many ways to derive a-posteriori error estimates. An overview of
different techniques is given in |Ainsworth and Oden| [2000] (and this presen-
tation follows that text). So-called goal-oriented refinement allowing to esti-
mate functionals J(u — uy,) of the error is treated in |Bangerth and Rannacher
[2003], a-posteriori error estimates for many different applications are discussed
in Eriksson et al.|[1996] and latest results for elliptic problems with discontinuous
diffusion coefficients are given by [Vohralik [2011].

"http://en.wikipedia.org/wiki/Sleipner_A
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CHAPTER 9. ADAPTIVE FINITE ELEMENT METHODS

As a prerequisite we state the following approximation result.

Theorem 9.1. Let t € T, be a mesh element, V) a conforming finite element
space of polynomial order k — 1 and let t = {Ut/, ¢ € T, : £ Nt # 0} denote the
patch of elements having at least a common vertex with t. Then for 0 < m < k
there exists a linear operator Z : H™(§2) — V}, and a constant C' depending only
on the shape regularity of the mesh such that

lu = Zullo; < ChY'ful,,.z (9.3)
lu = Tullo, < ChI ™ (9.3b)

m,t)

where v is any face of the element ¢ (of dimension n — 1).
Proof. See |Ainsworth and Oden|, 2000, THM 1.7] and Bernardi and Girault
[1998). 0

Remark 9.2. The proof cited in the theorem above is only for the two-dimen-
sional case. Various other constructions of this type exist like that of (Clément
[1975] or Scott and Zhang| [1990]. Note the interpolation operator Z can be
applied in the case m < n/2 where Lagrange interpolation is not defined. The
price to pay for this is that the norm on the right hand side is taken over the
patch . [l

9.2. Residual-based a-posteriori Error Estimator

We consider the second order elliptic boundary value problem

—V - (KVu)+cu=f in Q,
u=0 on I'p C 012,
—(KVu) -n=j on 'y =00\ I'p,

with the corresponding weak formulation
weV: alu,v)=Ilwv) YveV
with V ={v e H'(Q) : v=00nIp} and

o, v) = / (KVu)- Vo +cuvdr,  1(v) = / Fods — / jvds.

Q Q 'y

For the error e = u — u;, we have due to linearity

ale,v) = a(u,v) — a(up,v) = l(v) — alup,v).
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Thus, for a given computed solution u, € V; C V the error e € V satisfies a
problem with the same bilinear form but a different right hand side.
Now for any v € V' we obtain using integration by parts:

(

a(e,v)zz</fvdx— / jvds—/(KVuh)-Vv+cuhvdx
¥
)

t€Th otNI' t
(9.4)
:Z</rvd:v+ / Ryvds — / (KVuy) - nvds
teTh \t otNI' iy 8t\FN
with
r=f+V-(KVuy) — cup, (interior residual) (9.5a)
Ry = —(KVuy)-n—j. (boundary residual) (9.5b)

The element boundary 0t \ I'y can be split further into a part 9t NT'p covering
the Dirichlet boundary and the remaining interior boundary. We introduce the
notation

Fn=F,UFSUF)

with
P ={y=tnt : t,t' €Tyt #t, v has dimension n — 1},
FP={y=1tnTp :te T},
F¥={y=tNTy : te T}

For each v € Fj, a unit normal n, is selected which coincides with the exterior
unit normal for the boundary faces. For interior faces v € JF an arbitrary
orientation can be selected and we denote by T (7) the element ¢ € Tj, in
direction of the normal n, and by 7~ (v) the element in the opposite direction.
For boundary faces v = 0t N 92 we set T~ (y) = t. Finally we denote the jump
of a function that is discontinuous at element boundaries by
[w](z) = slg(% (w(x — sny) —w(x + sny)) Vo €y € F;. (9.6)
We now observe that in the error representation (9.4) we can further split
Ot\I'y = (0tNT'p)uU(9tN§). Since v = 0 on I'p there is no contribution from
the Dirichlet boundary and only the interior faces remain. Every interior face
v € F} is visited twice, once from T~ (y) and once from T () which gives

ale,v) = Z/rvdstr Z /vads+ Z /[—(KVuh) -ny v ds.

teTn % yeFN ~ yeF; y
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Introducing

[—(KVuy) - n xEvE}'}'L

R(z) = { —(KVup)-n—j zeyeFy (face residual) (9.7)

we can combine the surface integrals to obtain the error representation formula
ale,v) = Z/rv dx + Z /RU ds . (9.8)
teTh t VEF,iUf,JIV %

The further steps exploit to yield an estimate of the finite element er-
ror. Employing the interpolation operator Z from Theorem and Galerkin
orthogonality we observe for any v € V:

O:a(e,Iv):Z/rIvdx+ Z /RZvds.

tETn % YEFLUFN Y

Subtracting this from the error representation we obtain the estimate:

a(e,v):Z/r(U—Iv)dx+ 3 /R(U—Iv)ds

teTh yEFIUFN %
< rlloallo = Zollos+ > IRlloqllv = Zollos (C.S.)
te€Tn NeFIUFN
1
< S IrlocChellollz+ S IRlonCh . llol 4, (Thm. B
t€Tn NEFJUFN
%
<Clolad SRR, + S hr lIRIZ, ¢ - (C.S.sr)
teTh yeFLUFN

In the final step we have used the fact that due to the shape regularity there is
a bound on the maximum number of neighbors of every triangle and thus every
triangle is contained in a finite number of patches.

Now use the error itself as a test function and exploit coercivity «a|e||? <
a(e, e) to obtain 7

(SIS

le

ho<C Zh?HTHg,tJF Z hT*(v)HRHgﬁ

teTh VEFIUFN

Finally, we distribute the contributions of the interior face residuals equally to
the neighboring elements in order to obtain an element-wise form of the error
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estimator:
%

lellia < Cn, n = {Z n?} (9.9)

teTh

with ,

t
m=0lrlle, + Y MR, + Y gl\RH%,7 : (9.10)

yeFNNOL yeFiNot

This is the final form of the residual-based error estimator that will subsequently
be used for error control and local mesh adaptation.

Remark 9.3. a) Note that the derivation of the error estimator did not require
any additional regularity beyond v € H'(Q). This is very important as error
control and local mesh adaption is especially required in problems with low
regularity.

b) The estimate above is not robust with respect to coefficient variations (loss
of coercivity). However, in the derivation only coercivity but not continuity
was employed. Thus one could always scale the problem in such a way that
a = 1 without altering the constant in the right hand side.

¢) The constant C' in is usually not known exactly and is absorbed into
the given user tolerance TOL to stop the calculations.

d) The estimate does not imply that the error estimator is efficient. It
could still happen that e.g. |le|1.o = O(h) and n = O(h”) with 8 < 1,
i.e. asymptotically the error decays faster than the error estimator and the
stopping criterion would be very pessimistic. Therefore one would like to
have also an estimate of the form n < Clle||1o. If this is the case the error
estimator is called efficient and the quantity n/||ell1q is called efficiency
index. The numerical experiments below show that for the reentrant corner
problem the efficiency index is about 3 to 6 depending only slightly on the
type of mesh refinement and the polynomial degree. [

9.3. Local Mesh Adaptation

The a-posteriori error estimate is now used within an adaptive algorithm with the
goal to construct a mesh that achieves the error tolerance with as few elements
as possible.

Algorithm 9.4. The basic local mesh adaption algorithm reads:

1) Choose an initial mesh 7 that is sufficiently fine.
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2) Compute uy on the current mesh 7.
3) Compute the error estimate n(uyp). If n(uy) < TOL then STOP.

4) 1If the tolerance is not reached refine the mesh according to the local quantities
n: (see below).

5) Interpolate the current solution wuy to the new mesh.
6) Go to 2). O

In step 4 of the algorithm two questions arise: (i) which elements should
be refined and (ii) how to locally refine a mesh. In order to answer the first
question we recall from Propostion the estimate of the interpolation error
(which bounds the true error):

u—Thulig =) |u—Twfi, <Y Chluls, =) si.

teTs, teTy, teTy,

Here, 7 is the Lagrange interpolation operator and we assume H?2-regularity.
Each element makes a contribution s? = C’h§|u\%7t to the squared error. If we
refine element ¢ into 2" children ¢ € ¢(t) we can estimate their error contribution

by

- T 2 < C @ ’ 2 1 2Ch2|u%,t_ 1 ? 2
Z u—Zpul{y < Z 5 ulo ~ Z 5 tTon ~ \g) St

t'ec(t) t'ec(t) t'ec(t)

In the case of reduced regularity u € H'™® a reduction by a factor (1/2)**
can be expected. Since our error estimator is efficient we assume it behaves
the same way, i.e. if we refine element ¢ contributing n? to the squared error
the total error is reduced from n* to > — (1 — (1/2)**)n? and the number of
elements in the mesh is increased by 2" — 1. The optimal mesh achieves a given
tolerance with fewest elements. So, if the tolerance is not yet met we seek the
largest error reduction for a given increase in number of elements. Since the local
regularity of the solution is in general not known we simply refine the elements
with the largest error contribution. Ultimately this leads to an equilibration of
the error contribution of each element. Since the mesh refinement algorithm
and subsequent finite element solution has computational complexity at least
proportional to the number of elements it is not efficient to refine just very few
elements. All these consideration lead to the so-called bulk fraction strategy:

(i) Order all elements according to increasing error contribution:
2 2 2
ntil S ntzz < st S nt *

— imh
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(ii) For a given parameter p € (0, 1] determine

mp
J=max{j: Y n Zpy 0
k=j teTh

(iii) Refine all elements ¢;,,...,%;, .

This strategy assumes that the action of refinement is local, i.e. a refinement
of an element leads to a reduction of the error in the refined elements without
affecting the error in the elements that are not refined. This is true for the
interpolation error (as shown above) but not necessarily for the finite element
error. As an example where refinement acts less local consider a first-order
hyperbolic problem (which is solved by the method of characteristics). There
a large error upstream will produce a large error in all downstream elements.
Consequently, problems can be expected for a convection-dominated convection-
diffusion problem as well. The strategy outlined above is, however, very effective
in pure diffusion problems.

Local Mesh Refinement In section several algorithms for mesh con-
struction through mesh refinement were discussed. These algorithms are now
extended to the case of local refinement. The discussion is restricted to the two-
dimensional case for simplicity (but all algorithms can be extended to three, or
even arbitrary, dimensions).

We begin with the discussion of newest vertex bisection refinement:

To T T2 T3

The edges outlined in thick are the only edges of a triangle that may be refined
in a given step. Suppose that the triangle in 7y marked with an asterisk “x” is
to be refined. Accordingly the thick edge is refined by introducing a new vertex
and four new triangles are created replacing the old ones. In every new triangle
the edge opposite the newest vertexr is marked as the bisection edge. In the step
T — T5 two triangles are refined accordingly with the subsequent assignment
of refinement edges. Now consider the step 7o — 73. The two triangles marked
with an asterisk are easy to do. However, refining the triangle marked by “[1”
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first requires to subdivide its neighbor to the right twice as only the splitting of
a triangle along the refinement edge is allowed. The example shows that local
refinement of an element may require substantial, non-local changes in the mesh.

The regular refinement algorithm can be extended to local refinement as well:

To T 7> T3

In order keep the refinement local one combines regular refinement with bisection
(also called irregular refinement in this context). A problem arises when the
refinement of triangle created through bisection is required as in step 7o — T3
in the figure. Since arbitrary bisection may result in arbitrarily small angles the
idea is to remove the bisection refinement and replace it by a regular refinement
with subsequent bisection to make the mesh conforming again. As in the case of
pure bisection refinement of a single element may require substantial, non-local
changes in the mesh.

The combination of regular and irregular refinement can also be extended
to quadrilateral meshes but requires then the combination of quadrilateral and
triangular elements:

To T T2 T3

Note that this may become exceedingly complicated in three space dimensions
as hexahedra, tetrahedra and (at least) four-sided pyramids are required.

A lot of the complexity of the algorithms above is introduced by the fact that
the mesh is required to be conforming (in particular the replacement of previous
refinements in the regular/irregular refinement scheme). This can be overcome
by allowing the mesh to be non-conforming. In particular this also avoids mixed
element type meshes in the case of quadrilaterals:
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* | 8 T
* ot

To T 7> T3

Omitting the irregular refinements results in so-called hanging nodes shown as
filled circles in the figure. The rule that irregular elements are not allowed
to be refined is now replaced by rule that only one hanging node is allowed
on an edge or in other words, that neighboring elements differ at most in one
level of refinement (in two space dimensions). However, some of the algorithmic
complexity is now shifted into the finite element procedure. Since the finite
element functions are required to be continuous over edges the value in a hanging
node needs to coincide with the interpolated value from the coarse side. In P;
using a Lagrange basis this means that the nodal value in the hanging node is
not a degree of freedom but is interpolated from the degrees of freedom at the
two end points of the edge.

The figures 0.1] and below illustrate the different local mesh refinement
procedures for the L-shaped domain. All these mesh refinement algorithms are
available in the DUNE software framework.

9.4. Numerical Results

In order to evaluate the adaptive algorithm we consider again the reentrant
corner problem given in example [7.14]

In a first experiment the choice of the bulk fraction parameter p is investigated
for P, finite elements. Table shows some properties of the meshes generated
for a fixed tolerance value of 0.05. For small values of p < 0.5 the tolerance is
reached with about 5000 degrees of freedom. Large values of p > 0.6 results in
about 10000 degrees of freedom. On the other hand the number of iterations
of the adaptive algorithm (each time requiring the solution of a finite element
problem) decreases from 39 to 6. So in terms of computation time a value of
p ~ 0.5...0.8 is most effective. Also note that the meshes resulting in about
the same finite element error may be quite different. For p = 0.1 the smallest
mesh size is by & 271 = 1/32768 while for p = 0.9 the smallest mesh size is
hy = 278 = 1/256.

Next we compare different types of mesh refinement for P, and (); finite el-
ements in figure 0.3 The figure shows the estimated and the true error for
non-conforming refinement (hanging nodes) with triangles, conforming triangu-
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Figure 9.1.: Illustration of different local mesh refinement techniques for triangu-
lar elements. From left to right: Bisection refinement, regular refine-
ment with conforming closure and regular refinement with hanging
nodes.
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Figure 9.2.: Tllustration of different local mesh refinement techniques for quadri-
lateral elements: Regular refinement with conforming closure and
regular refinement with hanging nodes.
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Table 9.1.:

Efficiency in terms of accuracy per degrees of freedom of meshes
generated with different values for the bulk fraction parameter p and
a tolerance of 0.05.

p | iterations | depth N | |u—upli0 n
0.1 39 15| 5395 1.30e-02 | 4.94e-02
0.2 22 14 | 5498 1.29e-02 | 4.89e-02
0.3 15 14| 5323 1.30e-02 | 4.99e-02
0.4 12 14| 5933 1.22e-02 | 4.71e-02
0.5 10 12| 6996 1.12e-02 | 4.30e-02
0.6 9 11| 8312 1.04e-02 | 3.99e-02
0.7 8 10 | 10129 1.01e-02 | 3.77e-02
0.8 7 9110501 1.15e-02 | 4.05e-02
0.9 6 8| 10714 1.47e-02 | 4.83e-02
1r . : I : — , .
estimated error, nonconforming triangles —+— |
estimated error, conforming triangles ---%--- 1
estimated error, bisection ---%--- ]
estimated error, nonconforming quadrilaterals & )
O X true error, nonconforming triangles —-—#--- 1
HOwS true error, conforming triangles ---@:-- |
m RN true error, bisection -- -e-- -
"‘.,E *, true error, nonconforming quadnlaterals e
S oa} ;s .
i
7
0.01 .

100

1000

10000 100000

number of degrees of freedom N

Figure 9.3.: Estimated and true error versus number of degrees of freedom for
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Figure 9.4.: Comparison of different local mesh refinement techniques at about
the same absolute error of |u — up|1,0 = 0.03: Nonconforming and
conforming refinement with triangles, bisection refinement and non-
conforming refinement with quadrilaterals (from top to bottom, left
to right).
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lar meshes, bisection type refinement and non-conforming quadrilateral mesh
refinement. With respect to degrees of freedom conforming and non-conforming
regular refinement on triangles is asymptotically identical (with small advan-
tages for conforming refinement on coarse meshes). Bisection refinement is a
bit more efficient and quadrilateral meshes are substantially more efficient. The
efficiency index is about 3 for all types of meshes. The corresponding meshes
for the four different refinement types are shown in figure 0.4, In the top row
nonconforming and conforming regular refinement with triangles is shown. The
refinement regions have very similar shapes (the conforming mesh is more re-
fined). The bottom row shows bisection and nonconforming quadrilateral refine-
ment. Clearly, these two meshes look different. What is very interesting that
there is less refinement along the diagonal y = —x in the quadrilateral case.

Finally, we turn to the combination of adaptive refinement and higher (but
fixed) polynomial degree. Figure shows the true error versus number of
degrees of freedom (as a measure of computational complexity) for polynomial
degree 1 and uniform refinement as well as polynomial degrees 1...4 using bi-
section type refinement. This figure can be compared directly to figure in
chapter [ Clearly, in comparison to the case of uniform refinement shown in
figure the asymptotic convergence rate now improves with increasing poly-
nomial degree. A quantitative comparison is shown in table [9.2] In the case of
full regularity the convergence rate in the H'-norm is O(h*) for polynomial de-
gree k. For uniform refinement we have h = N~Y2 i.e. the optimal convergence
rate with respect to N is O(N~#/2). The third column in table 9.2 shows that
we can recover the convergence rate expected for a fully reqular solution with
respect to number of degrees of freedom! This is only possible through the com-
bination of adaptive mesh refinement and increase of polynomial degree. The
situation can be improved further by varying also the polynomial degree from
element to element, choosing a high polynomial degree away from the reentrant
corner and a low polynomial degree close to the corner. This leads to exponen-
tial convergence with respect to V. Table also illustrates that the efficiency
index depends slightly on the polynomial degree.

The meshes generated by the adaptive algorithm using P, and P, elements
are shown in figure[9.6l The P, mesh is much more locally refined as is expected
from the equilibration strategy. Away from the corner the error is reduced by
(1/2)? for each refinement and near the corner it is only reduced by (1/2)%? due
to the low regularity.
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Figure 9.5.: Error versus number of degrees of freedom when combining adaptive
mesh refinement with increasing polynomial degree.

Figure 9.6.: Comparison of adaptive meshes using P; (left) and P, conforming
finite elements at the same absolute error of |u — uy|1.0 ~ 0.02.
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Table 9.2.: Convergence order and efficiency index for adaptive mesh refinement
with varying polynomial degree. Bisection type refinement was used
as refinement technique.

N |Ju—uplio[[rate] | 1 |n/lu—unio
k=1

15355 6.84e-03 | 0.51 | 2.36e-02 3.44

20312 5.92e-03 | 0.52 | 2.04e-02 3.44

26779 5.15e-03 | 0.50 | 1.78e-02 3.44
k=2

6979 6.76e-04 | 1.01 | 2.61e-03 3.86

8765 541e-04 | 0.98 | 2.08e-03 3.84

10985 4.30e-04 | 1.02 | 1.66e-03 3.86
k=3

8701 6.70e-05 | 1.42 | 2.88¢e-04 4.30

10072 5.28e-05 | 1.63 | 2.27e-04 4.31

11515 4.28e-05 | 1.57 | 1.83e-04 4.27
k=4

10993 8.39e¢-06 | 2.19 | 4.76e-05 5.68

12109 6.74e-06 | 2.26 | 3.81e-05 5.65

13541 5.32e-06 | 2.12 | 3.00e-05 5.64
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Chapter 10.
Multigrid Methods

The linear systems arising in the finite element method are large, sparse and
symmetric positive definite (assuming the bilinear form is symmetric and coer-
cive). We now turn to the question how to solve them efficiently.

There are two basic approaches: Direct methods such as LU-decomposition
or Cholesky decomposition produce a solution after a finite number of steps de-
pending only on the size of the matrix A. However, this cost may be prohibitively
large, the methods may need an excessive amount of memory and roundoft error
might be a problem for ill-conditioned matrices. On the other hand iterative
methods typically require little memory but the number of iterations needed to
reduce the error to a acceptable amount depends strongly on the type of problem
to be solved. Fortunately, symmetric positive definite linear systems are among
the systems most amenable to iterative solution.

In particular the number of iterations needed in iterative methods often de-
pends on the spectral condition number of the matrix £2(A) = Apax(A) /Amin(A4).
For a Lagrange finite element basis one can show:

ko(A) = O(h™?)

where h is the mesh size (uniform mesh).

The following table gives the number of arithmetic operations needed to solve
a symmetric and positive definite linear system arising from the finite element
discretization (operations are up to a constant factor depending on the coeffi-
cients and the required accuracy):

Scheme d=2 d=3
Gaussian elimination N3 N3
Banded-Gauf N? N/3
Nested dissection N3/2 N?
Gauls-Seidel, Jacobi N? Nb/3
CG, SOR(wept) N3/2 N4/3
Multigrid N N

The multigrid method is one of the few methods that is able to solve the systems
in question with a computational complexity that is linear in the number of
unknowns. The main purpose of the rest of this chapter is then to introduce the
multigrid method and to prove its optimal convergence.
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10.1. Some Examples

As a motivation to develop fast methods we now illustrate the performance of
several iterative methods for different model problems

All tables in this section give the number of iterations needed to reduce the
defect norm ||b — Ax°|| with respect to the initial guess 2° by the factor 1075,
Run-times are given in seconds (Intel 2.5 GHz Core 2 Duo Processor, gec-4.2
with -O2 optimization). The maximum number of iterations allowed was 20000.
Empty entries indicate that the required reduction was not reached within the
maximum number of iterations.

Example 10.1. Model problem A reads as follows:

—Au = (2d — 4||z]|?)e I#I° in Q= (0,1)%,

a2
u = e Il on 0f)

with the exact solution
—[l=|?

u(xr) =e
This model problem illustrates the most basic case with constant coefficients,
Dirichlet boundary conditions and full regularity. The exact solution is illus-
trated in figure [10.1]

Table shows results for seven different methods. Jacobi, Gauf-Seidel,
gradient method (steepest descent) and gradient method preconditioned by the
symmetric Gaufs-Seidel (SGS) method all have a number of iterations that is
O(h™%). Consequently, the number of iterations increases by a factor of four
with each mesh refinement and the computation time increases by a factor of 16
in 2d and 32(!) in 3d for each refinement.

The conjugate gradient method without preconditioning (CG) and precondi-
tioned by SGS and incomplete LU-decomposition (ILUO) exhibit a number of
iterations which is O(h™1) and therefore the iteration number doubles with each
refinement and the computation increases by factors 8 and 16 in 2d and 3d,
respectively. It is clear that asymptotically as N — oo the overall computation
time is dominated by the time it takes to solve the system of linear equations as
all other parts of the finite element procedure scale linearly in V. O

Example 10.2. Model problem B reads

—Au=f in Q= (0,1)¢,
U=g on I'p,
—Vu-v=j on I'y,
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10.1. SOME EXAMPLES

Figure 10.1.: Solution of model problem A in two and three space dimensions.

Table 10.1.: Results for model problem A.

Model problem A, @1, 2d

h Jacobi Gaufs-Seidel Gradient Grad+SGS CG CG+SGS CG+ILUO
IT Time IT Time IT Time IT Time IT Time IT Time IT Time

1/8 147 75 113 24 16 10 8

1/16 562 0.01 282 431 79 35 18 14

1/32 2113 0.15 1056 0.08 1621 0.06 275 0.03 69 34 25

1/64 7886 2.18 3939 1.10 6059 0.94 1011 0.43 | 136 0.03 64 0.03 46 0.01

1/128 14615 16.1 3741 6.42 | 266 0.18 | 120 0.22 87 0.10

1/256 13823 115 | 521 1.94 | 217 1.89 162 1.23

[ Model problem A, Py, 2d |

h Jacobi Gaufs-Seidel Gradient Grad+SGS CG CG+SGS CG+ILUO
IT Time IT Time IT Time IT Time IT Time IT Time IT Time

1/8 218 112 220 51 22 13 13

1/16 840 0.02 427 854 177 48 26 24

1/32 3165 0.21 1607 0.11 3230 0.12 645 0.07 98 49 45

1/64 11820 3.04 6004 1.57 | 12096 1.74 2403 0.95 | 193 0.03 95 0.04 88 0.02

1/128 8955 13.9 | 378 0.24 | 184 0.30 | 172 0.20

1/256 739 2.25 | 359 2.58 | 336 2.18

[ Model problem A, Q1, 3d |

h Jacobi Gaufs-Seidel Gradient Grad+SGS CcG CG+SGS CG+ILUO
IT Time IT Time IT Time IT Time IT Time IT Time IT Time

1/8 98 0.01 51 7 18 16 9 8

1/16 376 0.24 189 0.12 290 0.10 55 0.05 34 0.01 17 0.02 15 0.01

1/32 1416 10.1 708 4.87 1087 4.10 187 1.95 67 0.26 32 0.34 27 0.25

1/64 5287 304. 2641 152. 4063 129. 681 65.6 | 132 4.43 59 5.86 51 4.18
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with
Y

f( ) ] 50 0.25 < g,z <0.375
730 else

and
FNZ{I‘ZLj:O\/ZEl:l\/(SUO:l/\QJl>1/2)} FD:8§2\FN,

and )
gle) = e = (1722

as well as
((L’)_ -9 $Q:1A$1>1/2
JW) = 0 else '

This problem illustrates a case with mixed boundary conditions inducing a sin-
gularity. The solution is illustrated in figure and the corresponding results
are given in table[I0.2] The behavior is pretty much similar to model problem A.
In particular there is no influence of the regularity of the solution on the number
of iterations needed. This can be proven in general: The asymptotic convergence
rate for a linear iterative method only depends on the iteration matrix but not
on the right hand side. It may depend on the initial guess but this would be very
lucky (one would have to choose a suitable initial guess in a subspace spanned
by eigenvectors corresponding to small eigenvalues of the iteration matrix). [

Example 10.3. Model problem C reads

~V A{k(x)Vu} =1 in Q= (0,1)¢,
u=>0 on 0f2,

with

20.0  |zo/H]| even, |x1/H] even, |z9/H]| even
0.002 |zo/H| odd, |x1/H] even, |x2/H | even
0.2 |zo/H | even, |x1/H | odd, |z2/H | even
h(z) = ¢ 2000.0 |xo/H| odd, |z1/H]| odd, |zo/H | even
1000.0 |zo/H ]| even, |x1/H | even, |x2/H | odd
0.001 |=z9/H| odd, |z1/H] even, |z2/H] odd
0.1 |xo/H | even, |x1/H | odd, |zo/H | odd
10.0  |xo/H] odd, |x1/H| odd, |xe/H | odd

\

This model problem illustrates a case with highly variable diffusion coefficient
(in fact a coefficient field with cross-points leading to a solution with very low
regularity).
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Figure 10.2.: Solution of model problem B in two and three space dimensions.

Table 10.2.: Results for model problem B.

| Model problem B, @1, 2d |

h Jacobi Gauf-Seidel Gradient Grad+SGS CcG CG+SGS CG+ILUO
IT Time IT Time IT Time IT Time IT Time IT Time IT Time

1/8 456 230 424 65 32 14 11

1/16 1770 0.07 888 0.02 1504 0.01 237 59 24 18

1/32 6720 0.43 3364 0.21 5436 0.22 877 0.09 112 45 32

1/64 12614 3.20 | 19895 3.11 3249 1.28 215 0.04 87 0.04 61 0.02

1/128 12055 18.8 415 0.28 | 168 0.27 | 118 0.13

1/256 806 2.88 | 328 2.63 | 231 1.71

[ Model problem B, P;, 2d |

h Jacobi Gauh-Seidel Gradient Grad+SGS CcG CG+SGS CG+ILUO
IT Time IT Time IT Time IT Time IT Time IT Time IT Time

1/8 667 338 830 138 41 18 16

1/16 2619 0.04 1327 0.02 2969 0.03 525 0.01 82 35 32

1/32 10009 0.60 5075 0.32 | 10778 0.40 2017 0.20 159 68 62

1/64 19131 4.57 7637 2.81 306 0.05 | 133 0.05 | 124 0.04

1/128 590 0.36 | 259 0.39 | 244 0.28

1/256 1143 3.45 | 505 3.47 | 478 3.08

[ Model problem B, Q1, 3d |

h Jacobi Gaufi-Seidel Gradient Grad+SGS CcG CG+SGS CG+ILUO
IT Time IT Time IT Time IT Time IT Time IT Time IT Time

1/8 180 0.01 92 176 29 29 12 10

1/16 694 0.42 349 0.21 596 0.22 95 0.09 54 0.02 22 0.02 19 0.01

1/32 2622 17.6 1313 8.74 2126 7.86 343 3.54 102 0.39 42 0.44 35 0.32

1/64 9813 531. 4908 263. 47 240. 1269 119. 197 6.42 80 7.70 67 5.40
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The solution for this model problem is illustrated in figure and results
are shown in table[I0.3] In comparison to model problems A and B the iteration
numbers are much higher. In fact, only the preconditioned conjugate gradient
method (last two columns) is able to solve this model problem for reasonable
mesh sizes. This illustrates that a robust and efficient linear solver is crucial for
the finite element method! ]

10.2. Smoothing Property of Richardson Iteration

We want to solve
Ar =0

with symmetric and positive definite A. One of the simplest iterative methods
is the so-called Richardson iteration given by

M = 2b 4 w(b — AxF)
which converges for w < 2/Apax(A). Since A is s.p.d. we have the spectrum
o(A) = { umn(A) = A, .. ;A = Anax(4) }

with the ordered eigenvalues 0 < Ay < Ay < ... < Ay
For the iteration error x — z* we have the recursion

=g — M =g —2F (b — A2F) = (I —wA)(z — 2") = (I —wA)e".

M = I —wA is the iteration matriz of Richardson’s method. Now let (A, 2;)
be an eigenpair of A. Then

Mz = (I —wA)z; = (1 —w;)z .

k

Since the z; form a basis of RY, any error e¥ can be written in this basis and we

get
N N
Me = MZCZZZ = Zcz(l - CL))\Z)ZZ .
i=1 i=1
Setting w = 1/A\x we observe for the reduction factor

l—wh\=1- ﬁ { small (— 0) ¢ large

v | large (— 1) 4 small

180



10.2. SMOOTHING PROPERTY OF RICHARDSON ITERATION

Figure 10.3.: Solution of model problem C in two and three space dimensions.

Table 10.3.: Results for model problem C.

[ Model problem C, Q1, 2d ]

h Jacobi Gaufs-Seidel Gradient Grad+SGS CG CG+SGS CG+ILUO
IT  Time IT  Time IT  Time IT  Time IT Time IT Time IT Time

1/8 4665 0.06 2354 0.01 | 3334 0.01 724 27 17 8

1/16 13573 0.26 4335 0.12 281 38 27

1/32 17512 1.91 | 1761 0.08 73 52

1/64 8644 1.48 | 142 0.06 99 0.03

1/128 282 0.49 196 0.22

1/256 577 4.82 | 405 2.96

[ Model problem C, @1, 3d |

h Jacobi Gauf-Seidel Gradient Grad+SGS CG CG+SGS CG+ILUO
IT Time IT Time IT Time IT Time IT Time IT Time IT Time

1/8 127 0.01 65 96 22 21 10 8

1/16 1326 0.83 667 0.42 208 0.20 | 1179 0.45 32 0.03 23 0.02

1/32 9966 68.2 4996 34.8 1425 14.8 | 8594 32.9 71 0.76 56 0.51

1/64 8382 792. 151 14.6 124 9.96
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Example 10.4. For a discretization of —u” = f with u(0) = u(1) = 0 using P,
finite elements on an equidistant mesh we obtain the tridiagonal matrix (scaled
by h):

A = tridiag(—1,2, —1)

which has eigenvalues \; = 4sin®(iwh/2), 1 <i < N, and corresponding eigen-
vectors

(z)r = sin (%m) 1 <i,k<N.

These eigenvectors are illustrated for a low frequency ¢ = 1 and a high fre-
quency i = 7 (relative to N = 8) in the following figure:

<
<
<

Whether sin(imzx) is a high or low frequency function depends on the mesh size
h=1/N. O

A possible remedy of the problem is the following:

e High frequency errors i > N/2 are damped efficiently by Richardson iter-
ation.

e Low frequency errors i < N/2 are damped slowly by Richardson iteration.

e The transfer of low frequency errors to a coarser grid would make them
appear more high frequent there and Richardson iteration would remove
them there.

The realization of this idea requires the representation of errors on a hierarchy
of coarser grids as they are produced naturally by the refinement algorithms:

] — Apxp =0
R — Ajx1 =0
-+ = Ay =
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10.3. Variational Multigrid

Let Vi, = span{1,...,¢n,} be the discrete finite element space. The finite
element ismorphism

Ny,
v="FE(z) = ingoi
i=1

establishes a one-to-one correspondence between
reRM v eV,

Below we will make use of the fact that multigrid components can be either
interpreted in terms of matrices and vectors or function spaces and weak for-
mulations. The derivation of the two- and multi-grid method in terms of the
variational formulation is called variational multigrid.

Consider two levels of mesh hierarchy obtained from hierarchic refinement.

Ton Th

Then the corresponding finite element spaces are nested, i.e.
Von = P1(Tan) C Vi = Pi(Th)-
The two-grid method is then defined as follows:
1) Given u} € Vj, define ui’l to be the finite element function obtained after

v-fold application of Richardson’s method. Le. given that uf = FE(z}), set

4 i—1
v

:l’v',O . k k,; . k»% ka .
T, = Ty, x,) =x, " +wl|b— Az, , 1 <i<vy,

2) Apply “coarse grid correction” which means to solve the finite element prob-

lem
Find w € Vy, : a(uf’ +w,v) = l(v) Vv € Vy (10.1)
and set uﬁ“ = uﬁ’l + w.
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The algebraic interpretation of the coarse grid correction step ((10.1)) is ob-
tained by inserting a basis representation of the function spaces involved Let us
define the basis by Vj, = span{o”, ... ,cp%,h}, Vay, = span{@?, ..., @3 h} Since
Vai, C Vi, there exist coefficients 7;; such that:

Ny,

Pt = rel,  V1<i< Ny, . (10.2)
=1

Now insert the basis representation into ((10.1]):

a(ul;i’1 +w,v) =1(v) v e Vo,
) =1

& a(w,v) = l(v) — a(uil,v) v € Vo

Nap,

- (z B 2 ) ) - a (z xﬁlsoﬁ,w?h) L< i<
Nop Ny Np

& Zyj a(2", o) l(Z%%) a(Zx’leZ,me@%)

m=1
Np Np
“3 lzw;z) S kaeh, m]
m=1 n=1
= Ath = Rgh(bh — Ahl‘]}i’l) .

where the rectangular restriction matrix R%, is given by (R, )i = 7.
This allows us now to formulate the two-grid method in an algebraic way.

Algorithm 10.5 (Two-grid method). Denote the systems on the fine grid by

Apxp, = by, and on the coarse grid by Aspxap = bop,. Let the current iterate xﬁ on

the fine grid be given. The following function computes the next iterate I]];H—l.

TGM (2F)
{
ot = a2k
for(h=1,...,v) xp" =P +wlb, — Apzl'); //Pre-smoothing

dh:bh—Ahxz’l; // Calculate defect
dop, = Rl dy; // Restriction
Yo = Aghldzh; // Coarse grid solve

yh—<Rh) Yons // Prolongation
.2

o? =2 4y, // Coarse grid correction
k.2
return z,°;
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In the multigrid method the exact coarse grid solve is replaced by a recursive
application of the method. The systems on the levels 0 (coarsest) to J (finest)
are now denoted by Ajx; = b;.

Algorithm 10.6 (Multigrid method). Let vy, 15,7 € N be given parameters.

Then the following function computes the new iterate xf“ on mesh level j:

MGM (g, =¥, b;)

{
if (5 == 0) { :Ug?:Aj_lbj; return x?; by
for(k=1,...,1) ' =2 +wb; — Ajal'); //Pre-smoothing
dj:bj—ijﬁ’l; // Calculate defect
dj,lzR;_ldj; // Restriction
zj-1=0; // Initial value for coarse grid
if (j == 1) y=1; else y=1;
for (v=1,...,%)
Tj1 = MGM(j — 1,z;.1,dj—1); // Approxzimate coarse grid solve
yj = (R,_\)"x;_1; // Prolongation
x?’sz?l—l—yj; // Coarse grid correction
k3 k2,
ryt =y
for (k=1,...,1) xf’3:x§’3+w(bj—ijf’3); //Post -smoothing
return xz’?’;
}

]

The parameter v is called the cycle form parameter. For v = 1 the call of
MGM on level j carries out the following steps:

j %1 Vo
LN r/
j i 1 %1 1%}
| N £
I 4
-1
0 A;

Because of this form v = 1 is called the V-cycle. Setting v = 2 results in the
following sequence of steps:
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j vl Vo
R\ r/
j—1 = 2 -2
1 S 2 L 2
BN r/ AN r/
— —
0 At Ayt

This cycle is therefore called the W-cycle.

10.4. Convergence Analysis

There are many different proofs of convergence for the multigrid method. We
concentrate here on the first rigorous multigrid proof due to W. Hackbusch, see
e.g. the seminal book Hackbusch [1985]. The essence of this proof is to establish
the optimal convergence of the two-grid method. From two-grid convergence the
multigrid convergence for the W-cycle can be obtained. The advantage of this
proof is that it is rather simple and it shows an improvement of the convergence
factor with the number of smoothing steps. It has also several disadvantages: it
does not show V-cycle convergence, it requires H2-regularity and it requires that
the number of smoothing steps is large enough. In fact non of these requirements
is actually necessary for the method to work optimally.

Given z§ we obtain the following error recursion for the smoothing step

bt = ap — it = (I, — wAR) (), — af) = Siret
and for the coarse grid correction step:
et = gy — xi—kl
= — (! (RY)T A R, (b — A}
= et — (Rgh)TAEthghAhek’l
= (In — (Ra)" Az Ry Ap) €™,
The complete iteration matrix of one step of the two-grid method is:
et = (I, — (R, Ayl Ry Ay) Syret
= (4" = (Ry)" A5 RY,) AnSye

Taking appropriate norms and splitting up the operator into two parts we get

le" M < A = (Ron) " Agi Rall [1ARS ] HleE].
A ~~ 4 \‘H
“approximation property” “smoothing property”

It turns out that the appropriate norm is the Euclidean norm.
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A scale of norms Since A is s.p.d. we can define the following norms:
[2]]]s == (z, Ax)?  s=0,1,2

(for s = 0,2 s.p.d. is not necessary). In detail:

s=0 z||lo = (z,2)? Fuclidean norm
s=1 |z|]]1 = (x,A:c)% Energy norm
s =2 |z]|]» = (Az, Ax)? Defect norm

The last name stems from the fact

_k2:A —k,A —k:b—AkQ.
Iz =2l = (Alz —2%), Az — 2%)) = [|b — Az”|

Euclidean norm!

The norm |||.|||s can be extended to the case s € R as follows: Since A is
s.p.d. there exists unitary Q (ie. QT = Q7!) such that A = QTDQ, D =
diag(A1, ..., An), \i € 0(A). Thenset A* = QT D*Q with D* := diag(\], ..., \%).
So we get:

lz]l]s = (z, A%2)? = (z,Q" D*Qu)*
= (#.Q"D*QQ"DIQu)* = (Q"DiQx, Q" DQu):
= || Asz| .
We now relate the Sobolev norms ||vp|loq and [Jvp|1q of a finite element

function with the corresponding norms of its coefficient vector |||z|||o and |||z]||;.
From |||z|||? = (z, Az) = a(vy,, vy), coercivity and continuity we conclude:

alloalle < [llzlllf = a(on, vi) < Clluallig (10.3)
with «, C' independent of h. Note that (10.3) is independent of the basis of V},.

Lemma 10.7. Let &, = {¢1,...,on} be the P, Lagrange-basis for V}, on a
family of uniform and shape regular triangulations and assume v, = FE(z).
Then there exist constants c1, co independent of h, but dependent on the mesh

75, such that

cih®||[z]llo < flvllon < c2h®[]]llo (10.4)

with n the space dimension.
Proof:
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a) Let S, be the n-dimensional reference simplex. Set 0 = > 2 with &
the basis function on S,,. Then

lalls g = (&@)y 5, = (Zm,2w> ZZMJ $ofios,

& 1=0 7=0
7Sn _MZ]

= (x, Mz).

M is the s.p.d. mass matriz on the reference simplex. Since M is s.p.d. we
have

~ ~ ~

Amin(M)(z, ) < (x, Mz) < Apax(M) (2, x)
and therefore

Auin(M)[2|® < [[alf} 5 = (2, Ma) < Apax (M) ||]|* .

b) On the transformed element we get
Julfy, = [ @) de = [ ) det Byl dg

t S,
— |det By| [ () de = |det Byl
S"L

¢) Observing c1h" < |det By| < coh™ due to uniformity and shape regularity we
obtain

| =D lullfy = [det Blllall} 5 < colAuax (M) Y [Jl|”

teTh teTh teTn
< Ch™||2|[5 -

Here we used that z? contributes to finitely many ¢ € 7T;,. Similarly we get
for the lower bound

lullf o= = eth™ (M) ) [lll* = ClllI -

teTh
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Approximation and Smoothing Property

Lemma 10.8 (Approximation property). Let Apxp = by, be the discretized
variational problem on the fine grid. xz’l denotes the iterate after smoothing

and xz’Q denotes the iterate after coarse grid correction (cf. Algorithm (10.5)).
Provided the mesh is uniform and shape-regular and the variational problem is
H?-regular there exists a constant ¢ such that

o < ch® |||z, — "

]2 -

k.2
[n —
Proof:

a) From the proof of Theorem [8.18| (L? error estimate) we conclude (requires
H?-regularity)

lu = unlloo < Chllu — unllio -
(Just omit the last line in the last derivation).
b) We have the Galerkin orthogonality property for the error on the coarse grid:

a(up’ + wop,v) = 1(v) Vo € Vay (uy' = FE(2))
a(up,v) =1(v) Vo € Vy (un = FE(z)))
= a(uh — ui’l — Wap, v) =0 Yo € Vy

With that we prove:

k1
Ta = allun = (wy" +wan)lli o

allu, — UZ’2
coercivity)
orth.)

goto coeff.)
C.S.)

go back)
L*-est.)

< a(up — uZ’l — Wah, Up, — Uz’l — Way)
_ k1 k1
= alup —u, — wop, up — ;")

k.1 k,1
= (zn — 2" — yon, An(wn — 2;7))
<l — 23" = yanlllo Nlzn — 25 |l2
loalllzn — 23

|2y, — 2!

IE

< ch™2||uy, — ul,j’l — wWoy,

e N e e

|2

< ch_%hHuh — ui’l — wap 1.0

< ch™2hlju;, — ug’Q

k,1
[ralllzn =7l -

In the second to last step the L?-estimate has been used for the problem
a(wap, v) = aluy, — ufl’l, v) Vo € Vo, which has the exact solution uj, — u]fl’l.
Dividing by [lus — u)?||1.0 and « results in

un, — w210 < CRY7E||an — 2 |]2 -

Note that this estimate is not robust with respect to the coercivity constant
« which has been absorbed into C.

189



CHAPTER 10. MULTIGRID METHODS

c¢) Finally, we obtain

e — 22110 < ch™% up — o (use 107

ch™ 2 |up, — uz’l — Wap|

0.0 (definition of uiz)

ch™2h||luy, — u)?|10 (use L? estimate once)

ch?> || |zn — 2|2 - use b)

IA A

U

Lemma 10.9 (Smoothing property). Let A; be symmetric positive definite.
The Richardson iteration #¥™ = zF + w(b, — Ap2f) with w = 1/A\nax(An)
satisfies:

e — il < 2280, ity
Proof: With e} := xj, — 27
llekllla = ekl = 14u(7 — wA)*e}) (Defiitions)
- Q" DQIQ"Q — wQ" Q)< (Aspd,)

= 1Q"DQ(Q"(I —wD)Q)"e} |

= |Q"DQRQ"(I —wD)Q...Q" (I —wD)Qep||

= [|Q"D(I —wD)"Qey|

< [|QTIIDU —wD) [IQlex (ei=1)
= [|D(I —wD)"|l[|e]]

QI = 1 follows from [|Qz]* = (Qz,Qz2) = (2,Q"Qz) = (2,z) = ||z|| and

1Qzl lzll
Spr;Ao Izl — Spr;éo M = 1.

Now since D = diag(\;) with A; > 0 we have
D(I — CUD)V = dlag()\z(l — (U)\Z')V)
and

|D(I —wD)"|| = max, Ai(1—wh)”

.....
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Two- and Multigrid Convergence

Theorem 10.10. Assume that the variational problem has H2-regularity. Then
the two-grid method with v steps of Richardson iteration as smoother satisfies
the estimate

o <

llzn — —\leh—wﬂl\lo-

This says, that for v large enough, the two-grid method converges independent
of of the mesh size h.

Proof: Combine Lemma and Lemma to get

>\maX (Ah)
1%

[lon — i [0 < ch*™" lln — o -

[t remains to prove an estimate for the maximum eigenvalue Ayax(Ap). The
entries of the stiffness matrix can be estimated by

(An)ij = alpy, i) = /(KVgoj) Ve, dx
Q
<c / hth™! < ch"? (Q CR").

SUpp ¢;supp ©;

Here the essential property |supp ¢;| = O(h}") of the Lagrange basis functions
enters. Using the Gerschgorin circle theorem we obtain Apa(Ap) < Ch™"™2
Finally

AmaX(A )

14

Ch?*ﬂ S

tIQ

]

Now W-cycle multigrid convergence follows from two-grid convergence by an
induction argument.

Lemma 10.11. Let p; be the convergence rate of the two-grid method and p;
the convergence rate of a multigrid method with with cycle parameter v and
[ > 2 levels. Then we have the recursive relation

pr < p1+(1+p)p -

Proof: Braess|[2003]. Denote by uk 2= ul 'f1iy_1 the solution after exact coarse

grid correction (i.e. the two-grid method on level [) and by uk2 = ul by w]

the solution after v steps of multigrid on level [ — 1.
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Then w;_ is given by
a(idy_1,v) = l(v) —a(u)',v)  Yoe Vi,
and w] | is an approzimate solution of this system using 7 steps of the MG
method on level [ — 1 with initial value w?_l = 0. So

[ — w] oo < p 4l — w)y lloe = o @il (*)
—
) k1
= P?—l““l —u; [log -
Then we have:
\|ul—uf“| 0.0 < |lu — uf2| 0.0 (conv. smoother)
B k2 k2 k2
= |lw — ;" + 4,7 — ;" Jog
< lwr = @3 |ogo + a0 — w200 (tri. ineq.)
< pillwr = ufllog + lu™ + iy — 't = w] g
= pillw — i flog + -1 — w)_ [l
< pullu = ufllow + o1 147 — u o (use (%))

= pillu = wflloq + ol 147 = w+w — v flog

two-grid smoothing
Y k
00+ o 1p1llu— 1y

= [p1 + o], (1 + p)]llw — ufllog

log + 0] llui — uf|lo (conv. smoother)

< pillw — uf]

O
This Lemma proves the following Theorem.
Theorem 10.12. If p; < % and v = 2 then p; < % for { > 1.
Proof: By induction.
1 1
[=1 < -< = v
Pl=75=73
1 1.1 1 61 9+6 1
[—1—1: <41+ ==t ="— =,
~ e A T T
O

Remark 10.13. Another interpretation of Lemma [10.11]is
pr=f(pi—1) = p1 + (1 +p1)p_; -

This fixed-point iteration converges when f is a contraction. For v = 1 we get

[f(@) = f@) < lpr+ A+ p)z—pr— L+ pr)yl <1+ piflz -yl
But since 1 4+ p; > 1 f is no contraction for v = 1. [
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10.4. CONVERGENCE ANALYSIS

Finally, the optimal computational complexity requires that the work per
iteration scales only linearly with the number of degrees of freedom.

Lemma 10.14. Let N; be the number of unknowns on level [ using P; finite
elements. Then the amount of arithmetic operations A; on level [ is

A = O(Nl) .
Proof: For uniform refinement we have % =w = 2" (for | = o0). Then

A < CN;+~vCN;_1 +¥*CNi_s + ... +~'CN,

N

N, N
= ON; + 0= +2C— + ... +4'0~
w w w

Y Y2
<ON/(1+2L1 (L )
_Cl(+w+%>+ )

The geometric series converges for v < w & 57 < 1 & v < 2™ 0
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Chapter 11.

Finite Element Methods for Parabolic
Problems

We consider the parabolic PDE

Oru—V - (AVu) = f in Qx X (11.1a)
u=>0 on 02 x X (11.1b)
u(z,ty) = ug z € (11.1¢)

Extension to non-homogeneous Dirichlet and flux boundary conditions follows
as usual.

11.1. Method of Lines

We first derive a weak formulation of problem (11.1). For any ¢t € ¥ we set
u(t) =u(-,t) € V= Hi(Q).
Then require

O(u,v)o0+ (AVu,Vu)oqg = (f,v)on  VteX, YveV
Note v does not depend on ¢

(11.2)

In the method of lines (MoL), discretization is done in space first, i.e. Vj, C 'V
is a FE-space and uy, : X — V}, with

d
E(uh,v)ojg + (AVuh, V'U)O’Q = (f, U)(),Q Vied, Yvel, .

continuous discrete
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CHAPTER 11. FINITE ELEMENT METHODS FOR PARABOLIC PROBLEMS

Inserting the basis representations yields:

d Ny, Ny,
- (Z xj(t)@z;j(:c),m(x)) + (Azxj(t)wj, vm) = (fi)oaVteS, i=1,..
= 0,0 0,0

j=1
N;
Z di \ ))oo + Z i (1) (AVY;, Voo = (f(E, ), ¥i)og
- <Mh>w (An)i
& M) ‘fi (1) + Ap(t) = bit)
& Cfﬁ( t) = —M, "Apx(t) + b(t) . (11.3)

This is a linear system of ordinary differential equations.
What are the properties of —Mh_lAh?

e A, M, are symmetric positive definite.

o o(=M; Ay) = o (MM AP = o(M; P A,

TV
s.p.d.

Therefore: All eigenvalues of —M,~ 1A, are real and negative.
A linear system of ODEs 2L(¢ ) = Bux(t) + b(t) with negative definite B is
called stiff if A\pin(B) < )\maX(B)

Lemma 11.1. Let M}, and A, be the mass matrix and diffusion matrix obtained
with the Lagrange basis functions on a uniform and shape regular mesh 7, of
size h and ) C R
Then
/\mln(Ah) 2 Clhd /\max(Ah) S C2hd_2 )
)\mln(Mh) > C3hd Amax(Mh) < C4hd .

Proof:

a) Rayleigh quotient: For any s.p.d. matrix B the extreme eigenvalues are
characterized by

Amin(B) = inf (Bz, ) Amax(B) = sup (Bz, )
x#0 (ZL’,JZ‘) 20 (SE,ZL’)

b) Mass matrix.

r#£0: (Myz,2) " = (up,up)oo < ch(z,2) (Lemma[I0.7}, (z,z) = |||]l]o)
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11.1. METHOD OF LINES

and
(Myz, ) = (up, up)oq > ch’(x, x) .
Therefore
M
N (M) = inf 8 E) S pa
x#£0 (l‘,l’)
M
Ae(M) = sup 2D
x#0 (Z’, ZE)
c¢) Diffusion matrix.
N. N
(Apz,z) = Z Zfﬂil’ja(%’%)
i=1 j=1
=> ) / (AVY;) - Vi dw
" suppinsuppuy

= Z Z(arixj > / (AB;TV{) - B LV, | det By| di)

tE€supp ¥;Nsupp ¥, i = —hd

< le ij Z Che2 (‘since (Az,2) < C(z, 2))

tEsupp ¥;Nsupp ¥;

=

= Ch'2(Ex, 1) where(E),; = {1 Supp i M supp; 7 0
0 else
< Ch%?||Exz||||z|| (Cauchy-Schwarz)
< CH| B (2, 2)
Spectral norm || E|| = Apax(E) since E is s.p.d.
Amax < 1+ max Z(E)U < K. (Gerschgorin)

J#

Therefore sup, 4 (f(lgi)x ) < Chi-2,
(Anz, ) = alun, un) > aflupi o = o(lul
1

%,Q + \Uh\%,gz)

> oz(l\uhll?m + ?HuhH%Q) (Friedrich inequality)
1+ s
= a———[lunll5q
s
1 2
>« o hi(x, x) . (Lemma |10.7)
s
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CHAPTER 11. FINITE ELEMENT METHODS FOR PARABOLIC PROBLEMS

Therefore
2
infM 2a1+8 he .
240 (x,7) s?
O]
Corollary:

)\maX(Ah) —9

A)) = ——= < Ch™~.

HQ( h> )\min(Ah) N

Lemma 11.2. The problem of equation ({11.2) is stiff. There exist constants
C1,Co:

Amin(Mh_lAh) Z 1, )\max(Mh_lAh) S CQh_2 .
Proof:
sup (Mh_lAth, $) similarity trgnsformation Sup (M;? Mh_lAth_§$, x)
w0 (T,7) 0 (z, )
— sw (Mh_QAh]\{h_QM}lfx, MZ2zx)
y:Mh%m#O <Mf§$7 Miﬂ?)
(Ahil?, ZU)
=sup ———=%
w0 (My, )
hd_Q(xa CE) -2
-1 d
it M At ) e (i) o @)
20 (x, 1) 240 (Mpx, ) hi(x,x)

]

Conclusion: The ODE system ([11.3]) needs to be solved with A-stable meth-
ods. E.g. implicit Euler:

to=t0<tt<...<tM=t,+T, At =t — 71
2 = 2(t)

1
MhE(xm — 2™ 4 Apa™ = b(t™)

& (M, 4+ AtA)z™ = Muz™ + Atb(t™)

Solve one linear system per time step.
% small = easy to solve

% large = same as elliptic equation
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11.2. ROTHE METHOD

11.2. Rothe Method

Starting from (11.1)) we first discretize in time, e.g. with implicit Euler:
1
ou(z, t™) ~ ——(u(z, t™)) — u(z, t™ 1) .
i, 17) & (e, 7)) — e, 17
Introduce U™ ,m =0,..., M and set

U™ — U™t — A"V - (AVU™) = At"f™ .
Discretization in space with the FEM yields the fully discrete version:
urevim: (U = UM o) + At (AVU, v) = At (™, 0) Yo e V.

Note: Here it is conceptually easy to have a different finite element space V,",
i.e. a different mesh/polynomial degree, in each time step. This has advantages
for the theoretical treatment in a priori and a posteriori error analysis.

Theorem 11.3 (Rannacher Satz 5.5, p.200). Rothe method with implicit Eu-

ler /piecewise linear FEM. Special case A = I, spatial problem a(u, v) = (Vu, Vv)gq
H?%-regular, and V;™ =V}, fixed for all time steps. Then the following error es-
timate holds:

1
2

o tm
m m 1 m
e ul,t") = Ulon < e max (Rlulan} + e | S (a7 [ [VoulPde
m—1

m=1 "

Proof: See Rannacher.

Note: The convergence rate is O(At + h?).
Smoothing effect: Consider

ou  O0*u ,
E_@_O 1H(O,1)X(0,00)
u(z,0) = f(z) at tg =0

u(0,t) =u(l,t) =0 .

For f(z) =", A,sinnmz the solution is
0
2.2
u(x,t) = Z Ae " T sinnmr .
n=1

(Proof: Separation of variables.)

This shows that 0;u decreases exponentially, a fact called smoothing property
of parabolic equations. A consequence is that first-order convergence in time is
often acceptable.
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CHAPTER 11. FINITE ELEMENT METHODS FOR PARABOLIC PROBLEMS

11.3. Space-time Method

Simultaneous discretization in space and time is possible as well.
Set

m
Uh(fL',t) = szm’wz )
=1 j=1

integrate in space and time...
Problem: Full coupling of degrees of freedom in space and time.
Solution: Discontinuous polynomials in time + upwind.
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Chapter 12.

Numerical Methods for First-order Hyperbolic
Equations

In this section we consider the linear model problem in one space dimension

Oru + Oy (au) =0 (12.1a)
u(0,t) = g(t) (12.1b)
u(zx,0) = ug(x) (12.1¢c)

with a > 0.
This is a special case of dyu+ 0, f(u) = 0 with the “flux function” f: R — R.
The method of characteristics provides the exact solution of ((12.1)):

u(z,t) = up(x — at) .

Graphically

(@,

xr — at €

12.1. Finite Difference Methods
Approach:
e Method of Lines

e Use Finite Difference Method instead of Finite Elements

Space Discretization

Recall the centered difference

fle+h)— flx—h)
2h

f'(x) = +O(h?)
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CHAPTER 12. NUMERICAL METHODS FOR FIRST-ORDER HYPERBOLIC
EQUATIONS

Space grid z; = th, 0 <i < N, h = +
Set U;(t) ~ u(z;,t) given by

Uis1(t) — Ui (1)

oU;(t) + a o7 =0, 0<i<N.
ODE-system
Un(t) = g(t)

Time Discretization

f-method:
du . u(t + At) —u(t)
pr = f(t,u(t)) : A7 =0f(t,u(t+ At)) + (1 —0)f(t,u(t))

0 €10,1]: @ =1 implicit Euler, = % trapezoidal rule, # = 0 explicit Euler.
Time grid: t* .= Atk; 0 < k
Set UF ~ U;(t*) which is then given by

1—-0 0
KW’“H ~un+ D, vty + U - V=
k>0,0<i<N.
Uk:+1 — g(tk)
Uit =77
UY = ug(zy,t°)
<:)LhU’€Jrl = MhUk ) (Note: My, is not a mass matrix.)

Analysis of this system:
e [ is not symmetric for 6 # 0
e [ is not an M-Matrix (positive off-diagonal entry) for 6 # 0

e [ is diagonally dominant provided
— 6 =0 (explicit Euler): Lh =1
— 0 #0: 298 <1 At < L ie. At =O(h).
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12.1. FINITE DIFFERENCE METHODS

e Consider § = 0: UK = M, U*, M, = tridiag(aﬁt, 1, —%—%f)
1T oo < 1Ml Ul
al| At
Ml = 1+ 25 >

= method is uncoditionally unstable!

e Consider 0 = 1: LUy, Lj, = tridiag(— “2Aht, 1, “ﬁf) Practical experi-

ence: stable for At large enough (see below), unphysical oscillations for
At small (for fixed h).

Upwind

Idea: Use first order finite difference in space. Two possibilities:
(i) f'(x) = 5 4 O(h)
(i) f'(x) = HEHE + O(h)

Which one to use? t

(i) ifa >0

(i) ifa <0

>~
L 4

in order to reflect dependence in
method of characteristic. 1—1 2 L
For a > 0 (left to right) this leads to

a(l—40
B aehAth_Jﬁl L+ a@hAt)UkH
Uk+1 (tk‘Jrl) L > 0

Uio = ’LLO(SCZ', to)

(UF ~ UE) + U U = 0

a(l _he)AtUik—1 - a(l —hH)At k.

Note: No boundary condition at x = 1 is necessary!
e § =0, explicit case UM = M, U* M, = tridiag(“TAt, 1— aAt ,0)
1T oo < NIMalloo 1Tl

with

alt alt
| M3 || 3 + 3
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CHAPTER 12. NUMERICAL METHODS FOR FIRST-ORDER HYPERBOLIC
EQUATIONS

if

alt alt
1l—-—>0&|—<1
h — h

Famous Courant-Friedrich-Levy (CFL) condition.

Physical interpretation:

a : At < h Particle does not move

. [m , . more than one cell.
velocity [ } timestep|s] meshsize

5
e § = 1, implicit case LU = U*, L; = tridiag(—“TAt, 1+ “TM,O) One
can show: Ly, is M-Matrix and || L; |l < 1 for all At,h > 0! Method is

unconditionally stable! = Numerical results. a = 1,h = ﬁ.

Numerical Diffusion

Question: Why does the Upwind difference work? Taylor expansion in more
detail. For the ezact, smooth solution U(x,t):
u(w,t + At) —u(z,t)  Ou 2

At 0*u 5

expansion point
2

(.t + A — PO b A+ OR?)

u(z,t+ Al) —u(z — h,t + At) ~ Ou
B 2 0x?

h ox

For u smooth enough we have:

@+a8_uzo :%—Fag;gt =0 i@_a?éﬂ_u:o
ot ot = P qdy = ot? O
@82u , 0%u
— = q°—
ot? Ox?

Combining this gives for the exact (smooth) solution w:

u(z,t + At) —u(z,t) N u(z,t + At) —u(z — h), t + At)
a

: At h )
implicit upwind differer:ge scheme at (x,t + At)

0 0 At 52 h &?

— (G| (eS| roaem)
ot 02/ |4 sian 2062 200° ) |,
9 %) 2At + ah 0

= (—u+a—u) —~ (a ra Z) + O(A? + 1h?)
ot O (z,t+At) 2 Ox (z,t+At)
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12.1. FINITE DIFFERENCE METHODS

Leading order term of consistency error is a diffusion term (note minus
sign!)

Upwind difference and implicit Euler in time add diffusion in space!

For large At this stabilizes the implicit Euler / central scheme.

We effectively solve an advection-diffusion equation.
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Appendix A.
Nabla and Friends

A.1. Notation for Derivatives

The partial derivative

ou, . . u(x+he) —u(r)
T

of a scalar function u : R®™ — R is written in short notation as

ou
O, = .
ula) = 5@
Similarly we have for the higher derivatives
0*u 0*u
2
A vector a = (ay, . .. ,ozn)T of nonnegative integers «y; is called a multiindex
of order :
la] = Z ;.
i=1
Sometimes

.....

is referred to as the maximum order.
For a given multiindex o we set

0%u(r) = 03! ... 0y u(x) = T O (x)
1 DI n

For a given nonnegative integer k
DFu(z) = {0%u(x) : |a| = k}

denotes the ordered set of all partial derivatives of order k at the point . Note
that Du(z) has n* elements, i.e. 9,0, u(z) and 9,,0,u(x) are different ele-
ments although they have the same value.
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APPENDIX A. NABLA AND FRIENDS

For the special cases k = 1 and k = 2 we identify Dlu(z) with the gradient
Vu(z) and D?u(z) with the Hessian matrix VZu(x) (see below for the definition
of gradient and Hessian).

In the case of a function u(z,y), u : R" x R” — R, we write Dyu or Dju to
indicate the variable with respect to which differentiation is to be applied.

A.2. Vector Differential Calculus

The whole presentation treats the differential operators only in cartesian coor-
dinates.

A.2.1. Nabla Operator

The nabla operator formally is a row or column vector of partial derivatives with
respect to all variables of its argument:

V=(0,...,0,)" (A1)

(when we assume that the argument has n variables).

A.2.2. Gradient

Gradient of a Scalar Nabla applied to a scalar function u(zq,...,x,) in n
variables gives a vector called “gradient” of the function:
Vu = (du,...,00u)" (A.2)

We can imagine V to be a column vector in this case applied to a scalar which
gives a vector.

The gradient of a scalar function in point z is a vector which is perpendicular
to the level set I(c¢) = {y : u(y) = ¢} for ¢ = u(x) pointing in the direction of
the steepest increase of the function wu.

Gradient of a Vector-valued Function Nabla applied to a vector-valued
function

u(x) = (up(y, ..o xn), o U (2, - ,a:n))T

with m components in n variables gives a matrix called the “Jacobian” of the
function:

(Vul)T 81u1 ce 8nu1
Vu = : = : : or (Vu); ; = Oju,.
(V)T Ny .. Optyy,
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A.2. VECTOR DIFFERENTIAL CALCULUS

If we wish to view the gradient as a column vector and the function u also as a
column vector (of possibly different size) then we formally have:

“Vu' = (VuT)T. (A.4)

Here Vu! acts as an outer product producing a matrix.
In the case of a scalar function u the matrix VVu = V2u is called the Hessian
matrix.

A.2.3. Divergence

Divergence of a Vector Field The scalar product of nabla with a vector-
valued function gives a scalar called the “divergence” of the function:

1=1

Divergence of a Matrix-valued Function The divergence operator applied
to a matrix-valued function

01 0'1’1(33) Uljn(SC)

o omi1(z) ... omn(T)

in n variables is defined to yield the divergence for each row of the matrix. Note
that o needs to have as many columns as there are variables. It produces a
vector-valued function:

V.o Z?:l i1 n
V.-o= . = . or (V'O’)izzajUi,j.
=1

V- Om Z?:l 8j0m7j
(A5)

If we regard the divergence as a row vector and ¢ an m X n matrix with n
also the number of variables, then we can formally write

T

“V.o":= (V- (O'T)) (A.6)

Here the inner product V - (¢7) produces a row vector. Note the similarity to
the formula (A.4]).
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APPENDIX A. NABLA AND FRIENDS

A.2.4. Curl

The “curl” (also called “rot”, which is exactly the same thing) of a vector field is
defined as

62’&3 — 83u2
V Xu= agul — 81U3 (A?)
811@ — 82u1

which corresponds to the vector (cross) product a x b = (asbs — asbs, asb; —
a1bs, ajby — CLle)T. As stated, it makes only sense for v : R — R? and there is
no obvious extension of the curl operator to n dimensions. However, the related
Stokes theorem (see below) can be extended to arbitrary dimensions.

A.2.5. Convection Term in Navier-Stokes Equations

For a vector-valued function wu, the convection term in the Navier-Stokes equa-
tions is written as u - Vu which is formally defined as

Vu1 U Z?:l uz-(%ul
u-Vu = (Vu)u = : =1 : : (A.8)
Vu, -u S w0y,

Note that the scalar product of a vector with a matrix (Vu is a matrix!) is
defined as a vector where each component is the scalar multiplication of the
vector with a row of the matrix.

A.2.6. Laplacian

Laplacian of a scalar function The Laplacian takes second order derivatives
of a scalar function and is defined as

Au=V - -Vu= Z 0. (A.9)

i=1

Laplace of Vector-valued function The definition of the Laplacian is ex-
tended to vector-valued functions by applying it to each component, i.e. the
Laplacian of a vector-valued function is again a vector-valued function. In agree-
ment with the conventions above we have:

V : Vu1 Aul
Au=V-Vu= : - 1. (A.10)
V- Vu, Au,,
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A.3. VECTOR INTEGRAL CALCULUS

A.3. Vector Integral Calculus

A.3.1. Matrix Product

Let T, S be two m X n matrices, then we define
T S = ZZEJS@J. (All)
i=1 j=1

Applied to two vector-valued functions u, v with m components in n variables
we have with the definitions from above:

Vu: Vv = Z Vu; - V. (A.12)
i=1
Now let T, S, QQ be n X n matrices. Then the following holds:
T:(QSQ") = (Q'TQ) : S. (A.13)
This can be shown as follows:

:(QSQ") = ZZTM (7 QSQTe;)

lel

-3y (Yo (X))

lel

Sy sy (Z > ﬂﬁm%)

k=1 1=1 i=1 j=1

_Y s> al (ZTHQN)

k=1 =1 i=1

= (Q'TQ).

A.3.2. Integration by Parts

Green’s formula for sufficiently smooth scalar functions w,v and a suitable

bounded domain {2 is
/(@u)v = —/u@ﬂﬂr /uvni (A.14)
0 Q 00

where n; is the i-th component of the outer unit normal vector n.

211



APPENDIX A. NABLA AND FRIENDS

For a vector-valued function v and a scalar function v we then have
/(V-u)v:—/u-Vv+/u-nv : (A.15)
0 Q o0

For a matrix-valued function 7" and a vector valued function v one shows the
corresponding formula

/(V-T)-v:—/T:VU—i—/(T-n)-U (A.16)

Q Q o0

which is needed in the variational formulation of the Navier-Stokes equations.
Indeed using the definitions above one obtains:

/(VT) U = /i <iajﬂ,j) U;
2 5 =1 \j=1
= ZZ _/Ti,jajvi‘}‘/Ti,jvinj

=1 =1 0 o9
= —/ZZT&J(VU)M‘ +/Z (Z T%J?lj) (%
o =1 j=1 5o i=1 \j=1
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